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Abstract

The rapid progress of large language models has transformed how machines process
and generate information. Despite their scale, many models still struggle with structured
reasoning, often relying on superficial correlations rather than systematic inference. This
thesis studies how reasoning abilities can emerge in generative models and identifies three
factors that shape the emergence of reasoning in large language models: the structure
of the data used to teach reasoning, the stage of training at which reasoning supervision
is introduced, and the learning objectives that encourage models to form intermediate
reasoning processes.

I first investigate the anatomy of high-quality data for reasoning. I analyze what distin-
guishes data that supports structured inference from data that merely increases training
volume. I introduce a novel dataset for complex visual reasoning that includes unan-
swerable questions requiring verification of image—question consistency. To study how
multimodal capabilities can assist textual reasoning, I introduce a modular approach that
allows a vision-language model to generate visual representations of text problems and
reason over them without additional supervision. I further present a scalable framework
that transforms web documents into structured dialogue-style reasoning data, and demon-
strate that such conversational reasoning traces significantly improve pretraining efficiency.
I then extend self-learning beyond mathematics to multiple reasoning domains by curating
structured cross-disciplinary datasets. The second part of the thesis examines how reasoning
data interacts with different stages of the training pipeline. Through the first systematic
investigation of how SFT-style chain-of-thought data interacts across training phases, I
uncover an asymmetric allocation principle: diversity and scale govern pretraining, while
quality governs SFT. Front-loading reasoning data into pretraining creates foundations
that post-training alone cannot recover. The final part proposes a redesign of the learning
pipeline to enable reasoning as an emergent pretraining capability rather than a post-hoc
skill. I introduce a continued pretraining strategy that automatically prioritizes masking
tokens most distinctive to the target domain. Further, I present a novel pretraining approach
which embeds reinforcement learning directly into the pretraining objective by rewarding
chain-of-thought generation based on its predictive utility.

To summarize, this thesis provides a unified end-to-end perspective on cultivating

reasoning throughout the entire model development lifecycle.
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Chapter 1

Introduction

The ability to reason—logically deducing solutions, drawing inferences, and making de-
cisions from available information—is a cornerstone of human cognition (Gendron et al.,
2024). In recent years, Large Language Models (LLMs) have shown remarkable progress in
performing both general reasoning and specialized tasks, including complex mathematical
problem-solving (Hendrycks et al., 2021c; Cobbe et al., 2021a; Gemini, 2024; Nvidia et al.,
2024; OpenAl, 2024b). Despite these advances, current models still struggle when faced with
tasks requiring multi-step logical deductions, the ability to reflect on and correct mistakes,
or to dynamically adapt their reasoning trajectory—especially in high-stakes domains such
as mathematics, STEM, law, social sciences, commonsense, etc. (Glazer et al., 2024; Gao
et al., 2024a; Hendrycks et al., 2021e)

In contrast to LLMs, human problem-solving is inherently iterative. We explore multiple
reasoning paths, validate intermediate steps, and revise our approach based on feedback
or errors (Kahneman, 2011). This recursive, self-reflective process builds toward more
robust and accurate outcomes. However, LLMs are generally trained to produce linear
outputs, often predicting a final answer without mechanisms to validate or improve upon
intermediate reasoning. Even techniques like chain-of-thought prompting fail to fully
replicate the rich, exploratory, and corrective nature of human reasoning (Huang et al,,
2024a; Yang et al., 2023).

Improving the reasoning ability of LLMs thus requires not just better inference techniques,
but a fundamental shift in the nature and structure of the pretraining data and the pre-
training recipe. High-quality reasoning—particularly in mathematics—relies on structured,
composite corpora that decompose complex problems into interpretable substeps and guide
the model through logical chains of thought (Wei et al., 2022; Cobbe et al., 2021a; Gunasekar
et al., 2023; Li et al., 2023b). However, curating such data is expensive, and access to the
pretraining data of state-of-the-art models is limited, creating a barrier to reproducible
progress in reasoning-focused research. Moreover, such reasoning enhanced data is even
scarcer for other domains such as STEM, logical reasoning, law, social science, etc. These
domains are inherently knowledge-centric, yet models with higher reasoning ability show
better performance in such domains Team et al. (2025). This suggests that reasoning mod-
els are not only better at thinking and searching, but also good at probing their internal
knowledge space — opening up a new direction on how to further enhance reasoning in
underrepresented domains through pretraining.



To bridge this gap, synthetic data generation has emerged as a promising strategy to scale
reasoning data effectively (Maini et al., 2024a; Gunasekar et al., 2023; Shah et al., 2024; Eldan
& Li, 2023). Yet, most existing methods generate rephrased or static text that lacks the
interactive, structured nature necessary for deep, multi-hop reasoning. They fail to simulate
the back-and-forth exploration and explanation inherent in real-world problem solving. In
addition, unlike post-training stages, the pretraining approaches do not explicitly reward
the thinking ability of the model. Yet, recent works found that pretrained models have an
implicit ability to recover from mistakes upon adding thinking (Al et al., 2025b) tags. This
suggests that reasoning potential is already latent in pretrained models, but it requires the
right inductive biases and supervision signals during pretraining to be fully realized.

In this thesis, we aim to understand the impact of structured reasoning data on pretraining
Large Language Models (LLM), across a wide variety of reasoning domains that require
multi-step and iterative logical reasoning. We plan to systematically observe the impact of
such data in training across different phases of LLM development. In parallel, we intend
to analyze the emerging thinking ability of the base model and find ways to incentivize
good reasoning during pretraining. The subsequent sections of this chapter will outline the
research background, followed by a concise introduction to the objective of this proposal
and a detailed description of the proposed approach.

1.1 Background

The rapid advancement of Large Language Models (LLMs) has been predominantly fueled
by scale—both in terms of model size and the volume of pretraining data. Scaling laws, such
as those presented by (Hoffmann et al., 2022a), have established that optimal performance
requires the simultaneous expansion of model parameters, data size, and compute. However,
this ideal is increasingly challenged by limitations in data availability, cost, and quality.

1.1.1 The Importance and Challenges of Pretraining Data Curation

Large training datasets are an important driver of progress in the recent language modeling
(LM) revolution (Gao et al., 2020a; Glorioso et al., 2024; Workshop et al., 2023; Soldaini et al.,
2024). As the cost of training state-of-the-art language models continues to grow, researchers
increasingly focus not only on scaling but also on improving training datasets that enable
efficient generalization on a wide range of downstream tasks. To best benefit from scaling,
recent scaling laws dictate that both model size and dataset size should jointly be increased
(Hoffmann et al., 2022a).

Pretraining data curation has emerged as a critical component in the development of
performant LLMs. The curation choices made when developing a pretraining dataset can
have a huge impact on the downstream capabilities and performance of an LLM. As such,
pretraining dataset curation strategies are often treated as closely guarded trade secrets.
In fact, there are many popular “open” language models whose parameters are publicly
available but whose pretraining datasets were not released and are scarcely documented
or entirely proprietary (Jiang et al., 2023; Team et al., 2024; Touvron et al., 2023b), creating
a growing gap between public and private capabilities in LLM development. The lack of
transparency around data curation pipelines, such as those used in LLaMA, Mistral, or
Gemma, limits reproducibility and hinders research into data-centric model improvements.
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Web-scraped data, often from Common Crawl or similar sources, constitutes a significant
portion of pretraining corpora. While web data is abundant, it is inherently noisy, un-
structured, and frequently low in linguistic or factual quality (Eisenstein, 2013). Curation
strategies such as filtering for quality, removing duplicates, and selecting high-value do-
mains (e.g., educational, scientific, or encyclopedic content) have become essential (Touvron
etal.,, 2023b; Al et al., 2025a; Shao et al., 2024). Yet, designing effective filtering pipelines
remains a labor-intensive and largely heuristic-driven task, with limited consensus on best
practices.

Moreover, the joint scaling paradigm of both data and model size raises significant chal-
lenges: although plentiful, text data is not infinite, especially so when considerations on
data quality and licensing are taken into account-leading some researchers to argue scaling
may soon be bottlenecked by data availability (Villalobos et al., 2024). Concretely, optimally
training a GPT-3-sized model (175B parameters) would require no less than 3,500 billion
tokens of text according to Hoffmann et al. (2022a). This is twice as much as the largest
pretraining datasets ever demonstrated (Hoffmann et al., 2022a; Touvron et al., 2023b), and
ten times more than the largest publicly available English datasets such as OSCAR (Suarez
etal., 2019), C4 (Raffel et al., 2020a), or The Pile (Gao et al., 2020b).

Massively scaling up pretraining data is made even more challenging by the fact that LLMs
are commonly trained using a mixture of web crawls and so-called “high-quality” data
(Lozhkov et al., 2024; Li et al., 2024d; Zhihong Shao, 2024). Typical highquality corpora
include curated sources of books, technical documents, human-selected web pages, or
social media conversations. The increased diversity and quality brought by these curated
corpora are believed to be a key component of performant models (Le Scao et al., 2022).
Unfortunately, curation is labour-intensive: typically, each source requires specialized
processing, while yielding a limited amount of data. Furthermore, scaling high-quality data
is constrained by both legal and logistical issues. Licensed sources are limited in availability,
and manually curated datasets are expensive to construct. This challenge is exacerbated by
findings that repeated exposure to the same data across epochs yields diminishing returns
and can induce overfitting (Muennighoff et al., 2023; Xue et al., 2023).

1.1.2 Synthetic Data for Augmenting Pretraining Quality

To address limitations in natural data, synthetic data generation has emerged as a promising
solution that is relatively easier to obtain with more controllable quality (Bauer et al., 2024;
Liu et al., 2024b; Long et al., 2024). Recent work has explored generating high-quality
synthetic corpora using strong LLMs.For example, the WRAP (Maini et al., 2024a) approach
demonstrates that rephrasing raw web text using off-the-shelf LLMs can improve data
quality and enable better generalization in downstream tasks. Synthetic datasets such as
Tiny Stories (Eldan & Li, 2023), Textbook-quality corpora (Gunasekar et al., 2023), and
FineWeb (Penedo et al., 2024) have shown that small or mid-sized models trained on
carefully generated synthetic data can rival or outperform models trained on larger, less
curated corpora (Microsoft Research, 2023; Li et al., 2023b; Abdin et al., 2024b). Synthetic data
for programming and math have also been adopted to improve the coding and reasoning
abilities of LLMs (Guo et al., 2024a; Yu et al., 2024; Zhihong Shao, 2024). Previous studies have
also focused on synthetic data for supervised fine-tuning (Eldan & Li, 2023; Zelikman et al.,
2022; Huang et al., 2022; Liu et al., 2023a; Chen et al., 2024), instruction tuning (Wang et al.,
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2022; Li et al., 2024b; Xu et al., 2023; Li et al., 2024¢; Toshniwal et al., 2024b), downstream
transferring (Meng et al., 2022; Ye et al., 2022), and evaluation (Zhu et al., 2023b; 2024).

Despite the wide usage of synthetic data, understanding what aspect of and how the
synthetic data affect the performance of LLMs still remains largely unexplored, especially
for pre-training. In the past, many studies have shown that both the quality and quantity of
real data matter for LLM pretraining (Kaplan et al., 2020; Sorscher et al., 2022). Although
synthetic data has shown promise in this paradigm, the synthesis process remains costly
and often opaque, requiring millions or billions of API calls to proprietary models. In
addition, synthetic data can introduce the risk of overfitting to specific tasks if generation
prompts are narrowly scoped or biased (Maini, 2023). Existing studies on synthetic data
in pre-training either only present methods of creating them (Maini et al., 2024a; Soldaini
etal., 2024; Lozhkov et al., 2024) or provide findings that are restricted to relatively small
scales (Eldan & Li, 2023; Microsoft Research, 2023), with limited understanding on what is
the characteristic of high quality synthetic data and how exactly diversity of the synthetic
tokens affect the training of LLMs.

To summarize, we identify the following core challenges in curating high-quality Pretraining
corpora:

¢ Limited transparency: Pretraining data curation strategies are often undocumented,
making it difficult to reproduce or improve upon state-of-the-art datasets.

® Scarcity of high-quality data: While crucial for downstream performance, high-quality
data remains limited and expensive to obtain at scale.

* Unclear structure for synthetic data: Although synthetic data offers controllable quality,
there is little understanding of how to structure or diversify it effectively across domains.

1.1.3 Emergence of Reasoning Ability in Pretraining

Recent studies indicate that large language models acquire non-trivial reasoning skills dur-
ing the pretraining phase itself, even before any reinforcement learning (RL) or supervised
fine-tuning (SFT) is applied (Al et al., 2025b). This finding challenges the common assump-
tion that complex reasoning (e.g., multi-step problem solving with self-correction) only
arises from post-training alignment or fine-tuning. Instead, evidence shows that standard
next-token pretraining on vast data can already instill mechanisms analogous to those seen
in RL- or SFT-tuned models.

Al et al. (2025b) demonstrates that pretrained models can perform self-reflective reasoning
without any fine-tuning. In tasks with deliberately flawed intermediate reasoning (e.g.,
math, logic, coding), even base models can identify and correct errors when prompted. This
ability strengthens with scale: larger checkpoints solve more adversarial tasks and require
fewer reasoning steps. These findings suggest that self-correction and chain-of-thought
reasoning are not artifacts of alignment or RL, but emerge naturally during pretraining.

Yue et al. (2025) explores whether RL with verifiable rewards (RLVR) enhances reasoning
capabilities beyond the pretrained base. They find that RL-tuned models perform better
at pass@1 (i.e., more efficient sampling) but do not generate fundamentally new solutions.
Base models can often match or surpass RL-tuned models at higher sampling thresholds
(e.g., pass@k). Thus, RL acts more as a distributional biasing mechanism—making correct
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answers more likely—rather than expanding the reasoning space. In contrast, supervised
distillation can introduce new problem-solving behaviors absent from the base model.

Together, these studies suggest that reasoning abilities such as multi-step inference, error
detection, and revision are largely acquired during pretraining from patterns in natural
text. Post-training techniques primarily enhance the expression and reliability of these
capabilities rather than creating them. This reframes reasoning not as a post-hoc alignment
outcome, but as an emergent property of large-scale pretraining. Further work may explore
how to amplify this emergence via curriculum design, synthetic reasoning data, or early
incorporation of alignment objectives.

1.2 Thesis Statement

The overarching goal of this thesis is to investigate the emergence and development of
reasoning capabilities in Large Language Models (LLMs) during the pretraining phase, with
a focus on understanding how structured reasoning data, inductive supervision signals, and
multi-domain task formulations contribute to the formation of general-purpose cognitive
abilities. While recent advances in post-training techniques—such as Supervised Fine-
Tuning (SFT), Reinforcement Learning from Human Feedback (RLHF), and Direct Preference
Optimization (DPO)—have demonstrated significant gains in alignment and response
quality (Rafailov et al., 2023; Grattafiori et al., 2024), these approaches primarily refine
capabilities that are already latent in the base model. In contrast, this work focuses on how
such reasoning abilities originate during the earlier stages of model development and how
they can be explicitly cultivated through carefully designed pretraining strategies.

This thesis pursues the following specific objectives:

® Characterize the Role of High-Quality Reasoning Data in Pretraining: We aim to
identify the structural features of reasoning data—such as step-by-step chains of thought,
recursive self-correction, and goal-conditioned problem solving—that enable pretrained
models to perform complex, multi-hop reasoning. Drawing on recent findings that
highlight the importance of educational value and structured trajectories in pretraining
corpora (Wettig et al., 2024; Lozhkov et al., 2024; Li et al., 2024d), we will systematically
assess how variations in data formulation (e.g., deductive proofs vs. Socratic dialogues
vs. long-form solutions) affect the reasoning capabilities that emerge in LLMs.

¢ Enable Generalization Across Non-Mathematical Reasoning Domains: While most
reasoning data and evaluation benchmarks are math-centric (Hendrycks et al., 2021e;
Glazer et al., 2024), real-world tasks in science, law, social science, and commonsense
often require domain-specific patterns of inference and explanation. This thesis will
extend reasoning-aware pretraining to multi-domain contexts by curating and integrating
synthetic data from diverse fields (Akter et al., 2024; Yuan et al., 2025). Furthermore, we
will explore scalable techniques for verifiable reward modeling in domains where correctness
is not binary or deterministic', using templating and answer-space normalization to
approximate feedback signals suitable for reinforcement-based supervision in pretraining.

1Unlike mathematical domains with objective correctness criteria, general reasoning tasks such
as commonsense inference often admit diverse yet plausible answers, requiring templating and
normalization to build reward models.



* Determine the Optimal Integration Phase for Reasoning Data: Pretraining typically
progresses through multiple stages, ranging from broad corpus ingestion to high-quality
curriculum phases (Grattafiori et al., 2024; OLMo, 2025; Blakeney et al., 2024). A key
objective is to empirically evaluate when in this pretraining pipeline, reasoning-focused
data is most beneficial. We will study whether early exposure to structured logical
tasks helps models internalize abstract cognitive patterns more robustly than late-stage
augmentation, and whether such reasoning supervision should be constant or annealed
over time. This analysis will be conducted across model checkpoints to track the evolution
of inductive biases and representational shifts during training.

* Bridge Pretraining and Post-Training Paradigms via Hybrid Supervision: Finally,
we aim to investigate how post-training-inspired supervision techniques—such as
lightweight RL-style feedback or preference modeling—can be incorporated during pre-
training in a computationally efficient manner. This includes studying the effects of
injecting “thinking cues” (e.g., reflective tags, reasoning prompts) (Al et al., 2025b) or
distilling reasoning-aware policies into base models as part of the pretraining objective.
The goal is to unify pretraining and post-training under a reasoning-centric training pipeline,
enabling models to develop and express logical thought processes from the outset.

In summary, this thesis offers a principled exploration of reasoning emergence in LLMs,
with a focus on systematically injecting and evaluating structured reasoning signals during
pretraining. Through this investigation, we aim to derive generalizable insights into how
models can be made inherently more interpretable, adaptable, and cognitively aligned—
paving the way for LLMs that not only generate correct outputs, but reason their way to
them.

1.3 Overview

In this section, we will briefly discuss the trajectories we want to explore throughout our
thesis journey to address the objectives mentioned in Section 1.2.

Understand the Nature and Impact of High Quality Corpora. We start our exploration
with the mathematics domain, as a strong mathematical reasoning ability highly relies on
an abundance of high-quality, composite, and structured pretraining corpora. Curating
complex, high-quality, structured mathematical data is costly and resource-intensive, largely
due to the uneven distribution of high-quality sources. To mitigate this challenge, synthetic
data generation has emerged as a scalable and cost-effective alternative. To generate high-
quality data at scale, the current synthetic data generation approach explores rephrasing
texts using LLMs in varied syntax while preserving the core content (Maini et al., 2024a).
However, their proposed approach limits up-sampling high-quality data in a way that
does not go beyond grammatical styles or surface form transformations—leading to little
to no improvement when it comes to performance across complex and logical reasoning
tasks. Therefore, we propose MIND (Akter et al., 2024), which transforms unstructured raw
data into structured conversations—which simulates how people collaboratively explain,
question, and reason—helping LLMs learn complex problem-solving skills. Compared to
pretraining just on raw or rephrased data, a model pretrained on MIND-OWM shows a
significant boost in mathematical reasoning, including superior performance in specialized
knowledge and general-purpose reasoning tasks.
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This work is evidence of the effectiveness of structured high-quality reasoning data in
pretraining by prompting a stronger LLM in a zero-shot and simple single step. In this study,
we want to formalize the structure of such reasoning data and how to curate or synthesize
them. Inspired by MIND, we extend our work to multi-step prompting, where we define a
format for ideal long thought data. In this step, we prompt the model sequentially, where
the previous output is also fed to obtain the current thought. As mentioned in Section ??,
we build a search tree by prompting LLM iteratively.

Ensuring General Improvement across Diverse Domains. Most recent works (Akter et al,,
2024; Li et al., 2024d; Lozhkov et al., 2024) show a significant improvement in mathematical
reasoning tasks, as structured and multi-hop reasoning chains are inherently beneficial for
math reasoning. However, generalizing these gains to non-math domains—such as logic,
scientific reasoning, commonsense inference, and law—remains a major challenge due to
the unique nature of these tasks that relies on both reasoning and knowledge (Wang et al.,
2024d; Team et al., 2025). To this end, we expand our investigation into the integration of
long thought reasoning data across diverse domains. While reinforcement learning-based
approaches such as DeepSeek-R1-Zero (Guo et al., 2025) show exceptional performance on
math and code, their applicability remains limited outside these domains due to the difficulty
of constructing verifiable reward functions. In this thesis, we address this gap by curating
multi-domain synthetic reasoning data from raw web texts, employing templates and format
normalization to constrain answer space variability and enable scalable reward modeling
for general-purpose reasoning (Akter et al., 2025). We demonstrate that integrating multi-
domain data improves generalization across benchmarks and enables reasoning-aware
models to exhibit domain-agnostic cognitive behaviors. We plan to utilize these multi-
domain aware reasoning models to curate more high-quality reasoning data across a wide
range of domains, which will be injected during pretraining. Through these studies, we aim
to identify whether reasoning-aware pretraining leads to cross-domain transferability or
whether its benefits remain localized, ultimately guiding the construction of datasets and
training objectives for broadly capable reasoning models.

Integrating Reasoning Data in Different Phases. Recent studies have gained a huge jump
in downstream tasks by including high-quality data in post-training. However, Gandhi
et al. (2025a) observes that the scale of improvement in post-training is dependent on certain
capabilities of the base model. To be specific, base models that have strong reasoning ability
are prone to achieving higher accuracy gain after post-training. In our work, integration of
MIND (Akter et al., 2024) in pretraining has shown a significant boost in both mathematical
and non-math reasoning tasks. As we have little to no details about the pretraining corpora
of such reasoning models, we want to understand how the inclusion of reasoning data like
MIND translates to the post-training paradigm. Our investigation will include two phases:
(1) Does the base model pretrained on reasoning data provide a further boost in reasoning
after post-training compared to the base model trained without the reasoning data? (2) Does
the base model trained without reasoning data give an equal boost in downstream tasks
after post-training when we include the reasoning data in the post-training? Both studies
will provide insight into when and where this reasoning data is most beneficial.

Reasoning Incentive Pretraining. While most existing LLMs are pretrained using the next-
token prediction objective, this approach does not explicitly reward models for engaging in
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deep or structured reasoning. However, recent findings suggest that reasoning ability can
be elicited from pretrained models through prompt-based self-reflection strategies (Al et al.,
2025b). These observations open up a new direction for enhancing LLM cognition during
pretraining by incorporating inductive signals that favor reflective and iterative thinking.

In this work, we aim to build a framework for reasoning incentive pretraining, where models
are periodically guided to reflect on intermediate reasoning steps and self-correct through
chain-of-thought prompts or reward-inspired inductive cues. We aim to understand whether
lightweight mechanisms—such as inserting “think step-by-step” tags, reranking interme-
diate thoughts based on plausibility, or prompting for counterfactuals—can shift model
behavior towards more deliberative problem-solving, even without explicit supervision
or external reward. Our study will investigate the alignment between emergent reasoning
behaviors and such incentive signals across pretraining checkpoints, providing insight
into how early reasoning tendencies can be amplified, rather than solely extracted, during
later alignment stages. Ultimately, this line of investigation seeks to unify pretraining and
post-training techniques into a single, coherent reasoning-centric objective that endows
LLMs with stronger intrinsic reasoning skills and generalizable cognitive scaffolds.

1.4 Chapter Overview

This thesis is organized around three central research questions: (1) understanding the
anatomy of high-quality data for reasoning (Part I), (2) examining the effect of reasoning data
across different stages of large language model development (Part II), and (3) redesigning
the learning pipeline to enable the emergence of reasoning capabilities (Part III). Each part
of the thesis contains chapters that investigate specific aspects of these questions. In the
following chapters, we lay out the progression of this thesis through our recent works.

e Part I: Anatomy of high quality data for reasoning

- High-Quality Data for Generative Models (chapter 2): This chapter lays the con-
ceptual foundation for Part I by examining what distinguishes genuinely useful
data for reasoning from data that merely adds volume. I survey the key attributes
of high-quality reasoning data—including educational value, factual grounding,
and structured inferential content—and situate them within the broader context
of pretraining data curation and synthetic data generation. I then map out the
four concrete problem settings addressed in the chapters that follow: visual rea-
soning, unimodal reasoning with multimodal models, structured data synthesis for
pretraining efficiency, and generalization beyond mathematical domains.

— Data Synthesis for Improved Visual Reasoning (chapter 3): This chapter addresses
a fundamental flaw in existing visual question-answering benchmarks: the assump-
tion that every question has a valid answer given the image. I introduce VISREAS,
a large-scale dataset that explicitly includes unanswerable questions constructed
from scene graphs, requiring models to verify question-image consistency before re-
sponding. I also propose LOGIC2VISION, a model that decomposes visual questions
into pseudocode-style reasoning programs and executes them sequentially, without
relying on external APIs or modular pipelines. Experiments show that existing
VQA models are brittle under these conditions, while LOGIC2VISION demonstrates
substantially stronger performance.



— Unimodal Reasoning with Multimodal Models (chapter 4): This chapter explores a
self-supervised strategy for improving text-only reasoning by exploiting the visual
capabilities of multimodal models. I introduce Self-Imagine, which prompts a Vision-
Language Model to convert a text-based reasoning problem into an HTML-rendered
visual representation and then reason over that self-generated image to produce an
answer. The approach requires no additional data, supervision, or training. Experi-
ments with LLaVA-1.5 and Gemini Pro confirm that self-generated visual scaffolds
can meaningfully improve performance, and I analyze when visual representations
help versus hurt, motivating future work on adaptive image generation.

— Structured Data Synthesis for Efficient Pretraining (chapter 5): This chapter
presents MIND (Math Informed syNthetic Dialogue), a framework for transform-
ing raw web text into structured multi-turn dialogues that expose the step-by-step
reasoning underlying complex problems. I show that existing rephrasing-based
approaches lack the interactive structure necessary for deep multi-hop reasoning,
and that conversations in which participants with different knowledge levels col-
laboratively work through content produce substantially richer training signals.
MIND-OWM, the resulting 64-billion-token corpus, yields improvements of up to
6.29% on mathematical reasoning benchmarks and outperforms models trained on
raw corpora 3.6 times larger, with gains extending to general-purpose reasoning
tasks.

— Scaling Self-Learning beyond Math Reasoning (chapter 6): This chapter extends re-
inforcement learning with verifiable rewards to domains beyond mathematics, where
reward functions are difficult to construct due to diverse and non-deterministic
answer spaces. | introduce NEMOTRON-CROSSTHINK, a framework that cu-
rates multi-domain data from sources spanning STEM, humanities, law, and so-
cial sciences; applies structured templates to constrain answer-space variability;
and blends data sources using optimized ratios for GRPO-based self-learning.
The best-performing configuration—using a 2:1 ratio of general-purpose to math
data—achieves a 13.36% average improvement over strong baselines, demonstrating
that data diversity, not data volume, is the primary driver of generalizable reasoning
under the RLVR paradigm.

e Part II: Effect of reasoning data across LLM development phases

— Synergy between Pretraining and Post-Training Data (chapter 7): This chapter
presents the first systematic study of how SFT-style chain-of-thought reasoning data
interacts with different phases of the LLM training pipeline. I investigate whether a
model pretrained without reasoning data can catch up through more intensive SFT,
whether early exposure to reasoning data causes overfitting, and whether using the
same data in both pretraining and SFT leads to mastery or forgetting. Experiments on
an 8B model trained to one trillion tokens reveal an asymmetric allocation principle:
diversity and scale drive pretraining effectiveness, while quality governs SFT. I show
that front-loading reasoning data into pretraining creates durable foundations that
post-training alone cannot recover, and that naive SFT scaling with noisy data can be
actively harmful.

¢ Part III: Redesign the learning pipeline to enable reasoning emergence
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— Bridging the Gap between Pretraining and Post-Training (chapter 8): This chapter
introduces Part III by framing the core problem: improvements from post-training
are often fragile because models trained purely with next-token prediction have no
incentive to form intermediate reasoning steps. I motivate two directions developed
in subsequent chapters—difference-aware masking during continued pretraining,
and reinforcement-based pretraining objectives—grounding both in recent findings
that pretrained models already harbor latent reasoning capabilities that can be
amplified by the right inductive signals.

— Difference-Masking: Choosing What to Mask in Continued Pretraining (chapter 9):
This chapter introduces DIFFERENCE-MASKING, a masking strategy for continued
pretraining that automatically prioritizes tokens most distinctive to the target domain
rather than selecting them at random. The key insight is that random masking wastes
learning capacity on content the model already understands; by computing a TF-ICF
score that measures how strongly each token characterizes the target domain relative
to the pretraining distribution, DIFFERENCE-MASKING focuses the learning signal
where it matters most. I evaluate the approach across four diverse language and
multimodal video tasks, where it consistently outperforms random and attention-
based masking baselines.

— Reinforcement as Pretraining Objective (chapter 10): This chapter presents RLP
(Reinforcement Learning Pre-training), which embeds reinforcement learning directly
into the pretraining objective before any supervised fine-tuning has occurred. The
core idea is to treat chain-of-thought generation as an exploratory action before
each next-token prediction and reward it in proportion to the information gain it
provides—specifically, the increase in log-likelihood of the observed token when
the model conditions on its generated thought versus when it does not. This yields
a verifier-free, dense reward signal applicable to ordinary web-scale text without
task-specific answer checkers. I provide theoretical guarantees linking expected
reward to reductions in cross-entropy, and show empirically that RLP consistently
outperforms compute-matched baselines across datasets, domains, and architectures,
with gains that persist and compound after downstream alignment.

Conclusion (Part IV): The final chapter synthesizes the thesis’s contributions around
three central claims: that strong reasoning depends on carefully structured supervision
rather than scale alone; that the placement of reasoning supervision across training phases
profoundly shapes its durability; and that training objectives themselves can be redesigned
to cultivate reasoning from the outset. I revisit each contribution, articulate the unified
perspective that reasoning should be treated as a property cultivated throughout the entire
learning pipeline, and outline future directions around reasoning trace anatomy, teacher
model pipelines for non-mathematical domains, and tighter integration of pretraining and
post-training through hybrid reinforcement objectives.
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Part1

Anatomy of High Quality Data for
Reasoning
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Chapter 2

High Quality Data for Generative
Models

The previous era of Large Language Model (LLM) development was defined by a singular
obsession: scale. This was codified by the famous Chinchilla scaling laws (Hoffmann
et al., 2022b), which formalized a now widely adopted principle: for a fixed compute
budget, model size and training data must be scaled in equal proportion to achieve optimal
performance. In particular, every doubling of parameters should be matched by a doubling
of training tokens. This result reshaped the field. It suggested that, rather than allocating all
resources to larger models, one could train smaller models on substantially more data and
surpass larger but undertrained models.

At first glance, this appears to be an encouraging and tractable recipe for progress. If
performance is compute-optimal at a particular data-to-parameter ratio, then increasing
data should systematically unlock gains. In practice, however, this principle exposes a
fundamental bottleneck. As we approach the "data wall," where high-quality human-
generated text becomes a finite resource, the discourse has shifted. Scaling models is an
engineering challenge; scaling reliable, diverse, and legally usable data is a structural
constraint. It is no longer enough to simply ingest the entire internet; the frontier of Al
research now lies in the curation of quality and the architecture of synthetic reasoning.

This tension reframes the central question. If scaling laws require more data for better
performance, what kind of data must be scaled? When data becomes the bottleneck, quality and
structure become first-order concerns. If the pretraining data is the "fuel” for these models,
then web-scraped data is often crude oil—abundant but full of impurities that can lead to
"unstable" behaviors, such as hallucinations or a failure to verify the premises of a user’s
query. The field increasingly recognizes that not all tokens contribute equally (Allal et al.,
2025; Abdin et al., 2024a). A smaller corpus that is carefully curated or structurally enriched
can outperform a much larger but unstructured alternative. In other words, once data
scaling collides with data scarcity, the emphasis must shift from quantity to the anatomy of
quality.

Tons of prior works have attempted to mitigate the challenge above. Previous works have
explored these domains mostly by employing large language models to further refine the
raw text, or improve the data quality by filtering out low quality data (Maini et al., 2024a;
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Gunasekar et al., 2023; Yang et al., 2025b; Ishibashi et al., 2025). However, this provides a
sudden boost in benchmark performance, but we are bounded by the knowledge of the
teacher model. Plainly synthesizing data has diminishing returns beyond the optimal mix.
With the risk of model collapse from recursive self-training. In addition, purely synthetic
pretraining performs worse than mixed with real data (Kang et al., 2025; DatologyAl et al.,
2025). Sometimes the model becomes extremely good at benchmarks but equally bad at
general purpose reasoning tasks (Maini, 2023). This brings us to the conclusion that naively
synthesizing data is not the solution to break the “Data Wall”!

This chapter explores the internal anatomy of what makes data “high quality” for reasoning
tasks. We argue that high-quality data is not merely “clean” text, but data that forces a model
to decompose problems, verify its own assumptions, and bridge the gap between different
modes of representation (e.g., text, logic, and vision). Across three case studies, spanning
multimodal reasoning, unimodal reasoning enhanced through visual scaffolding, and large-
scale synthetic conversational pretraining, we demonstrate that reasoning performance
depends less on raw token volume and more on structural properties embedded in the data.

2.1 Defining Attributes of High-Quality Data for Reasoning

Bringing together the empirical lessons from the preceding studies, we can now articulate
a more complete definition of high-quality reasoning data, applicable to both pretraining
and post-training settings. The central insight is that reasoning performance does not scale
merely with token count, but with the structural and cognitive properties embedded within
those tokens. High-quality data must therefore shape how models think, not only what they
predict. We identify six core attributes that define the internal architecture of high-quality
data, driving generalization in modern generative models (VLMs and LLMs):

Structured Reasoning Flow and Logical Sequence. Effective reasoning data does not
present isolated question—answer pairs detached from their inferential process. Instead, it
captures the logical sequence that connects premises to conclusions. This structure may
be expressed through stepwise mathematical derivations, semantic programs aligned with
visual scenes, or multi-turn analytical decompositions. What matters is that intermediate
transformations are made explicit. By repeatedly observing coherent reasoning trajectories,
models are encouraged to internalize compositional and multi-hop inference patterns. In
contrast, unstructured corpora incentivize shortcut learning and pattern matching without
deeper abstraction.

Conversational Dynamics as “Inner Monologue". Human reasoning rarely unfolds as
a single declarative statement; it involves questioning assumptions, refining partial ideas,
revisiting earlier steps, and progressively clarifying the problem space. Data that encodes
these dialogical dynamics provides supervision over the process of thinking itself. Struc-
tured conversations, role-based exchanges, or iterative refinements simulate this internal
reasoning loop. Such formats strengthen robustness by exposing models to partial reasoning
states and controlled revisions, rather than only polished final outputs.

Cognitive Diversity and Multiple Solution Paths. Reasoning tasks often admit multiple
valid solution strategies, and high-quality data should reflect this plurality. When corpora
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encode varied decomposition styles, alternative representations, and diverse explanatory
pathways, models are less likely to overfit to rigid templates. Cognitive diversity enhances
flexibility and supports adaptation to unseen problem structures. In synthetic pipelines,
this diversity can be systematically encouraged by varying conversational roles, reasoning
prompts, structural constraints, or representational formats. The result is a richer training
signal that expands the model’s hypothesis space.

Generalization Power and Domain Transfer. Beyond internal diversity, high-quality rea-
soning data must exhibit generalization power. Its benefits should extend across domains
and tasks. A dataset constructed for multimodal verification should improve reasoning
robustness even in unimodal settings. Structured mathematical dialogues should enhance
broader logical inference benchmarks. When improvements transfer beyond the original
construction domain, this indicates that the data strengthens fundamental reasoning mech-
anisms rather than narrow task-specific heuristics. Generalization, therefore, becomes a
defining empirical test of data quality.

Efficiency and Scalable Learning. Given the constraints of the Chinchilla scaling laws,
data must be efficient and scalable. This means the data should have a high "information
density” per token, allowing the model to achieve superior performance with fewer ex-
amples. By utilizing synthetic engines—such as those that generate millions of unique
questions from scene graphs—we can accelerate the model’s learning curve, providing the
“scale" required by modern compute budgets without the prohibitive cost of manual human
curation.

Self-Expanding Potential. Finally, the powerful characteristic of data synthesis is self-
expanding potential. Given the scarcity of curated high-quality corpora, the most sustainable
datasets are those that can generate new structured examples from existing seeds. Synthetic
conversational frameworks, programmatic transformations, and recombinable reasoning
templates enable recursive growth. When a dataset can continuously produce diverse, struc-
turally coherent reasoning instances, it transforms from a finite resource into a generative
engine. This self-expansion property directly addresses the data bottleneck implied by
compute-optimal scaling laws, offering a pathway toward sustained improvement without
exclusive reliance on externally sourced corpora.

2.2 Problem Statements

2.2.1 Visual Reasoning

In visual question answering (VQA), validating question authenticity with the corresponding
image and then reasoning over it is an important requirement in real-world application
dynamics where users may make errors in judgment, leading to invalid queries. Confirming
a question’s validity becomes pivotal to maintaining consistency, rectifying mistakes, and
preventing misguided responses Rajpurkar et al. (2018). Following the prior VQA datasets’
Goyal et al. (2017); Krishna et al. (2016); Hudson & Manning (2019b) focus on answerable
questions only, a system trained solely for answerable questions may exhibit unstable
behaviors when faced with unanswerable queries. For instance, a delivery robot receiving
an incorrect address but a valid instruction like “place the package by the yellow door”
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might overlook the error unless prompted to reevaluate its decision. In contrast, presuming
the correctness of the query would likely lead to unpredictable behaviors. Therefore, a
reliable and responsible system should be able to question the validity of the instruction it
receives before acting upon it.

However, aligning questions with the region of interest in the image breaks down the visual
reasoning task into perception (object detection and scene representation learning) and
reasoning (question interpretation and inference grounded in the scene). Datasets and
models proposed to date have shown significant improvement in the detection task, which
therefore improved the perception system Goyal et al. (2017); Krishna et al. (2016); Tan
& Bansal (2019), but they face critical vulnerabilities due to the lack of generalities in the
datasets Zhang et al. (2016b); Agrawal et al. (2016). Recent datasets Johnson et al. (2017);
Selvaraju et al. (2020); Hudson & Manning (2019b) encourage reasoning beyond surface-level
object recognition and focus on multi-step inference. But they tend to reason about object
relations (often questions revolving around a single object) instead of reasoning over clusters
of objects in the image that share common attributes or relations. Reasoning over general
sets of objects requires both identifying objects and understanding their attributes and
relations.Where prior scene-graph based work assumes reasoning follows from traversing a
single path to generate an answer, our goal is to establish a multi-hop approach of identifying
cliques with shared properties.

2.2.2 Unimodal Reasoning with Multimodal Models

Vision Language Models (VLM) are getting increasingly adept at solving a wide range of
reasoning tasks (Liu et al., 2023b;d; You et al., 2023; Ye et al., 2023; Chen et al., 2023b; Zhang
et al., 2023a; Chen et al., 2023a; Dai et al., 2023b; Lu et al., 2023). As these capabilities
advance, VLMs are set to replace the current text-only language models for general-purpose
interfaces like BARD (GoogleAl, 2023) and ChatGPT (OpenAl, 2021). In such scenarios, the
deployed VLM would be required to handle a wide variety of end-user queries. Crucially,
this includes queries that are not inherently multimodal, such as math-reasoning problems
or program synthesis (Cobbe et al., 2021a).

A key question arises in these situations: How should a VLM, capable of functioning in
a text-only mode like an LLM, handle text-based queries? While the default approach
is to process these queries purely as text, this method does not fully exploit the VLM's
capabilities in image processing. Recent studies on human problem-solving provide a clue
to addressing this gap: humans often draw visual representations to better understand and
solve problems (Boonen et al., 2014; van Garderen et al., 2012; Krawec, 2014).

2.2.3 Structured Data Synthesis for Efficient Pretraining

The ability to reason is a fundamental element of human cognition, encompassing our ability
to think logically, draw conclusions, and make decisions based on available information
(Gendron et al., 2024). Large Language Models (LLMs) have demonstrated remarkable
performance across wide range of general reasoning and specialized knowledge tasks. In
particular, the improvement of LLMs in solving complex mathematical reasoning tasks
(Hendrycks et al., 2021c; Cobbe et al., 2021a) has been significant in recent years (Gemini,
2024; Nvidia et al., 2024; OpenAl, 2024b).
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Strong mathematical reasoning ability heavily relies on the abundance of high-quality,
composite, and structured pretraining corpora. An effective mathematical corpus should
not only contain relevant content but also be formatted to guide models to break down
complex problems into smaller sub-problems and solve each part step-by-step—enhancing
the model’s ability to process and reason about complex problems (Wei et al., 2022). Prior
studies show that structured and well-formatted corpora play a crucial role in enhancing
multi-hop and logical reasoning abilities (Cobbe et al., 2021a; Li et al., 2023b; Gunasekar et al.,
2023), underscoring the importance of well-organized mathematical datasets in pretraining
LLMs.

Curating complex, high-quality, structured mathematical data is costly and resource-
intensive, largely due to the uneven distribution of high-quality sources. Most advanced
models (OpenAl, 2024b; Gemini, 2024) are not publicly accessible, and it is unclear how
their approach is enhancing math reasoning. To mitigate this challenge, synthetic data
generation has emerged as a scalable and cost-effective alternative for creating a more
balanced and diverse training corpus for pretraining LLMs (Maini et al., 2024a; Eldan &
Li, 2023; Gunasekar et al., 2023; Shah et al., 2024). However, while these techniques have
shown promise in improving general reasoning tasks, their data often lack the step-by-step
problem solving structure crucial for multi-hop reasoning and complex mathematical tasks
(Maini et al., 2024a), making them sub-optimal for such reasoning.

2.24 Generalize across Non-math Reasoning Domains

Long thought data has an evident impact on complex mathematical and logical reasoning
tasks, as these tasks inherently require multi-hop reasoning. By deploying reinforcement
learning on top of the base model, DeepSeek-R1-Zero Guo et al. (2025) has surpassed Open-
Al’s o1-mini (OpenAl, 2024a) on math and code tasks. This model has later been used to
generate cold-start data DeepSeek-R1’s SFT phase, which shows significant improvement
across a wide range of tasks. This hints towards R1-Zero being the secret ingredient to
build a reasoning-centric LLM. However, R1-Zero has been explored only on math and code
domain as in these domains, building verifiable rewards are very straightforward. Extending
this method to other reasoning domains such as logic, scientific reasoning, commonsense
inference etc. is still an open question, as developing verifiable reward for domains where
the answer space can be diverse is challenging. Synthetic data generation has emerged as a
powerful technique for utilizing raw web texts, aiding both pretraining and post-training
processes (Akter et al., 2024; Maini et al., 2024b; Ge et al., 2024). Synthetic question-answer
pairs have significantly enhanced performance across various downstream tasks (Toshniwal
etal., 2024a; Yuan et al., 2025), yet their utility in l-based training for non-math reasoning
remains underexplored. A major challenge in applying lto general-purpose reasoning
tasks lies in designing a verifiable reward model for diverse answer spaces, as, unlike
mathematical reasoning—where correctness can be objectively verified—other reasoning
tasks lack deterministic solutions.

In this work, we demonstrate a way to incorporate non-math reasoning domains in RL by
utilizing raw web-texts. Integrating multi-domain data with different formats of questions
for RL paves the way to maximize diversity in reasoning traces beyond a single domain,
which leads to better generalization across diverse reasoning tasks. In addition, we address
the challenge of designing verifiable rewards for non-deterministic domains by employing
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different templates on the curated data to limit the nuances in the answer space diversity.
This enables scalable, verifiable reward modeling for general-purpose reasoning tasks,
ensuring that RL-trained models generalize effectively across diverse benchmarks. Further-
more, we show an optimal way to combine multi-domain data to ensure maximum gain
across all reasoning tasks. We aim to investigate whether reasoning-aware pretraining leads
to improved transferability across different tasks or if its benefits remain domain-specific.
Additionally, we explore methods to create domain-agnostic reasoning datasets that allow
LLMs to develop versatile reasoning capabilities applicable to a wide range of challenges.
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Chapter 3

Data Synthesis for Improved
Visual Reasoning

Verifying a question’s validity before answering is crucial in real-world applications, where
users may provide imperfect instructions. In this scenario, an ideal model should address
the discrepancies in the query and convey them to the users rather than generating the
best possible answer. As discussed in Section 2.2.1, many existing datasets overlook this
fundamental requirement and hence training with these corpora implicitly encourage
models to produce an answer for every query, even when the question is invalid or cannot
be resolved from the provided image.

3.1 Task Overview

Bridging the gap in prior benchmarks, we introduce a new dataset, VISREAS (Visual
Reasoning), for studying reasoning over commonalities and differences across objects. The
unnatural assumption in the current VQA datasets - “a correct answer for every question”
causes models to produce an answer even when the question is inapplicable and has no
possible answer. To ensure that models verify the consistency of question text with the
image before answering, we curate questions that have no answer given the image by
altering relations and attributes among the objects. We design a question generation engine
that takes the information about objects, attributes, and relations from the Visual Genome
scene graphs Krishna et al. (2016) and finds common features shared among multiple objects.
Based on this retrieved information, we generate 2.07M unique questions covering vast
semantic variations. Each question is paired with a scene graph and a semantic program that
specifies the series of reasoning steps needed to be performed to produce the answer. Our
generated questions require visual reasoning abilities such as comparing, differentiating,
counting, clustering objects, and performing logical reasoning. Most importantly, unlike
other VQA datasets, VISREAS enforces the VQA models to verify the information in the
question with the image in each reasoning step before predicting an answer.

We find existing VQA models less robust in the reasoning and unanswerable settings pre-
sented by VISREAS. Motivated by the shortcomings of existing models, we propose a new
architecture, LOGIC2VISION that has been trained to produce logical reasoning steps from
the query at first and then predict answers based on the reasoning steps and the image.
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Unlike prior generative models, LOGIC2VISION is compute and cost-efficient as it does
not require any external expensive APIs or modules and solely relies on the reasoning
capabilities of visual language models (VLM).

In short, our contributions are twofold:

* We introduce VISREAS, a dataset containing complex yet natural reasoning. Our dataset
makes the first step towards developing reliable VLM adaptable to real-world scenarios
where user instructions may not always be impeccable.

* We present LOGIC2VISION, that aims to handle spatial reasoning by executing consecu-
tive pseudocode with verification in each step.

3.2 Data Generation

SceneGraph Preprocessing

Wheel _ Car Silver
White

Seat Bush Green

Question Engine

Template: What < attr > [is common [among | between] | do]< obj; + rel; >, [|share]?
Reasoning Steps:
fo.n = [select(obj;) & relate(obj;,rel;) & filter_attr(rel;)|o.n® go.n = query,attr(fgun); output = common(go..n)

1

Answer Generation

Question: What color do the bags, the wheel and the seat to the right of the green bush share in the image?
Reasoning Steps:
selected_bag = select(bag) # None
selected_wheel = select(wheel) # wheel
selected_bush = select(bush) # bush
filtered_bush = filter_color(green, selected_bush) # green bush
related_seat = relate(seat, to the right of, s, filtered_bush) # seat
colors = query_color(selected_bag, selected_wheel, related_seat) # [None, white, white]
result = common(colors) # None
Answer: The question itself is problematic (No bags in the image)

Figure 3.1: Overview of VISREAS dataset construction process. Using scene graphs, we
cluster objects ( ), relations (green), and attributes of the related objects (blue) based
on the attribute of the corresponding objects ( ). Then the question engine takes
each template as input and traverses all possible clusters to generate the query as well as
the reasoning steps. Each function in the reasoning steps can return NONE if any object,
attribute, or relation is absent in the image.

The dataset is constructed in three major steps: (1) Process scene graphs, (2) Define tem-
plates and reasoning functions that the question will involve, (3) Automatically generate
corresponding reasoning steps in pseudocodes along with the final answer from each query
as shown in Fig. 3.1. Finally, to prevent models from learning statistical biases in attribute,
reasoning, or answer type distributions, we meticulously balance the VISREAS dataset
across three distinct paradigms (section 12.1).
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3.2.1 Scene Graph Processing

To begin with the data construction process, we run two phases of processing on the scene
graphs before passing them to the question engine.

First Phase. We clean up the scene graphs by removing opposite attributes and discarding
object nodes with similar names that share similar attributes and relations. Our processed
scene graphs contain 1703 distinct objects, 14 attributes, and 114 relationships. It is also ob-
served that one object name in the image might correspond to multiple object IDs and bound-
ing boxes in the scene graph. This will cause ambiguity in the later question-generation
process. Thus, we merge bounding boxes corresponding to the same object name with a
high IoU (> 0.7). In addition, there can be images where a bigger bounding box contains
multiple small bounding boxes, which can be either parts of the object represented by the
bigger bounding box (e.g., a cat (bigger bounding box) has a tail, ear, face (small bounding
boxes), etc.) or they can collectively represent the object in the bigger bounding box (e.g.,
lime and apple can together be mentioned as fruits). These overlapping bounding boxes
will be problematic while clustering objects based on similar attributes (e.g., fruits and lime
are all green; for ‘What has the same color as the lime?” the answer generation module will
produce: fruits and apple - which is ambiguous). To discard these cases, we measure the
ratio of intersection area vs individual bounding box area and check whether the smaller
objects are subclasses of the bigger one using Wordnet Miller (1994). If the ratio is high
and the larger object is a superclass of the smaller one, we discard the larger bounding box
during preprocessing to avoid ambiguity.

Second Phase. We cluster the scene graphs based on the common attributes and relations
among the objects in each image and create several sub-graphs as seeds for the question
engine. Initially, we cluster objects based on a single relation or attribute, later we merge
the clusters recursively if there are objects with multiple attributes or relations in common.
Finally, each cluster represents a collection of objects that share a similar set of attributes and
relations and the question engine exhaustively traverses all clusters to generate questions.
For each object in a cluster, we also store other objects that are related to that object along with
their relation name. This information is used to populate nested compositional references
for multi-hop relation traversal.

Question Engine

For question generation from the clusters, we manually create 182 templates on different
attributes (Table 3.1). Our templates cover five categories of reasoning (query, count, compare,
verify, and choose) which can be further broken down into nine broad categories of reasoning
mentioned in Appendix. For some categories, we have list answers and no-answer cases.
All of our templates are formulated considering clusters of objects to facilitate multi-object
comparison. To generate no-answer cases, we apply two approaches: (1) We either add an
outlier (object not present in the image) to the cluster or include an object that exists in the
image but not in the cluster and has different relations and attributes from the objects in
the cluster. (2) We perturb the existing relation/attribute of an object inside a cluster (e.g.,
change “apple to the left of knife’ to ‘apple to the right of knife’) which derives no-answer cases.
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Attribute Templates Train Validation

Color 12 1326086 1500
Cleanliness 8 7794 900

Material 15 368337 1500
Size 4 116438 1500
Pose 18 36687 1500
Height 10 9894 1200
Weather 6 31376 1500
Length 11 45764 1500
Tone 11 37184 1500
Shape 15 30119 1500
Activity 21 15639 1500
Sport Activity 21 13215 1500
Age 12 19594 1500
Pattern 18 14313 1500
Total 182 2072440 20100

Table 3.1: Question-template distribution over attributes

Answer Generation

The answer generation step involves two consecutive phases. Initially, we formulate the
reasoning steps in pseudocode (Figure 3.1) and produce the intermediate results for each line
of code using our designed parser (Figure 3.2). For each question template and reasoning
type, we have hand-coded the basic reasoning steps necessary to answer the query. Based
on the number of objects, relations, and attributes, our parser generates all intermediate
reasoning steps along with the answers. Finally, we combine all intermediate results to
come up with the answer. If any intermediate reasoning step results in ‘NONE’, the final
answer becomes ‘ the question itself is problematic’ indicating some objects, relations,
or attributes mentioned in the question text cannot be found in the image.

3.2.2 Dataset Analysis and Comparison

The VISREAS dataset consists of 113K images from the Visual Genome where each image
is annotated with dense descriptions of the scene stored in the scene graphs. We refine
the existing scene graphs and generate 2,072,437M unique questions, twice the size of
current VQA datasets (Table 3.1), that combine features of multiple objects and their relations
and require the implementation of consecutive complex reasoning skills with an in-depth
understanding of object attributes and relations in the image. Our dataset covers 14 different
attributes and 114 diverse relations among 1703 different objects from real-life images. We
define five major types of reasoning (Figure 3.3) while generating the corpus based on the
overall nature of the query template. Figure 12.1 shows details of the query structures along
with examples. However, the intermediate reasoning steps that are necessary to answer the
query can be diverse and can combine all five types of reasoning for a single query (as in
Figure 3.1). We combined the data set over 14 attributes and 5 reasoning types (section 12.1).

Compared to existing VQA tasks, VISREAS emphasizes creating longer reasoning chains
(multi-hop) with a larger number of objects (Figure 3.3). The average number of reasoning
hops for VISREAS is 1.42 (95% CI: [1.415,1.417]), significantly higher than GQA (mean: 0.52;
95% CI: [0.517,0.519]) and CLEVR (mean: 0.84; 95% CI: [0.839, 0.843]). However, to limit the
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# question: contains question, answer, and semantic string
# scene: collection of objects in the scene
def parse(question, scene):
codes, outputs = [], []
for line in question["semantic"]:
code, output = run(line, scene, history)
codes.append(code), outputs.append(output)

return codes, outputs

# line: single line of semantic string
# scene: collection of objects in the scene
# history: list of previous outputs
def run(line, scene, history):
# formats semantic string to pseudocode, operator, and its arguments using regex
# IN "select:box(43)" OUT "selected_box = select("box")", "select", { id:"43" }
pseudocode, operator, args = parse_semantic_string(line)
match operator:
case "select":
return scene.objects[arg.id]
case "relate":
{ relation, subject, object } = args
objects = scene.objects.find(o = o.relations[subject.id] = relation)
return objects
# implement other operators

case "...":

Figure 3.2: Semantic string parser. For every line of semantic string, we use regex and
string manipulation to extract operator and its arguments. We represent scene-graph in
adjacency list format and run the parsed operator to get formatted pseudocode and its
expected output.

question length and increase human readability (Figure 12.2), the majority of the questions
require at most two hops relation traversal for each object.

Reflecting on human clustering ability based on commonalities, consists of queries that
require consideration of multiple objects based on their attribute or relation similarities.
Therefore, unlike existing datasets, the majority of queries are composed of more than three
objects from the image. The average objects per question for is 3.91, which is higher than
both GQA (1.12) and CLEVR (1.63). Hence, requires multiple object detection and consecutive
reasoning to answer a single query (Figure 3.3). In addition, each query can have multiple
attributes associated with it (Figure 12.3a). For example, in question, ‘What is the common
material among the silver and blue utensils?’, both <material>and <color> attributes
are needed to be considered for answer generation that involves multiple attribute filtering
along with the associated objects.

In contrast to other spatial reasoning datasets that focus primarily on one-hop relation
traversals (Bottom left of Figure 3.3), we explore two ways of novel traversals: (1) Star
Relation: The target object shares multiple relations with other objects (e.g. is the center of
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Question Distribution across Attributes Question Distribution across Reasoning Types

Pattern Color
MS%&A% Cleanliness
Sport Activity £,/ Material
Activity | 8.0%
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Shape Pose
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Length 20.0%

Question Distribution across Relation Hops Question Distribution across Number of Objects
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Figure 3.3: Overview of VISREAS statistics. (Top left) The dataset covers 14 attributes in
a balanced ratio. (Top right) It consists of five reasoning types of queries in a balanced
distribution. (Bottom left) Comparison of multi-hop relation traversal for different VQA
datasets. Majority questions of VISREAS require multi-hop traversal compared to others.
(Bottom right) Comparison of number of objects mentioned in the question for different
datasets where VISREAS questions contain larger amount of objects.

Star Relation Chain Relation
What is the color of the fork to the right of the ring, to the What is the color of the knife to the right of the fork to the
right of the cake, and to the left of the knife? right of the cake?

Fork to the left of the knife, to the right of the cake and to Knife to the right of the fork to the right of the cake
the right of the ring
Fork Knife to the right of the fork
to the left of the knife fork to the right of the cake
to the right of the cake and
to the right of the ring

Figure 3.4: VISREAS contains two types of relation traversals. Star relation states a single
object that shares multiple relations with other objects (Left). Chain relation states multiple
objects that share a single relation with each other (Right).
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the star and other objects are connected to it with a relation — Figure 3.4 left), and (2) Chain
Relation: The target object is related to an object that is related to another object and the
relation traversal is linear (Figure 3.4 right). The inclusion of these traversals adds multi-hop
complexity to the corpus and makes the each-step verification process harder for unanswerable
questions (as Figure 12.5).

3.3 Visual Reasoning with Structured Data

Step 1: Pseudocode Generation Step 2 : Pseudocode Guided

PROMPT: Given an image, the user asks a question and assistant executes

Given the user's question, generate the code that
F the code and logs the results step-by-step to provide an answer.

answers the question.
USER: What is the material of the fence that the
black bird is sitting on? .1 +

USER : What is the material of the fence that the black bird is sitting on?
i ) selected_bird = select(bird)
w filtered_bird = filter_color(black, selected_bird)
related_fence = relate(fence, sitting on, filtered_bird)
[ VICUNA-13B o R result = query(material, related_fence)
Finetune with LORA

Tp
T

LLavA 1.5

Finetune with LoRA

#0UTPUT

objects : black bird / brown bird
objects : black bird

objects: wooden grey fence
Answer : wooden

ASSISTANT:

Figure 3.5: Overview of LOGIC2VISION. In Pseudocode Generation phase, we generate
pseudocode which outlines the reasoning steps. During Pseudocode-Guided Reasoning,
the pseudocodes along with the question and image are provided to the model. The model
executes all intermediate pseudocodes to arrive at the final answer.

In recent years, LLMs combined with code generation and chain-of-thought prompting have
shown impressive performance in complex reasoning by generating intermediate reasoning
steps before inferring the answer Zhang et al. (2023c); Suris et al. (2023). However, these
frameworks are often prone to hallucinations of LLMs and are too restricted in terms of
reasoning they can perform and dependent on expensive external modules to execute the
reasoning Zhang et al. (2023b); Suris et al. (2023). To address these limitations and elicit the
reasoning capability of VLMs, we propose , a two-stage VQA framework that (1) plans the
necessary reasoning steps using the question and (2) executes the plan with the help of an
image leveraging the SOTA VLM (Figure 3.5).

3.3.1 Pseudocode Generation

Given a natural language question, this module generates a consecutive set of reasoning
steps as pseudocodes. For training our pseudocode generation model, we take advantage of
the existing VQA dataset: GQA as it provides a semantic string that decomposes the question
into a sequence of reasoning steps. For instance, the semantic string for the question ‘Is
there a red apple on the table?’ would be ‘select: table — relate: on, subject,
apple — exist: ?’. We build a custom parser (Figure 3.2) that converts each line of GQA
semantic string to pseudocode and extracts all the intermediate expected outputs along
with the final answer from the scene graph. The parsed (pseudocode, output) pairs serve
as a rationale to solve the question (Figure 12.4). For the pseudocode generation, we use
an instruction finetuned VICUNA-13B Chiang et al. (2023) model which has shown good
performance across various language tasks including code generation. We finetune VICUNA
using LoRA on (question, pseudocode) pairs Hu et al. (2022) to generate the pseudocode
for a given question. The finetuned model achieves 98.6% METEOR Banerjee & Lavie (2005)
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score and 96.3% ROGUE-L Lin (2004) score against ground-truth code parsed from GQA
semantic strings.

3.3.2 Pseudocode-Guided Reasoning

Since the Pseudocode Generation module outlines the necessary steps to answer the
question, the remaining task is to perform pseudocode-guided sequential reasoning on the
image. For this stage, we choose state-of-the-art VLM, LLaVA-1.5 Liu et al. (2023b), due to
its impressive performance in diverse reasoning tasks. As LLaVA-1.5 was not trained to
reason with pseudocode and image, we fine-tuned it to generate an answer by executing
sequential reasoning with the pseudocode and the image. To adapt this framework in our
case, we rearrange the instruction as belowr:

USER:<Image> Executes the code and logs the results step-by-step to provide an answer to the question.
Question: {Question}

Code: {Code}

ASSISTANT:

Logs: {Logs}

Answer: {Answer}

Here LOGIC2VISION takes the image, question, and the corresponding sequential pseu-
docodes as input and produces all intermediate outputs of the codes as logs along with the
final answer. Therefore, during fine-tuning, not only learns to generate the final answer but
also must predict all intermediate responses correctly. This includes predicting NONE when
there is no answer possible in any intermediate step. The ability to produce intermediate
outputs as logs makes more explainable compared to others. As each line of the pseudocode
requires a different reasoning ability (e.g., select, compare or relate), we can detect which
reasoning task the model is failing by simply tracking the logs. The essential training details
of this stage can be found in section 12.3.

3.4 Experiments and Analysis

In the subsequent sections, we conduct a comprehensive analysis of the VISREAS dataset and
assess the performance of various benchmarks including LOGIC2VISION, GPT-4V OpenAl
(2023), and human participants, revealing a notable disparity from human performance.

3.4.1 Baseline Experiments

To analyze the complexity and generalizability of our dataset and model, we run exper-
iments with models trained on both classification and generative tasks. We cover two
types of generative models: GEN (relies on pretrained visual-language alingment module)
and Code-GEN (generates a program and utilizes external APIs to solve VQA tasks). We
categorize LOGIC2VISION as Logic-GEN as it produces intermediate logical reasoning steps
before answering. All model configurations can be found in section 12.3. To make the
training and inference consistent, we define our own prompt for all generative models (as
section 12.3). Table 3.2 shows the results of different baselines on both GQA and VISREAS.
All baseline models perform worse on VISREAS than on GQA, highlighting the unique
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GEN Code-GEN Logic-GEN
LXMERT VILBERT CRF BLIP-2 InstructBLIP LLaVA-1.5 ViperGPT VisProg LOGIC2VISION

Metric GPT-4V Humans

Choose 74.23 8291 83.30 71.21 78.50 84.11 10.37 15.86 82.54 82.61 91.30
Compare 65.62 69.86 7187 2872 53.29 67.75 597 26.09 59.25 68.33 86.12
Count 45.32 47.80 49.59 25.88 49.86 43.08 7.85 6.02 39.47 39.52 85.78
Query 44.05 47.65 48.11 41.55 47.77 50.31 4.35 19.30 63.79 58.78 81.78
Verify 76.10 82.18 83.03  70.77 49.48 81.27 3.10 4418 84.54 82.16 93.94
Problematic 67.54 77.08 7841  25.39 64.68 68.04 0.25 0.16 55.34 70.18 90.29
Non-Problematic 56.11 59.16 61.60 51.41 52.25 60.31 11.97 2417 67.94 55.47 84.89
Accuracy (%) 50.15 53.05 53.56 47.81 53.97 61.38 10.38 20.82 66.20 62.83 87.21

Table 3.3: Accuracy breakdown of baseline models and humans on VISREAS across different
reasoning types. Problematic questions contain relations, attributes, or objects that are
missing or inconsistent with the image, whereas Non-Problematic questions are consistent
with the image. Except for the Code-GEN models, we report fine-tuned results on VISREAS.

challenge provided by VISREAS. Table 3.3 presents the performance on VISREAS across
diverse baselines along with GPT-4v and human accuracy. We break down the performance
along two axes: the reasoning type and answerability. We finetune models in the and
the GEN groups to obtain stronger baseline results. We could not finetune models in the
Code-GEN group due to their close-sourced weights. Logic-GEN outperforms all others
baselines at a significant margin.

[ ] For models trained with
classification task, we finetune Model Accuracy (%)
ode
and evaluate on both GQA and . GoA  VISREAS
. . BLIP-2 (Li et al., 2023a) 4470 3516
From the fine-tuning results of th
° € e. . & . esulls o € GEN InstructBLIP (Dai et al., 2023a) 49.50 36.84
CLS models, it is obvious that pro- LLaVA-1.5 (Liu et al., 2023b) 63.3* 3898
N
1 T ViperGPT (Suris et al., 2023 48.10 10.31
oses a different task than GQA Code.GEN  VIP
ode- . . .
that can not be easily solved by VisProg (Gupta & Kembhavi, 2023)  50.50 20.82
scaling the model size or changing LXMERT (Tan & Bansal, 2019) 60.05 50.15
h . h VALBERT (Lu et al., 2020) 60.65  53.05
the pretraining corpus. Further- CRF (Nguyen et al., 2022) 7210 5356
more, the higher performance gap Logic-GEN  LOGIC2VISION 6032 66.20

of the models between GQA and
tasks suggests the inefficacy of the Table 3.2: Performance comparison among baseline
existing CLS models on our pro- models on GQA and VISREAS. (*) GQA trainset images
posed spatial reasoning task. were used during training.

[GEN] From generative domain,

we select three SOTA models, BLIP-2, InstructBLIP, and LLaVA-1.5, that try to leverage
the LLMs using two types of vision-language alignment modules: Q-Former and MLP
cross-modal connector. We evaluate the models on zero-shot GQA and VISREAS to probe
the relevance of our proposed task to their training domain. We notice that BLIP-2 performs
poorly on our task compared to GQA where InstructBLIP and LLaVA-1.5 shows higher
accuracy. Both LLaVA-1.5 and InstructBLIP are instruction tuned on diverse downstream
tasks which allows them to excel in VQA tasks compared to BLIP-2. However, LLaVA-
1.5 gains the highest zero-shot accuracy in this category due to its training set images
being overlapped with VISREAS. Yet, it shows a significant drop (-24.32%) in ZS accuracy
compared to GQA, which proves that highlights a novel reasoning task that can not be
generalized using GQA. Furthermore, the smaller performance gap among these models on
VISREAS suggests the inefficacy of the current VLMs on our proposed spatial reasoning task.
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[Code-GEN] From modular Code Generation models, we analyze recent works - ViperGPT
and VisProg. These models employ an LLM to generate an executable program that uti-
lizes a pre-defined API, including functions such as detect(image, obj_category) or
segment(image, obj_category). VisProg also utilizes the “in-context learning” abilities
of LLMs, enabling the model to respond to new queries with just a few examples of input
and output behavior. Zero-shot evaluations of Code-GEN models on GQA and VISREAS
reveal that current models are struggling with our task more than GQA, where both corpora
use similar images. We find these models heavily biased to answerable setting that they
tend to ignore the discrepancies between the question and the image. Furthermore, the
codes generated by these models are often incomplete or runs into error when passed to
the compiler. We term these cases as incorrect responses for consistent evaluation. We
believe that problematic questions can be handled better with modified prompts which
would require additional expensive few-shot prompting. However, their poor performance
in Non-Problematic questions denotes the inability of these models to reason with longer
relational hops and cluster multiple objects based on commonalities.

3.4.2 Analysis

According to Table 3.3, all the models including GPT-4V struggle in Compare, Count, and
Query question-types which require grounding, clustering, and verifying the existence
of multiple objects, relations, and attributes. Specifically in Query, the performance gap
between humans and the models is significantly higher which demonstrates the limitation
of current models to perform complex multi-hop reasoning. , on the other hand, shows a
promising result in Query questions. We hypothesize that structured pseudocode helps the
model consider each object and its corresponding attributes and relations before answering
while the other models try to learn from the surface-level word distribution. In addition,
Query questions are in general lengthier than other types of questions which makes it easier
for the models to lose attention to the details (Figure 12.3b).

In contrast, GPT-4V outper-

forms all generative models in § S
g £ & & ¢ &
Problematic questions.  After & s F ¥ & S §
, . , Model O © c o = << All
analyzing the predictions, we find
7B 8120 5490 3513 59.24 8275 5538 6392 6274

that GPT-4V excels at identifying 135 514 5925 3947 6379 8445 5534 6794 6620
problematic questions that involve

an object not present in the image Table 3.4: Breakdown of accuracies on VISREAS for s
or an object with a false attribute. VICUNA model size. We observe that VICUNA’s model
However, when the question size improves performance in most question-types ex-

becomes problematic due to ceptthe problematic ones.

an incorrect relation, GPT-4V

consistently struggles to recognize it which also holds for other models. This signifies the
uniqueness of our corpus that emphasizes understanding relations beyond simple object
detection. It is also notable that GPT-4V often denies to answer questions related to a person
and sometimes just ignores questions by saying ‘I'm sorry, but I can’t assist with identifying or
making assumptions about people in images.” For fair comparison with other models, we report
all these occurrences as incorrect answers.
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To investigate the effect of LLM’s scale on the VQA task, we test two versions of LLMs
(VICUNA 7B and 13B) within architecture. Table 3.4 breaks down the performance of in the
presence of different LLMs. We observe that increasing LLM’s size dramatically increases
the accuracy of longer questions (Figure 12.3b) such as Non-Problematic, Count, Query, and
Compare instances and marginally improves performance on question categories such as
Choose and Verify. This finding reassures the ability of larger LLM to reason with longer
context. However, for problematic questions, increasing LLM size has no impact. As this
category requires verification and grounding of information with image, both LLM and
vision-language alignment need to be strong to excel in this domain.

3.5 Related Works

Recent years have witnessed tremendous progress in visual understanding. Multiple
attempts have been made to mitigate the systematic biases of VQA datasets Goyal et al.
(2017); Zhang et al. (2016c); Agrawal et al. (2018); Johnson et al. (2017), but they fall short in
providing an adequate solution: Some approaches operate over constrained and synthetic
images Zhang et al. (2016c); Johnson et al. (2017), neglecting the realism and diversity natural
photos provide. Suhr et al. (2019) introduced a dataset for reasoning about semantically-
diverse natural language descriptions of images in the form of a classification task. While
the dataset exhibits diverse semantic phenomena, this task rarely requires much beyond
a single type of object recognition and its associated relation and attribute. Unlike these
datasets, is open-ended and consists of both unanswerable and answerable queries based on
the similarity /dissimilarity of multiple objects in the image. jointly evaluates vQA models’
alignment, multihop reasoning, and verification ability which cannot be approximated by
simply finding the most likely object/relation/attribute to answer the question.

Recent transformer-based models have Tan & Bansal (2019); Lu et al. (2020); Nguyen
et al. (2022) achieved promising performance on visual reasoning tasks. Yet, these models
are prone to reproducing spurious correlations without accurately learning true causal
relations Agrawal et al. (2016); Jia & Liang (2017); Tenenbaum (2018). Neural-symbolic
methods Andreas et al. (2016); Hu et al. (2017); Hudson & Manning (2018; 2019a) explicitly
perform symbolic reasoning on the object and language representations. These models offer
modularity and interpretability in the reasoning process. However, as module parameters
are usually derived solely from end-task supervision, there is a potential for the program to
deviate from accurately explaining the model’s behavior Ross et al. (2017); Jain & Wallace
(2019); Subramanian et al. (2020).

Conversely, a recent approach to modularity leverages Large Language Models (LLM) to
craft code or Python programs using expensive APIs Chen et al. (2021b); Surfs et al. (2023);
Gupta & Kembhavi (2023); Subramanian et al. (2023). However, these approaches outsource
basic aspects of the reasoning to external components rather than performing reasoning
as part of the model itself. For example, prior works outsource basic cognitive abilities
such as recognizing objects, counting, and even arithmetic operations. Focusing on these
limitations, our proposed aims to leverage single VLM to address complex reasoning in
a modular approach that shows promising performance across models of three different
categories.
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3.6 Summary

In this chapter, we examined how synthesizing structured, high-quality data can address a
fundamental limitation of existing visual language systems: their difficulty in performing
complex spatial reasoning while verifying whether a question is grounded in the visual con-
text. Many current VQA benchmarks emphasize answer prediction under the assumption
that every question is valid and answerable. This design choice encourages models to rely
on superficial correlations or object recognition patterns rather than performing structured
reasoning about relationships among objects in the scene. As a result, even state-of-the-art
models often fail when faced with compositional queries, multi-hop reasoning steps, or
questions that are inconsistent with the visual evidence.

To address this gap, we introduce the dataset, for real-world complex and multihop visual
reasoning and compositional question answering. The dataset emphasizes object common-
alities, differences, and relational aspects, necessitating validation of question-text relevance
with the image before answering. We describe the dataset curation process along with the
performance of SOTA models from three different domains in our task. Addressing the
shortcomings in grounding and clustering in recent models, we propose a novel baseline
that deconstructs questions into pseudocodes and sequentially executes them using images
to generate answers. We anticipate that this dataset and model will catalyze advancements
in VQA research, pushing it toward complex semantic comprehension, robust reasoning,
and addressing unanswerability when the provided context is not sufficient.

Solving VQA tasks via code generation and external APIs has gained attention due to its
capability to perform complex reasoning and planning in a modular manner. However,
code generation has limitations: a fixed set of operations limits models to specific types of
questions and heavy use of external modules prevents end-to-end training. While modu-
larity encourages specialization, in practice it requires managing multiple environments
and heavy GPU memory usage as multiple large models are used to carry out visual and
cognitive tasks like detection and captioning. In addition, current code generation methods
Suris et al. (2023); Gupta & Kembhavi (2023) rely on OpenAl’s API to generate executable
code which hinders the accessibility of benchmarking due to its high costs' and fluctuations
of OpenAl models over time Chen et al. (2023c) which makes it hard to diagnose whether
certain performance gains come from OpenAl model or improvements in other components.
In contrast, our model and dataset suggest that one can use a single VLM model that com-
bines both the strength of structured reasoning and train it in a simple end-to-end manner.
requires many operations such as select, filter, relate, and query which are limited to
cognitive skills to standard VQA tasks and spatial reasoning. Therefore, models trained on
may not generalize well for visual-language tasks such as visual storytelling and image
captioning which goes beyond the scope of our dataset. A natural future direction would be
to incorporate other visual-language tasks into the dataset as well.

1Evaluation with VisProg requires approximately 2,500 tokens per question including in-context
examples, prompts, and outputs. Using original text-davinci-003 model used in original code would
cost (0.0200/1000 tokens) - 2500 tokens - 17171 instances =~ 858 USD.
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Chapter 4

Unimodal Reasoning with
Multimodal Models

Vision Language Models (VLM) are getting increasingly adept at solving a wide range of
reasoning tasks (Liu et al., 2023b;d; You et al., 2023; Ye et al., 2023; Chen et al., 2023b; Zhang
et al., 2023a; Chen et al., 2023a; Dai et al., 2023b; Lu et al., 2023). As these capabilities
advance, VLMs are set to replace the current text-only language models for general-purpose
interfaces like BARD (GoogleAl, 2023) and ChatGPT (OpenAl, 2021). In such scenarios, the
deployed VLM would be required to handle a wide variety of end-user queries. Crucially,
this includes queries that are not inherently multimodal, such as math-reasoning problems
or program synthesis (Cobbe et al., 2021a).

A key question arises in these situations: How should a VLM, capable of functioning in a
text-only mode like a Language Language Model (LLM), handle text-based queries? While
the default approach is to process these queries purely as text, this method does not fully
exploit the VLM’s capabilities in image processing. Recent studies on human problem-
solving provide a clue to addressing this gap: humans often draw visual representations
to better understand and solve problems (Boonen et al., 2014; van Garderen et al., 2012;
Krawec, 2014).

4.1 Task Overview

Building on the insight of human thought process, we propose SELF-IMAGINE-a technique
designed to enhance the reasoning abilities of VLMS on text-only tasks through visualization
(Figure 4.1). initially generates a graphical representation of the text query using the VLM.
Then, the same VLM is used to solve the problem using both the original question and the
self-generated image.

An inherent challenge is that advanced VLMs are not typically equipped for direct image
generation. To circumvent this, we utilize the VLM’s code generation capabilities to generate
HTML code visually representing the query information. This HTML is then rendered
as an image, which, when used in conjunction with the original text query, allows the
VLM to operate with both textual and visual information. With , the VLM efficiently serves
dual purposes: generating visual representations and solving the problem. This strategy
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~- VLM

Question

James decides to run 3 sprints 3 times a week.
He runs 60 meters each sprint.

How many total meters does he run a week?

HTML Generation Prompt

Q: Howdy wants to buy cupcakes ...
# HTML code:
<html> .... </html>
Q: James decides to run 3 sprints 3 times a week.
He runs 68 meters each sprint.
How many total meters does he run a week?
# HTML code:

HTML

<div>
<p>Sprints per week</p>
<span> 3 </span>

</div>

<div> X </div>
<div>
<p>Sprints per day</p>
<span> 3 </span>
</div>
<div> X </div>
<div>
<p>Meters per Sprint</p>
<span> 60 </span>
</div>
<div> = </div>
<div>
<p>Total meters per week</p>

__Image

Sprints per week
3

x

Sprints per day
3

+

Meters per Spring
60

Total meters per week

???

<span> ? </span>
</div>

Summarize question in HTML Render HTML as
using VLM prompting an image
Step 1 Step 2

Figure 4.1: Generating an image from a question via a single VLM through HTML.

effectively reduces reliance on separate image generation models such as DALL-E (Shi et al.,
2020), streamlining the problem-solving process.

4.2 Methodology

HTML

2]

Vision Language
Model

Vision Language
Model

(VLM) (VLM)

_____________________ B
l4 Self-Imagine

Figure 4.2: [Left] Reasoning using VLM without : Given a question (0), the VLM generates
an answer (1). [Right] Reasoning using VLM with : Given a question (0), the VLM generates
a structured representation of the question using HTML (1). The HTML is rendered as an
image (2) which is then passed along with the question to the VLM again (3). The VLM finally
generates the answer by combining both vision and language modalities (4).

Unlike Large Language Models (LLM), Vision Language Models (VLM) can combine multiple
modalities in the same representation space and perform complex reasoning. However,
when it comes to unimodal downstream tasks (e.g., math-reasoning), VLMs are not fully
leveraged due to the absence of additional modalities. In , we circumvent this by generating
a visual representation for a given reasoning question using the VLM in the form of an

31



image. Then, the same VLM is fed both the question and the generated image to answer the
question. In the following section, we expand on the image generation from the question.

42,1 Generate Image from Question

While VLM cannot generate images directly, they are pre-trained on large corpus of programs
and thus are proficient in code generation. Thus, we utilize code generation capabilities
of these models to create an image for the question. While there are several choices for
choosing a representation (SVG (St.Laurent et al., 2001), Tikz (Tantau, 2022)), we use HTML
due to its prevalence and its ability to easily generate structured information from questions
using tables, lists, flow charts, etc.

Generate HTML from Question. To convert natural language questions into HTML, we
choose two Vision Language Models (VLM): LLAVA-1.5 (Liu et al., 2023b) & GEMINI PRO
(Team, 2023)), due to their impressive performance on a wide range of reasoning tasks. Since
multimodal models are not traditionally trained for HTML generation, we approach this
using a few-shot prompt, interleaving natural language questions with HTML codes. For
each natural language question g;, we generate a corresponding HTML code h;. These are
paired as (g;, h;) to form a prompt p = {gq;, hj}le, where K = 5 represents the number of
in-context examples chosen for diversity in reasoning tasks. Given a new question gq;, we
combine it with the prompt p and a placeholder image I;, and input these into the VLM to
generate the HTML £; for g; as shown in Equation 4.1.

he = viM(p || g1, 1) (4.1)

Convert HTML to Image. After generating HTML from questions, we use the ‘imgkit’
python library to render these HTML codes into images. To evaluate the role of images
in reasoning tasks, we conduct experiments both with and without the generated images.
We append task-specific prompts to the questions, as detailed in Table 12.5. In the image-
inclusive experiments, we use the HTML-generated images alongside the concatenated
prompts and questions, inputting these into the VLM for processing.

Ig = f(ht)
yt = VLM(p||qs, Ig)

Here, f represents the HTML renderer, and [, represents the final generated image from

4.2)

the question. y; is the answer generated using the question with the prompt (p||g:) and the
image (Ig).

4.3 Experiments

4.3.1 Experimental Setup

Benchmarks. We explore two kinds of reasoning tasks to evaluate our approach: (1) math
word problems consisting of GSM8K (Cobbe et al., 2021a), ASDIV (Miao et al., 2020), and
SVAMP (Patel et al., 2021) and (2) symbolic reasoning consisting of NAVIGATE, GEOMETRIC
SHAPES, TRACKING SHUFFLED OBJECTS, PENGUINS IN A TABLE, COLORED OBJECTS, DATE
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Figure 4.3: SELF-IMAGINE main results: SELF-IMAGINE improves accuracy over a diverse
range of mathematical and symbolic reasoning tasks.

UNDERSTANDING, and OBJECT COUNTING tasks from BIG-Bench Hard (Suzgun et al,,
2022).

Baselines. For the baseline, we consider zero-shot prompting where we only pass a basic
prompt (Table 12.5) and the question. We performed greedy decoding from the language
model using a temperature of 0. Note that this is a realistic setup for current open-source
multimodal LLMs, which cannot accept a prompt interleaved with text and images.

Vision Language Models. We use LLaVA-1.5 (Liu et al., 2023b) and GEMINI PRO (Team,
2023) as our VLMs and keep each one of them consistent throughout the HTML generation
phase to the question-answering phase. LLaVA-1.5 uses a CLIP ViT-L (Radford et al., 2021a)
as a vision encoder and Vicuna 13B (Chiang et al., 2023) as the LLM. Conversely, GEMINI
PRO is built on Transformer architecture (Vaswani et al., 2017a) and is trained with a wide
range of multimodal data. The architecture of this model has not been disclosed yet. In this
paper, we accessed GEMINI PRO through Google AI Studio. GEMINI PRO comes with default
safety features that block certain questions, especially those involving potentially illegal or
sensitive content. For our analysis, we disabled these safety settings.

Evaluation During the evaluation, we slightly modified the standard evaluation protocol
(Gao et al., 2024b), which consisted of matching the words “The answer is” followed by a
numerical output. We found that the VLM sometimes fails to follow this sentence verbatim
even when it produces the correct answer. To accommodate these cases, we simply take the
last number/option of the generated text as the answer to the question.

4.3.2 Results

We summarize our results across three math and nine reasoning tasks in Table 4.1. We define
the baseline setup as ‘Question Only” when we only feed the question with the basic prompt
to the VLM. is indicated by the ‘Question + Image” setup where we generate the HTML from
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the question at first and pass the rendered image from HTML along with the basic prompt
and question to the VLM as input (Equation 4.2).

improves the VLMs’ performance in all math reasoning tasks: for example, SELF-IMAGINE
improves the base LLAVA-1.5 and GEMINI PRO by 9.30% and 4.50% accordingly in SVAMP.
In OBJECT COUNTING (LLAVA-1.5: +5.60%; GEMINI PRO: +4.40%), COLORED OBJECTS
(LLAVA-1.5: +5.20%; GEMINI PRO: +1.20%) and GEOMETRIC SHAPES (LLAVA-1.5: +0.40%;
GEMINI PRO: +8.70%), inclusion of SELF-IMAGINE improves both VLMs.

LLAVA-1.5 and GEMINI PRO have different subsets of symbolic reasoning tasks in which
they benefit from SELF-IMAGINE. In particular, LLAVA-1.5 benefits from SELF-IMAGINE
in tasks involving multiple variables e.g., navigation and tracking multiple objects tasks,
as the image provides additional structured information on top of the question. On the
contrary, GEMINI PRO + SELF-IMAGINE excels in list and tabular reasoning tasks such as
DATE UNDERSTANDING (+1.20%) and PENGUINS IN A TABLE (+6.85%). All these tasks
require diverse reasoning abilities, and the improvement across these tasks represents the
generalizability of SELF-IMAGINE.

However, hurts the performance of VLMs in some of the symbolic reasoning tasks - for
LLAVA-1.5: DATE UNDERSTANDING (-4.80%) and TRACKING SHUFFLED OBJECTS of three
objects (-2.80%); for GEMINI PRO: NAVIGATE (-1.20%), TRACKING SHUFFLED OBJECTS of
three objects (-13.6%), of five objects (-13.6%), and seven objects (-5.60%). These tasks are
easier to solve using only the question rather than having an image. The reason behind
degradation with an image is two-fold: (1) the generated images are incorrect and visually
not informative given the question (DATE UNDERSTANDING, NAVIGATE), (2) HTML cannot
visually portray terms like swap between objects and cannot keep track of an object after
multiple swaps (TRACKING SHUFFLED OBJECTS). These results indicate that stronger image
generation capabilities that capture consecutive progression of reasoning might help to
boost the performance of the VLM.

In the following section, we demonstrate that the improvement is highly correlated with
the quality of the generated image, underscoring the dependency on the ease of converting
text into an image. In addition, an image that appropriately captures the flow of reasoning
always guides the VLM to the correct reasoning path.

LLAVA-1.5 GEMINI PRO
Task Dataset
Question Only  Question + Image Question Only Question + Image
GSM8K 26.69 31.31 ( ) 74.37 76.04 ( )
Math Reasoning ASDIV 52.24 56.73 ( ) 82.01 84.02 ( )
SVAMP 43.50 52.80 ( ) 69.50 74.00 ( )
OBJECT COUNTING 31.20 36.80 ( ) 46.40 50.80 ( )
NAVIGATE 44.80 58.00 ( ) 60.80 59.60 (-1.20)
COLORED OBJECTS 44.80 50.00 ( ) 70.40 71.60 ( )
DATE UNDERSTANDING 50.00 45.20 (-4.80) 72.80 74.00 ( )
Symbolic Reasoning PENGUINS IN A TABLE 41.10 41.10 (0.00) 70.55 77.40 ( )
GEOMETRIC SHAPES 14.40 14.80 ( ) 48.00 56.70 ( )
TRACKING SHUFFLED OBJECTS (3) 33.60 30.80 (-2.80) 60.00 46.40 (-13.6)
TRACKING SHUFFLED OBJECTS (5) 18.00 18.40 ( ) 41.20 27.60 (-13.6)
TRACKING SHUFFLED OBJECTS (7) 12.00 16.80 ( ) 34.40 28.80 (-5.60)

Table 4.1: Comparison of accuracy between ‘Question Only” and ‘Question + Image” across
diverse reasoning tasks where the image has been generated using SELF-IMAGINE.
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4.4 Ablations

4.4.1 Math Reasoning

GSM8K ASDIV
The caretaker of the docks needs to buy After making some pies, chef had Dan has $ 3. For a total of $ 4 he
some new line. He wants 3 feet of line for 2 apples left. Initially he had 43 bought 2 candy bar each one costing
every foot of dock. Right now, there is 200 apples. How many apples did he the same amount of money. How
Question: feet of dock, and he has 6 feet of new line. use? much did each candy bar cost?

How many feet of line does he need to buy
in total?

Dock Length

200 ft
Initial Apples

43

Line per Foot Shapes

3R 15

= Used Appl
Image: sed Apples B

N

Line Needed
Groups of 3

= 2

Apples Left

Line Already Available
2
6t

Total Line Needed

Figure 4.4: Example from math world problem tasks.

For math reasoning tasks, we analyze the performance of VLMs with and without image
support. This analysis includes examining performance variations across question com-
plexity, the length of the reasoning chain, and specific instances where images contribute
positively or negatively to problem-solving. The generated images, as depicted in Figure 4.4,
predominantly feature boxes, each labeling a variable and its value, designed to simplify
and clarify the information presented in the question.

Why does image help? The primary advantage of using images lies in their ability to distill
complex information into a more manageable format. In several tasks, particularly those
involving substantial irrelevant data (e.g., GSM8K, ASDIV), an image serves as a focused
reference point, enabling the model to concentrate on key variables and their values (see
Table 4.2, Table 12.6 for examples). Additionally, images often include variable names
marked with question marks, as shown in Figure 4.4, which guide the model in identifying
the critical elements necessary for multi-step reasoning.

Image helps solve moderately complex questions. In general, longer questions tend to be
complex. Here, we examine the performance variation regarding question length as detailed
in Figure 12.10. We find that image helps LLAVA-1.5 more than GEMINI PRO in longer and
more complex questions in ASDIV and SVAMP tasks. This finding aligns with the previous
explanation, i.e., the image removes unnecessary verbose from the question, making the
reasoning process easier.
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Question Stephen placed an online order for groceries. His final bill came to
$40.00. Because this was through a delivery vendor, they tacked on a
25% fee to his final total and charged him $3.00 in delivery fees. Stephen
also added a $4.00 tip. After the extra fees, what was the final price of
Stephen’s groceries?
Total
$40.00
I

25% Fee
?

Ima ge Del?;g}é Fee
I
Tip
$4.00
I
Final Price
?
Label 57
Output With Image To find the final price of Stephen’s groceries, we need to calculate the

total cost after the extra fees and tip have been added.

1. Calculate the 25% fee: $40.00 (final bill) * 0.25 = $10.00 (25% fee)

2. Add the delivery fee to the final bill: $40.00 (final bill) + $10.00 (25%
fee) + $3.00 (delivery fee) = $53.00 (total cost with fees)

3. Add the tip to the total cost: $53.00 (total cost with fees) + $4.00 (tip)
= $57.00 (final price of groceries)

The answer is .

Output Without Image | The final price of Stephen’s groceries was $40.00 + 25% fee + $3.00
delivery fee + $4.00 tip = $40.00 + 0.25*40 + 3 + 4 =$40.00+10+3 +4 =
$40.00 + 13 = $53.00. The answer is $53.00.

Table 4.2: Example of Image improving reasoning in GSM8K task for LLAVA-1.5.

However, we can also observe that for more complex questions in the GSM8K task (question
length > 70 for LLAVA-1.5 & question length > 50 for GEMINI PRO), performance with
images deteriorates compared to performance without images. This decline stems from the
inadequate HTML generated by longer questions, which often fail to encapsulate all the
necessary information. Therefore, images generated from those HTMLs confuse the VLMs
rather than help.

This observation also holds for questions with longer reasoning chains depicted in Fig-
ure 12.11 for the GSM8K task. Questions that require a longer chain-of-thoughts (COT)
are not better represented with images for LLAVA-1.5. However, GEMINI PRO is robust
to increasing COT length and rather benefits from having a structured representation for
complex questions. This analysis also presents an opportunity for future research. It sug-
gests that the most challenging questions, which intuitively could benefit the most from
the structural and contextual support provided by images, are precisely where current
methodologies for image generation fall short.

Why does the image hurt? While images generally enhance the VLM’s reasoning, specific
scenarios lead to diminished performance. A notable issue arises during HTML generation,
where the VLM occasionally pre-solves arithmetic sequences, embedding them into the
image (Table 12.7). This can mislead the model if the embedded calculations are incorrect.
Furthermore, certain concepts like ‘trade/exchange’ or ‘add/delete” are challenging to
represent visually, leading to inaccuracies in questions involving these terms. Another
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complication involves questions with fractions, such as ‘Shelly ate 3/4 of the eggs from a
dozen.” The corresponding images often depict these fractions in a simplified form (e.g.,
a box labeled ‘Already ate: 3/4 x 12’), which the model struggles to compute accurately
as it requires the execution of multiple operations (i.e., division and multiplication) simul-
taneously. Similarly, when the VLM tries to execute multiple operations mentioned in the
image, it usually generates the incorrect answer. For example, in Table 12.11, with the image,
the VLM executes four operations in a single line (i.e., 10 * 1/2 4+ 15 x 1/3) and ends up
generating the wrong answer. But without an image, the calculation is broken down even
further, producing the correct answer. This problem might be solved with an improved
image that breaks down each step as a single operation consisting of two numbers.

4.4.2 Symbolic Reasoning

In this category, we focus on nine diverse reasoning tasks from BIG-Bench Hard benchmark
(Suzgun et al., 2022) to observe the importance of image. We break down the overall
accuracy by tasks and analyze the performance by question complexity and answer types.
The images generated with HTML for the tasks are images with labeled/colored boxes
(Figure 4.5b), tables (Figure 4.5a, Figure 4.5¢c). Occasionally, we find that the generated
image simply contains the text (as in Table 12.12).

Why and when does image help? The overall accuracy indicates a decent improvement
for LLAVA-1.5 (2.56%) with SELF-IMAGINE (as Figure 4.3) where GEMINI PRO receives slight
accuracy loss (-1.69%) with self-generated image. We further break down the results across
the tasks. As shown in Figure 4.3, adding an image augments the performance of LLAVA-
1.5 in the majority of symbolic reasoning tasks while achieving comparable performance
in others. In parallel, adding images improves GEMINI PRO in tasks that require shape,
color, list, and tabular reasoning such as COLORED OBJECTS, OBJECT COUNTING, DATE
UNDERSTANDING, PENGUINS IN A TABLE, and GEOMETRIC SHAPES.

For COLORED OBJECTS, PENGUINS IN A TABLE, and OBJECT COUNTING tasks, the VLMs
generate well-structured tables or multiple boxes in rows with variable names in one
column and corresponding values in another column. Thus, when solving with an image,
the reasoning problem simplifies to finding column sums or specific table elements. Notably,
GEMINI PRO, being a decent table parser (Akter et al., 2023), excels in these tasks with images.
In GEOMETRIC SHAPES, the HTML simply depicts the shape provided in the SVG vector.
As a result, image helps both VLMs by providing a visual reference of the intended shape in
the question (as Table 12.10).

In contrast, TRACKING SHUFFLED OBJECTS requires tracking multiple objects through
consecutive swaps. As mentioned in subsection 4.4.1, VLMs struggle to depict swaps
between objects using HTML (Table 12.8), leading to degradation in performance with the
image in TRACKING SHUFFLED OBJECTS tasks. However, TRACKING SHUFFLED OBJECTS of
five and seven objects tasks are notably more complex than the three objects task as they
require tracking more objects and their swaps and text-only LLAVA-1.5 performs poorly
in these tasks. Having an image that logs each object attribute and their swaps, helps
LLAVA-1.5 to solve the question accurately rather than having no image. Hence, we can
see the improvement of LLAVA-1.5 with the increasing number of objects for TRACKING
SHUFFLED OBJECTS tasks.
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Question: | have a table, and three cars. How many objects do | have?

Objects Count
Table 1
Image:
Cars 3
Total Objects ?

(a) OBJECT COUNTING

On the floor, you see a bunch of objects arranged in a row: a fuchsia jug, a black teddy bear, a
Question: blue envelope, a silver paperclip, a teal pencil, and a yellow keychain. What is the color of the
object furthest from the silver object?

Image: Fuchsia Black Blue Teal
Jug Teddy bear Envelope Paper clip Pencil Keychain

(b) COLORED OBJECTS

Here is a table where the first line is a header and each subsequent line is a penguin: name,

Question: age, height (cm), weight (kg) Louis, 7, 50, 11 Bernard, 5, 80, 13 Vincent, 9, 60, 11 Gwen, 8, 70,
15 For example: the age of Louis is 7, the weight of Gwen is 15 kg, the height of Bernard is 80
cm. We now add a penguin to the table: James, 12, 90, 12 How many penguins are less than 8
years old and weight more than 12 kg?

Name Age Height (cm) Weight (kg)
Louis 7 50 1
Image: Bernard 5 80 13
Vincent 9 60 "
Gwen 8 70 15
James 12 90 12

(c) PENGUINS IN A TABLE

Figure 4.5: Examples from some BIG-Bench Hard sub-tasks.

Finally, in NAVIGATE task, LLAVA-1.5 significantly improves with image inclusion, while
GEMINI PRO shows little degradation in accuracy. Unlike other tasks, the NAVIGATE task
is challenging to depict using HTML. Therefore, most of the images generated with both
VLMs for this task contain texts either showing the question or necessary reasoning steps in
natural language (Table 12.12). Without an image, LLAVA-1.5 performs poorly compared
to GEMINI PRO on this task. However, with images, the LLAVA-1.5 executes additional
reasoning during HTML generation, thereby increasing the likelihood of predicting the
correct answer in the presence of an image. This phenomenon also explains GEMINI PRO’s
improvement in the DATE UNDERSTANDING task with images, as the generated HTML
primarily offers reasoning steps in natural language.

Image helps with shorter (GEMINI PRO) and more complex questions (LLAVA-1.5). Fol-
lowing subsection 4.4.1, we investigate the impact of the image in the reasoning process with
increasing question length. Here, we observe distinct behaviors in two VLMs. As depicted in
Figure 12.12, LLAVA-1.5 benefits from images with both simpler, shorter questions and more
complex ones, while GEMINI PRO’s performance declines as question length increases. Gen-
erating high-quality HTML is also easier for simpler and shorter questions, which benefits
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both VLMs during question answering with the appropriate image. However, with longer
questions, the generated HTMLs tend to ignore some information or can not summarize
all information in a structured manner. This results in lower performance compared to
without image setup. Interestingly, Figure 12.12 shows higher performance for LLAVA-1.5 in
with-image setup when the question length exceeds 120 words. This category includes the
TRACKING SHUFFLED OBJECTS of seven objects task, which requires tracking seven objects
during multiple swaps. As mentioned earlier, the image depicts the role of each object in
the question and their swaps, which simplifies the reasoning process. Unlike LLAVA-1.5,
GEMINI PRO particularly tries to solve the swaps step-by-step in the HTML rather than just
logging the information. However, it fails to keep track of the objects after multiple swaps
- resulting in the generation of an incorrect HTML and a dramatic drop in accuracy with
images.

Why does the image hurt? Despite the benefits observed in certain tasks, incorporating
images into the reasoning process can worsen performance in others. We observe that the
reason behind the performance drop-off is two-fold: (1) images generated from HTML are
incorrect or missing information, and (2) generated images cannot depict the reasoning
process.

As mentioned in the previous sections, VLM is not good at showing/tracking swaps, ad-
ditions, or deletions in the HTML. Therefore, without images, responses are better when
the questions have swaps, insertions, and deletions of elements (TRACKING SHUFFLED
OBJECTS). In DATE UNDERSTANDING and NAVIGATE tasks, the images generated from
HTML often fail to accurately represent the questions. In DATE UNDERSTANDING, LLAVA-
1.5 generated HTML can not fully maintain the date, month, and year pattern mentioned in
the question text (Table 12.13) which further confuses the VLM while performing reasoning
with the image. Similarly, in NAVIGATE, GEMINI PRO generated HTML can not effectively
depict the progression of navigation steps mentioned in the question text.

Image helps a different subset of a particular task. We further investigate the performance
of with-image and without-image setups to find out when having an image is beneficial and
when having an image hurts. As shown in Figure 12.13, we break down the performance
by tasks and count the number of times the VLM produces a correct answer with an image
and gets the same question wrong without an image (Image Improves). Then, we reverse
the conditions, i.e., count the number of times the VLM produces an incorrect answer with
an image and generates the correct answer for the same question without an image (Image
Hurts). We can see that for all tasks, having images helps solve some questions that can not
be solved without images and vice versa.

4.5 Related Works

Visual Problem Solving. Visual problem-solving is an inherent human ability while
performing complex multi-step reasoning. Humans tend to draw a mental image of a
question to understand and ground the problem, which helps to plan subsequent steps to
solve the question. Mental images provide a simplified representation of the content of the
cognitive task. Thus, the involvement of visual images in problem-solving may result in
a notable degree of success (Bauer & Johnson-Laird, 1993; Antonietti, 1991). Studies also

39



show that an accurate visual representation of a problem enhances the chances of solving
the problem rather than having no representation at all (van Garderen et al., 2018; Krawec,
2014).

Reasoning with LLMs and VLMs. In recent years, several LLMs and VLMs have been intro-
duced, which are showing impressive performance in complex reasoning tasks (OpenAl,
2023; Touvron et al., 2023a; Chowdhery et al., 2022; Liu et al., 2023b; Zhu et al., 2023a; Li
etal.,, 2023a; Dai et al., 2023b; Liu et al., 2023d). However, when it comes to solving math
word problems (Cobbe et al., 2021a; Koncel-Kedziorski et al., 2016; Patel et al., 2021) or
symbolic reasoning tasks (Suzgun et al., 2022), the VLM can not fairly compete with the LLM
as the nature of these tasks is unimodal. While considerable efforts have been invested in
improving the performance of LLMs on these reasoning tasks during inference (Madaan
et al., 2023; Wang et al., 2023a; Gao et al., 2023; Wei et al., 2023; Poesia et al., 2023; Hao et al.,
2023), fewer endeavors have been made to tackle these challenges from the perspective of a
vision-language model (Lee et al., 2023; Hsu et al., 2023). A very relevant work to ours is Hsu
etal. (2023), which leverages LLM to generate drawing commands and reads out abstractions
from the resulting picture. However, it relies on a fine-tuned visual foundation model (Lee
et al., 2023) to interpret abstractions from the drawn diagram, requiring additional training
data. In addition, diagrams can only benefit specific tasks, limiting their applicability to
diverse reasoning types. In this paper, we study these text-only benchmarks using VLMs by
proposing a simple idea to leverage the full potential of a VLM on diverse reasoning tasks.

4.6 Summary

In this chapter, we present SELF-IMAGINE, an approach that maximizes the capabilities of
Vision Language Models (VLMs) in solving text-only reasoning tasks. Our method draws on
a common human problem-solving technique, creating visual representations of problems to
aid in reasoning. Our approach is self-sufficient, requiring no additional data, supervision,
or training. Through our intensive experiments with diverse reasoning tasks, we find that
SELF-IMAGINE significantly improves the performance of stae-of-the-art VLMS (LLAVA-1.5 &
GEMINI PRO) using self-generated images. We also find that the extent of improvement relies
heavily on the quality of the generated image. Analogous to how humans draw different
imaginations for different question types, we present cases where image improves and
hurts the performance of the VLM, motivating future research on better image generation
approaches.
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Chapter 5

Structured Data Synthesis for
Efficient Pretraining

The utility of synthetic data to enhance pretraining data quality and hence to improve
downstream task accuracy has been widely explored in recent large language models (LLMs).
Yet, these approaches fall inadequate in complex, multi-hop and mathematical reasoning
tasks as the synthetic data typically fails to add complementary knowledge to the existing
raw corpus. In this chapter, we propose a novel large-scale and diverse Math Informed
syNthetic Dialogue (MIND) generation method that improves the mathematical reasoning
ability of LLMs. Specifically, using MIND, we generate synthetic conversations based on
OpenWebMath (OWM), resulting in a new math corpus, MIND-OWM. Our experiments
with different conversational settings reveal that incorporating knowledge gaps between
dialog participants is essential for generating high-quality math data. We further identify an
effective way to format and integrate synthetic and raw data during pretraining to maximize
the gain in mathematical reasoning, emphasizing the need to restructure raw data rather
than use it as-is.

5.1 Task Overview

The ability to reason is a fundamental element of human cognition, encompassing our ability
to think logically, draw conclusions, and make decisions based on available information
(Gendron et al., 2024). Large Language Models (LLMs) have demonstrated remarkable
performance across wide range of general reasoning and specialized knowledge tasks. In
particular, the improvement of LLMs in solving complex mathematical reasoning tasks
(Hendrycks et al., 2021c; Cobbe et al., 2021a) has been significant in recent years (Gemini,
2024; Nvidia et al., 2024; OpenAl, 2024b).

Strong mathematical reasoning ability heavily relies on the abundance of high-quality,
composite, and structured pretraining corpora. An effective mathematical corpus should
not only contain relevant content but also be formatted to guide models break down
complex problems into smaller sub-problems and solve each part step-by-step—enhancing
the model’s ability to process and reason about complex problems (Wei et al., 2022). Prior
studies show that structured and well-formatted corpora play a crucial role in enhancing
multi-hop and logical reasoning abilities (Cobbe et al., 2021a; Li et al., 2023b; Gunasekar et al.,
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2023), underscoring the importance of well-organized mathematical datasets in pretraining
LLMs.

Curating complex, high-quality structured mathematical data is costly and resource-
intensive, largely due to the uneven distribution of high-quality sources. Most advanced
models (OpenAl, 2024b; Gemini, 2024) are not publicly accessible, and it is unclear how
their approach is enhancing math reasoning. To mitigate this challenge, synthetic data
generation has emerged as a scalable, and cost-effective alternative for creating a more
balanced and diverse training corpus for pretraining LLMs (Maini et al., 2024a; Eldan &
Li, 2023; Gunasekar et al., 2023; Shah et al., 2024). However, while these techniques have
shown promise in improving general reasoning tasks, their data often lack the step-by-step
problem solving structure crucial for multi-hop reasoning and complex mathematical tasks
(Maini et al., 2024a), making them sub-optimal for such reasoning.

To address these challenges, we propose

OWM-4B OWM-14B ® MIND-OWM-4B [All Conversations]

MIND, a novel approach to generate Math
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MIND demonstrates that transforming raw
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web text into structured conversations using

an off-the-shelf open-source LLM significantly enhances the mathematical and logical rea-
soning abilities of LLMs compared to unstructured raw or rephrased web text. Additionally,
provides the flexibility to preserve the diversity of the web corpora and leverage knowledge
imbalances between participants for further expansion of the corpora as they either educate
each other or collaboratively bridge their shared knowledge gaps through explanation and
analysis in a conversation. Moreover, MIND enables the continuous generation of synthetic
data from a single document by employing infinite conversational styles, further enriching
the diversity. Unlike static text rephrasing (Maini et al., 2024a), conversations encourage
dynamic reasoning, where participants build on each other’s ideas, ask questions, and offer
clarifications. This quality makes conversations particularly effective for complex reasoning
tasks, as they not only preserve the original information but also expand it with new layers
of understanding and explanation.

In summary, the key contributions of this work are as follows:
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* We propose a novel approach, MIND, to generate structured conversational synthetic
data for math reasoning. Leveraging MIND, we produce 64B tokens of synthetic data
using 14B tokens from OpenWebMath corpus.

* We conduct comprehensive experiments with various conversational styles, altering
participant roles to assess their impact on conversation quality and reasoning tasks. Our
findings emphasize the importance of the knowledge imbalance between participants in
producing high-quality mathematical data.

* We scale our approach to higher number of tokens and to two math specific datasets,
demonstrating its efficacy in large and high-quality raw corpus.

¢ We demonstrate an effective way for integrating synthetic and raw data during pretrain-
ing to enhance mathematical reasoning ability of LLMs, emphasizing the importance of
carefully reformatting raw data to optimize reasoning processes instead of using it in its
original form.

5.2 Methodology
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Interactive Problem Solving
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Data,S’
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Figure 5.2: Math Informed syNthetic Dialogue. We (a) manually design prompts of various
conversational styles, (b) provide the prompt along with raw context as input to LLM to
obtain diverse synthetic conversations, (c) apply heuristic filtering to refine the generated
data and (d) observe the downstream task performance after continuously pretraining an
7B LLM.

To generate high-quality data at scale, current synthetic data generation approach explores
rephrasing texts using LLMs in varied syntax while preserving the core content (Maini et al.,
2024a). However, their proposed approach limits up-sampling high-quality data in a way
that does not go beyond grammatical styles or surface form transformations—leading little
to no improvement when it comes to performance across complex and logical reasoning
tasks. We hypothesize that simple rephrasing does not leverage the full potential of the
synthetic data to improve the mathematical and complex multi-hop reasoning ability of
LLM. Therefore, we propose, MIND, a conversational synthetic data generation approach
that adds semantic variations and structured complexity to the raw text which is required
to improve complex reasoning ability of the LLMs. In addition, multi-turn conversations can
break down the original context step-by-step while each step addresses a sub-context at a
time by often injecting complimentary reasoning or explanations. This resonates with how
human solves a complex problem using consecutive chain-of-thought reasoning.
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As depicted in Figure 5.2, given a raw dataset R = {ry,...ry}, we define a set of conversa-
tional prompts P = {pj,...py} and utilize a pretrained LLM, denoted as M, for synthetic
data generation. We combine raw data r; with a prompt p; and pass it to M to produce
synthetic conversation s; ;.

sij = M(pill 7))
Here, s; ; represents the synthetic data generated by applying prompt p; to the raw example
r;. For a specific prompt, the total synthetic data generated can be represented as

S ={si;j|j€[l,N]}forafixed i€ [1,7]
We further apply heuristic filtering () to remove bad generations:
S =H(S)

Finally, we have a high-quality synthetic dialogue corpus S’ which is specifically designed
to improve mathematical and logical reasoning ability. To summarize MIND:

R — MIND — &’

To evaluate the effectiveness of S’ in pretraining, we conduct continuous pretraining on a
base LLM, C, to minimize the computational costs associated with full pretraining. Our prior
experiments on complete pretraining with raw data, R and synthetic data, S’ validates
that the ranking between models trained on S’ or R remains consistent whether we use
continuous pretraining or full-scale pretraining (detailed in Appendix 12.9.1). Moreover,
continuous pretraining has emerged as an effective way to improve performance of LLMs
in target domains (Guo et al., 2024b; Huang et al., 2023; Chen et al., 2023d) and even boost
their general capabilities (Ibrahim et al., 2024; Parmar et al., 2024c) with reduced training
cost. Given the similar outcomes and significant savings in computational resources, we
adopt continued pretraining for evaluating our approach throughout the paper.

Using S "and a subset of pretraining data (R ), the model C is continuously pretrained,
yielding an enhanced model £, which possess improved mathematical reasoning capabili-
ties.

& + pretrain(C, D); where D = {S' URp}

521 Compose Conversational Prompts

To generate conversation using a document r;, we prompt M in a way that preserves
all information from the original context in the conversation and remains faithful to the
context. We manually compose several prompts on diverse conversation setting and topics.
We finalize seven prompts (P) featuring conversations between (1) TWO STUDENTS, (2)
TEACHER STUDENT, (3) TWO PROFESSORS, (4) DEBATE, (5) PROBLEM SOLVING, (6) LAYMAN
KNOWALL, and (7) INTERVIEW which can be found in Appendix 12.8.1. These prompts are
specifically designed to guide LLM in breaking down the input context step-by-step, with
each step being discussed in depth through explanations and reasoning.

In this work, we mostly consider only two-party, sequential conversations over a single
document or problem. We do not study more complex decision processes such as hierarchi-
cal decision-making by a group of experts, multi-party (more than two) interactions, or
partly parallel deliberation (e.g., sub-teams reasoning in parallel and then merging). The
same recipe—prompts that assign roles and instruct M to produce a faithful, step-wise
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discussion—could in principle be extended to such settings (e.g., the DEBATE prompt can in
practice yield multiple debaters in a single thread); that would require new prompt designs
and we leave it to future work.

5.2.2 Generate Conversation

Given an unstructured raw text (r), we instruct the LLM to convert the
raw text into a multi-turn conversation (s;;) using a prompt (p;) where
pi € {two_students, teacher_student, ..., debate}.

Seed Data Selection. The benefit of MIND will get amplified for raw texts that require
step-by-step analysis and chain of thought reasoning—the key features of a math corpus.
Therefore, we choose OpenWebMath (Paster et al., 2023) as our seed corpus, R, which
contains 14.7B tokens of high quality mathematical web text.

Large Language Model. We use M = LLAMA3-70B-INSTRUCT (Al@Meta, 2024) to gen-
erate conversations from raw text, due to its superior performance across a variety of
tasks compared to other open-source models. The instruction-tuned version is specifically
fine-tuned and optimized for dialogue and chat-based applications.

Generation Configuration. We observe that with increasing context length, conversations
tend to lose details from the original texts, as discussed in Appendix 12.10.1. Therefore,
for each generation, we iteratively take contexts of 500 tokens to obtain accurate and
informative conversations. To evaluate the quality of the generated conversations, we
test various filtering methods, from simple heuristics to LLM-based scoring. However, as
noted in Appendix 12.10.3, LLM scoring consistently rates all generations highly, making it
unsuitable for our approach. Hence, we rely on heuristic filtering to discard bad generations
before using them for training.

5.3 Experimental Setup

Conversation Generator Configuration. To generate conversation, we consider zero-shot
prompting M, where we only pass a basic prompt (Appendix 12.8.1) and the raw text.
We sample conversations with temperature=1.0 and top_p=0.9 where the total number of
input-output tokes is limited to 4096. We use the TensorRT-LLM toolkit to deploy large scale
generation'.

Pretrained Model Architecture. We train a standard decoder-only Transformer (Vaswani
et al., 2017a) architecture of 7B parameters (C). The framework uses causal attention masks
and Rotary Position Embeddings (RoPE) (Su et al., 2021), Tiktoken tokenizer, SwiGLU
(Shazeer, 2020) activations in the MLP layers, and grouped query attention (GQA) (Ainslie
et al., 2023). The model consists of 32 layers, 32 attention heads, sequence length of 4096,
and a hidden dimension size of 4096. It has no bias terms, has dropout rate of zero, and
untied input-output embeddings. The models are trained using NVIDIA’s Megatron-LM
(Shoeybi et al., 2019b) repository.

1h’ctps: / / github.com/NVIDIA /TensorRT-LLM
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5.3.1 Training Details

Pretraining Data. Our pretraining data blend comprises of publicly available datasets from
13 snapshots of CommonCrawl (73.37%) (Gao et al., 2020b), books/patents (9%), papers
(9%), code (5.12%), stack-exchange (2.66%), and Wikipedia (0.8%). Our code data consists of
42 programming languages while the other datasets come from various sources including
web documents, news articles, scientific papers, and books.

General Pretraining. To prepare a base model, we pretrain a 7B LLM on our pretraining
data blend till 700B tokens using 512 H100 80GB SXM5 GPUs. During training, we use
the AdamW optimizer (Loshchilov & Hutter, 2019) with 1 = 0.9, B2 = 0.95 and weight
decay of 0.1. We use a 2-way tensor and pipeline parallelism to train the model. We set
the maximum value of learning rate to 3¢~%, minimum to 3¢~ ¢, and use a batch size of 6M
tokens with a 4096 context length.

Continued Pretraining. After pretraining the base model (C) on 700B tokens, we proceed
with continuous pretraining using an additional 50B tokens to obtain £. To reduce the
shift between pretraining and continuous pretraining token distributions (Guo et al., 2024b)
we create a new data blend (D) for this phase. To ensure the model is exposed to more
math tokens, blend D consists of 2:1 ratio of OpenWebMath (33B tokens)—either raw (R)
or synthetic (§')— and 13 snapshots of CommonCrawl (17B tokens) (Rp;) to maintain
consistency with the pretraining blend. To ensure fair comparison, we always keep this
token distribution constant in every experiment i.e., every model will see a the same amount
of tokens from a data source regardless of its size. Unlike the pretraining blend, we use a
high quality version of CommonCrawl data (R ) filtered by the FineWebEdu (Penedo et al.,
2024) classifier to achieve reasonable performance in generative tasks. This Rpt remains
constant across all our continued pretraining experiments, while we vary the OpenWebMath
with R or &’ or combining both to assess their relative significance. We maintain the same
training configuration as before and continue pretraining until reaching 50B tokens, using
the same pretraining loss objective. In this paper, we use two versions of OpenWebMath:

* OWM-4B: To quickly evaluate the effectiveness of all seven prompts, we take a smaller
subset of OpenWebMath containing 4B tokens. Synthetic data generated from this subset
is labeled as -4B throughout the paper.

* OWM-14B: This version contains the full 14.7B tokens of OpenWebMath and the synthetic
data of this is called -14B.

5.3.2 Evaluation Metrics

To evaluate the zero-shot and few-shot learning capabilities of our models, we conduct a
thorough benchmark assessment using a series of datasets using LM Eval Harness (Gao
et al., 2024b).

General Purpose Reasoning Tasks. This category comprises datasets testing broader
cognitive skills and language comprehension. We consider nine standard commonsense and
logical reasoning tasks in O0-shot: ARC easy (ARC-E) & challenge (ARC-C) (Clark et al., 2018),
PIQA (Bisk et al., 2020), SIQA (Sap et al., 2019), HellaSwag (Zellers et al., 2019), WinoGrande
(Sakaguchi et al., 2021), OpenBookQA (Mihaylov et al., 2018), Truthful QA (Lin et al., 2022),
CommonsenseQA (Talmor et al., 2019) and a reading comprehension task: RACE (Lai et al.,
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2017). We report the average results across ten general reasoning tasks under the metric
‘GENERAL REASONING'.

Math and Specialized Knowledge Tasks. We consider three diverse math benchmarks to
comprehensively evaluate the mathematical reasoning ability. These benchmarks encompass
mathematical challenges from elementary to college level complexity demanding qualitative
reasoning (8-shot GSM8K (Cobbe et al., 2021c), 4-shot MATH (Hendrycks et al., 2021e)) and
conceptual science and math reasoning (5-shot MMLU-STEM (Hendrycks et al., 2021b)). In
the Specialized Knowledge category, we evaluate on MMLU that spans multiple domains,
from professional to academic, testing the model on specialized subjects.

5.4 Experiments and Results

By leveraging MIND with seven conversational prompts and the raw OWM-4B, we generate
a new corpus of 43 billion tokens (All Conversations). Additionally, employing the entire
OWM-14B dataset and TWO STUDENTS conversation style, MIND produces an additional 21
billion tokens—resulting in a total of 64 billion tokens. This underscores MIND's potential
to generate vast amount of high-quality data from relatively limited source material®.

Performance across Individual Prompt Style. We observe the effect of each conversa-
tion style by generating synthetic data with seven prompts for a smaller subset of Open-
WebMath, denoted as OWM-4B. To establish a baseline, we continue pretraining C using
D = {RURp}, where R € OWM-4B. To further assess the significance of MIND over
other synthetic data generation approach, we add another baseline ‘Rephrase” introduced
by Maini et al. (2024a). We generate rephrases with M using the highest performing prompt
from their paper to maintain consistency among generation quality and training setup. We
continuously train C with D where R € Rephrase-OWM-4B. In subsequent experiments, we
replace R with S’ where &’ = MIND-OWM-4B, corresponding to a particular conversation
style, and repeat the training. To assess the utility of combining multiple conversations, we
create a new dataset by selecting the longest conversation for each context from the seven
generated conversations, labeling it as the LONGEST CONVERSATION dataset.

As shown in Table 5.1, models trained on MIND-generated data of individual styles con-
sistently outperform those trained on rephrased or raw data across all reasoning tasks.
Specifically, models trained on synthetic data exhibit significant improvements in mathe-
matical reasoning compared to the baseline, achieving absolute gains ranging from 4.78%
to 12.82% on GSM8K, 0.54% to 1.28% on MATH, and 0.79% to 4.28% on MMLU-STEM. In
specialized knowledge tasks such as MMLU, synthetic data leads to improvements rang-
ing from 1.08% to 4.55%. Furthermore, synthetic data yields an overall enhancement in
general reasoning ability, with up to a 2% absolute average improvement across the ten
reasoning tasks. The LONGEST CONVERSATION delivers the highest gains across all tasks,
demonstrating the potential of incorporating multiple perspectives into the training corpus.

The disparity between Rephrase and MIND is closely related to the limitations of the
rephrasing process. Rephrase adds linguistic variations to the older data, preserving the
syntactic meaning of the document, but can not generate semantic/pragmatic variations.
Moreover, rephrases are limited to the information in the raw text and unable to inject new

2To maintain consistency, we use a subset of the data (33B tokens) in all experiments.
3Further breakdown of individual tasks are in Appendix 12.9.2.
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MMLU- GENERAL REASONING

Dataset Style GSM8K MATH STEM MMLU (Avg) Avg-All*
Raw 12.96 4.92 39.39 4591 52.90 29.17
OWM-4B
Rephrase 11.68 5.46 39.71 46.17 53.58 29.22
TEACHER STUDENT 22.74 5.96 40.72 47.93 54.84 32.87
TWO STUDENTS 21.30 6.20 41.90 48.77 54.32 32.65
LAYMAN KNOWALL 17.74 5.46 41.96 48.87 54.89 31.74
MIND-OWM-4B DEBATE 23.96 6.12 40.18 47.61 54.76 33.11
INTERVIEW 20.92 5.86 40.53 46.99 54.73 32.12
PROBLEM SOLVING 24.72 6.16 41.36 47.74 54.90 33.38
LONGEST CONVERSATION 25.78 6.30 42.72 49.37 54.86 34.08

Table 5.1: Results of 7B LLM pretrained on Diverse Conversational Styles. Continuous
training with different conversation styles improves all reasoning tasks. Selecting the longest
conversation for each raw text further enhances performance in math and specialized
knowledge tasks®. * Average of GSM8K, MATH, MMLU and General Reasoning.

knowledge into the data. As evidenced in our experiments, while rephrasing offers some
benefits, it falls short in addressing the deeper, more complex reasoning challenges that
conversational data can resolve. The structured and interactive nature of conversations
facilitates a more nuanced understanding of the problem space, making it an effective
approach for improving mathematical reasoning of LLMs.

Analysis with Complete OpenWebMath. Building on the findings from OWM-4B experi-
ments, we establish that all seven conversational styles contribute to significant improve-
ments compared to the raw data. This insight prompted us to explore the effect of increased
data in reasoning by scaling our synthetic conversation generation for the complete OWM-
14B corpus. To generate data, we follow the similar recipe as before and apply only one
conversation style to minimize the generation cost. Among the top three highest-performing
prompts across all tasks, we randomly choose TWO STUDENTS prompt style to generate
conversations (MIND-OWM-14B). We then continuously train C on OWM-14B and MIND-
OWM-14B alternatively to assess the impact at a larger data scale. In this phase, we include
another experiment by continuously training C on 50B additional tokens using D = {R;}
to observe how much gain we can attain across all tasks from math-centric pretraining.

MMLU- GENERAL REASONING
Dataset Style GSM8K MATH STEM MMLU (Avg) Avg-All
Pretraining Data Raw 9.33 4.74 37.84 4541 53.22 28.17
OWM-14B 20.47 7.24 42.82 49.49 53.95 32.79
MIND-OWM-14B  TWO STUDENTS 27.29 8.24 43.55 49.91 55.54 35.25

Table 5.2: Results of 7B LLM trained on Complete OWM-14B and MIND-OWM-14B: Contin-
uous training of LLM with synthetic conversation outperforms models trained with original
pretraining blend and raw OpenWebMath across all tasks.

As consistent with the previous findings, Table 5.2 shows that model trained on synthetic
conversations is undoubtedly the best for math benchmarks while it also improves overall
average for all other reasoning tasks. This underscores that, with data scaling, MIND
maintains significant gains in mathematical reasoning while preserving and enhancing
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performance across other reasoning tasks, including commonsense, factual, and specialized
knowledge.

5.5 Ablations

Does the Prompt Style matter? From Table 5.1, we observe improvement across all
tasks using six conversational styles. However, our experiment with TWO PROFESSORS
conversations yield relatively equivalent or worse performance compared to the raw data
(Table 5.3).

MMLU- GENERAL REASONING
Dataset Style GSMSK MATH STEM MMLU (Avg) Avg-All
OWM-4B Raw 12.96 4.92 39.39 45.91 52.90 29.17
MIND-OWM-4B  TWO PROFESSORS 13.50 4.52 37.93 45.25 53.21 29.12

Table 5.3: TWO PROFESSORS prompt style vs Raw data. Continuous pretraining with
TWO PROFESSORS conversations does not provide gain over raw data compared to other
conversational styles.

This outcome can be attributed to the nature of the TWO PROFESSORS conversation style.
Upon reviewing the generated conversations, we hypothesize that the relatively lower
performance is due to the zero-knowledge gap between participants. In this setup, both
participants assume that the other already has sufficient knowledge as they are the domain
experts, leading to surface-level engagement and less detailed discussions.

To further investigate, we measure the
BLEU and ROUGE scores between the raw Rougetaum 1 BLE
text and the corresponding conversation, as g,

shown in Figure 5.3, and find that the TWO

PROFESSORS style exhibits the highest sim- °%

ilarity to raw text. This implies that TWO
PROFESSORS dialogues do not fully exploit
the potential of the generation model to in- °%®

0.20

Two Teacher Two Layman Debate Interview  Problem

troduce new reasoning or breakdowns of _. e .
& Figure 5.3: Similarity between Raw Text &

Synthetic Dialogues. The TWO PROFESSORS
style exhibits greater similarity to raw text,
while LAYMAN KNOWALL shows the lowest
similarity due to its richer context with details

complex problems, aligning with our qual-
itative observation that the professors are
not engaging in deeper analysis of concepts.
This contrasts with other conversational
styles where there is either a clear knowl- .
. and explanations.
edge gap between participants (LAYMAN
KNOWALL, TEACHER STUDENT, INTERVIEW), forcing one to explain concepts in more depth,
or both participants, being non-experts are actively analyzing and solving the problem
(PROBLEM SOLVING, DEBATE, TWO STUDENTS) which results in expanded dialogues with
complementary explanations and reasoning. In the latter case, the lack of expertise creates
an implicit knowledge gap—instead of one participant being more knowledgeable, both
non-experts collaborate to bridge their shared knowledge gap. As depicted in Figure 5.3,
the LAYMAN KNOWALL style, which features the greatest knowledge imbalance between
participants, has the lowest BLEU and ROUGE scores. This supports our hypothesis that
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a larger information gap encourages the knowledgeable participant to explain concepts
thoroughly, leading to more explicit and detailed conversations.

Relating these insights to our findings in Table 5.1, we see that incorporating explicit
knowledge gaps in dialogues is beneficial for MMLU and general reasoning tasks. Conversely,
collaborative problem solving, to close the implicit knowledge gap, is crucial for improving
performance on math tasks. This highlights a key characteristic of high-quality math data—
merely breaking down the problem is insufficient for effective math reasoning. Instead,
dynamic knowledge exchange and analysis within the dialogues are essential to achieve
maximum improvement in math reasoning.

Does Conversation benefit other datasets? OpenWebMath used in our current experi-
ments is predominantly collected from mathematical web pages that can contain noisy web
contexts. Generating synthetic conversations for such noisy contexts upsamples high-quality
data and hence we observe a huge gain in performance with high-quality conversations.
Here, we investigate if MIND works on high-quality datasets such as books or papers. We
consider a new seed corpus, MATHPILE (Wang et al., 2023b), that consists of 9.3B tokens
extracted from high-quality data sources such as ArXiv papers, textbooks, StackExchange,
Wikipedia, ProofWiki, and CommonCrawl] pages.

MMLU- GENERAL REASONING
Dataset Style GSMSK MATH STEM MMLU (Avg) Avg-All
Pretraining Data R 9.33 4.74 37.84 4541 53.22 28.17
MATHPILE aw 8.79 496 4282 4949 54.16 29.35
MIND-MATHPILE TWO STUDENTS 12.74 5.74 43.55 49.91 53.98 30.59

Table 5.4: MATHPILE vs Synthetic Conversation from MATHPILE (MIND-MATHPILE).
Conversation generated from high-quality raw data further improves the performance of
math tasks.

By employing M, we generate conversations from raw text with the TWO STUDENTS prompt.
Later, we replicate the experiments by replacing OWM with MATHPILE and MIND-MATHPILE
accordingly. Table 5.4 shows that MIND-MATHPILE outperforms the raw counterpart in
all three math benchmarks along with specialized knowledge tasks, achieving comparable
scores in general reasoning task. In addition, majority of MATHPILE data is from ArXiV
papers and recent work has found this source ineffective in improving mathematical reason-
ing (Zhihong Shao, 2024). We observe a similar trend, where non-math focused pretraining
corpora yields better GSM8K score than raw MATHPILE corpus. However, our synthetic
conversation on MATHPILE rather amplifies the quality of the corpus resulting in 3.95%
absolute improvement on GSM8K in comparison with raw data. This highlights the superior
structured complexity of conversations, which proves particularly effective for multi-hop
and mathematical reasoning tasks, over high-quality data from ArXiV papers.

The difference in gains between MATH and GSMSK raises the question of why MIND MATH-
PILE is superior in one over the other. It is worth noting that 85% of MATHPILE constitutes of
scientific ArXiV papers. Even in (Wang et al., 2023b), they observe that MATH gain is minimal
or worse with MATHPILE data. We attribute this performance degradation to the disparity
between the math knowledge present in ArXiV papers and that required for the downstream
benchmarks. GSM8K problems are elementary-to-middle school level. What separates good
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from bad performance is whether the model learned to reason step-by-step, explain its think-
ing, and structure a solution narrative. Converting raw ArXiV papers into conversations
likely injects exactly this: dialogue turns that model how to walk through a problem, ask
clarifying questions, and articulate reasoning chains. MATH contains competition-level prob-
lems that require genuine advanced mathematical knowledge—like number theory tricks,
combinatorial identities, or non-obvious algebraic manipulations. The ArXiV papers in
MATHPILE, even when reformatted conversationally, is largely research-level mathematics
that doesn’t directly map to competition problem-solving skills. Conversational scaffolding
can fix how a model reasons; it can’t easily inject what mathematical tools it knows. In
short: MIND helps most when the bottleneck is reasoning format, and helps less when the
bottleneck is domain knowledge depth.

Is replacing with Synthetic Data the best option? Our findings in Table 5.1, 5.2 indicate
that completely replacing OpenWebMath with synthetic data yields the best performance
across benchmarks. However, Maini et al. (2024a) emphasizes the importance of combining
real data and synthetic rephrases to achieve consistent improvements across a broader range
of tasks—a similar trend we observe in our experiment with rephrased data, as shown in
Table 5.5. To investigate this further, we conduct experiments with four data combinations
using OWM-4B while the R s remains constant:

* OWM-4B + MIND-OWM-4B [1:1]. We combine R and S’ in a 1:1 ratio, ensuring an equal
number of tokens to be seen during pretraining from both sources. For the synthetic data,
we utilize the LONGEST CONVERSATION, as this shows the most improvement across
tasks (Table 5.1).

* OWM-4B + MIND-OWM-4B [Concat]. We concatenate each raw context with all seven
synthetic conversations sequentially.

* MIND-OWM-4B [Longest Conversation]. From the seven conversations generated for
each context, we select the longest conversation in token count.

* MIND-OWM-4B [All Conversations]. This data incorporates all conversation across all

styles.
GENERAL REASONING
Dataset GSM8K MATH MMLU-STEM MMLU (Avg) Avg-All
OWM-4B 12.96 492 39.39 4591 52.90 29.17
OWM-14B 20.47 7.24 42.82 49.49 53.95 32.79
Rephrase-OWM-4B 11.68 5.46 39.71 46.17 53.58 29.22
OWM-4B+Rephrase-OWM-4B [1:1] 14.25 6.20 42.31 48.74 53.68 30.72
OWM-4B+MIND-OWM-4B [1:1] 21.68 6.14 42.56 49.57 54.50 32.97
OWM-4B+MIND-OWM-4B [Concat] 24.49 6.22 43.67 50.46 55.10 34.07
MIND-OWM-4B [Longest Conversation] ~ 25.78 6.30 42.72 49.37 54.86 34.08
MIND-OWM-4B [All Conversations] 26.38 7.22 42.53 50.21 55.41 34.80

Table 5.5: Comparison of 7B LLM trained with raw and combination of synthetic data.
Synthetic conversation outperforms raw data in all combinations. Specifically, combinations
of all conversations generated from OWM-4B surpasses the performance of OWM-14B (3.6 x
larger corpus) across all tasks, underscoring the superior quality and diversity of the
conversations.
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Our finding in Table 5.5 indicates that all combinations provide substantial boost in perfor-
mance across all tasks. However, for math-centric benchmarks (GSM8K and MATH), training
solely with synthetic conversations elicits the best improvements. This is likely as these
tasks require complex and multi-step reasoning and conversations are designed to replicate
these type of thinking. In parallel, having both raw data and conversation is beneficial for
specialized and general purpose reasoning tasks, aligning with the findings in Maini et al.
(2024a). Since synthetic data tends to remove special tags, styles, and code indentations, the
inclusion of raw data helps improve the generalizability of LLMs across diverse domains.
Additionally, to measure the maximum gain we can achieve from conversations for a limited
data, we continuously train C with all synthetic dialogues generated from OWM-4B. As
shown in Table 5.5, using conversations generated from OWM-4B, we can outperform the
model trained with 3.6 x bigger corpus (OWM-14B) on GSM8K, MMLU and general reasoning
tasks while showing comparable performance on other tasks. Inspired by this, we further
compare MIND with DEEPSEEKMATH (Zhihong Shao, 2024) that extract 120B unique math
tokens from CommonCrawl (Appendix 12.10.4). The results from Table 12.21 demonstrate
that diverse conversations from MIND based on a small seed corpus can yield comparable
math accuracy to the DEEPSEEKMATH model. This illustrates the potential to enhance
reasoning with limited data by generating synthetic conversations of infinite styles.

Does the improvement persist with smaller M? In the previous experiments, we used
a constant M, a powerful instruction-tuned model. However, it remains unclear whether
the improvements in downstream reasoning tasks stem from the quality of the generated
dialogues or are primarily due to model distillation from the powerful LLM. To asses
the impact of M on the downstream task performance, we re-run MIND with a smaller
M=LLAMA3-8B-INSTRUCT on PROBLEM SOLVING style, the best performing style in
Table 5.1 and continuously pretrained a 7B LLM following the training setup in Section 5.3.1.

MMLU- GENERAL REASONING
Dataset M GSM8K MATH STEM MMLU (Avg) Avg-All
OWM-4B - 12.96 4.92 39.39 4591 52.90 29.17
MIND-OWM-4B LLAMA3-8B-INSTRUCT 22.37 572 41.36 48.48 55.21 32.95
LLAMA3-70B-INSTRUCT 24.72 6.16 41.36 47.74 54.90 33.38

Table 5.6: Results of 7B LLM trained on MIND-OWM-4B using M of different sizes:
Regardless of the sizes of M, model trained on MIND-OWM-4B outperforms the one trained
with raw data.

As shown in Table 5.6, even with a smaller M, the MIND-generated data provides a
significant boost in math and general reasoning abilities compared to the raw /rephrased
data. This demonstrates that the gains are not solely dependent on the capabilities of
the larger M but are largely driven by the quality and structure of the MIND-generated
dialogues. Additionally, regardless of model size and method of synthetic data generation,
all LLM-generated synthetic data involves some form of knowledge distillation. However,
we demonstrate an effective distillation approach that significantly enhances the reasoning
ability of LLMs compared to existing approaches (Maini et al., 2024a).
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5.6 Discussion: Why Role-Based Conversations Work?

The empirical variance across conversational roles in MIND is not merely a stylistic artifact—
it reflects a deeper structural principle governing what makes synthetic data useful for
pretraining. We argue that the effectiveness of a conversational style can be understood
through a single unifying lens: the degree to which a role assignment structurally forces the
generation of reasoning that is complementary to the source text.

Formalizing Complementary Information. Let 7; denote a raw document and s;; =
M(pi||r;) the synthetic conversation generated from prompt p;. Define the complementary
information of a conversation as the content present in s; ; that is not recoverable from 7;
alone—reasoning steps, explanations, analogies, or decompositions that the source doc-
ument leaves implicit. We operationalize a proxy for this quantity using surface-level
divergence:

A,‘ =1- sim(si,j, 1’]) (51)

where sim(-, ) is a lexical similarity measure such as BLEU or ROUGE-L. As shown in
Figure 5.3, A; varies substantially across styles: TWO PROFESSORS yields the lowest diver-
gence (highest BLEU/ROUGE), while LAYMAN KNOWALL yields the highest. Critically,
downstream accuracy tracks A; in a consistent direction—styles with higher complementary
divergence tend to produce stronger reasoning gains. However, A; alone is insufficient
as an explanation, since LAYMAN KNOWALL has the highest A; yet does not yield the best
mathematical reasoning results (Table 5.1). This suggests that complementary information
is a necessary but not sufficient condition: the type of complementarity matters as much as
its quantity.

Two Regimes of Knowledge Gap. We propose that the seven conversational styles parti-
tion naturally into two functional regimes, each generating a distinct type of complementary
content:

* Explicit knowledge gap (TEACHER STUDENT, LAYMAN KNOWALL, INTERVIEW): One
participant possesses substantially more domain knowledge than the other. The structural
asymmetry obligates the knowledgeable participant to externalize tacit reasoning—to
explain concepts from first principles, scaffold understanding, and justify each step. The
resulting data is rich in instructional reasoning traces.

¢ Implicit knowledge gap (TWO STUDENTS, PROBLEM SOLVING, DEBATE): Neither par-
ticipant has full mastery, so both must reason collaboratively and incrementally to make
progress. This creates a different kind of complementary content—exploratory, iterative,
and analytically dense—that mirrors the problem-solving process itself rather than the
transmission of established knowledge.

The failure case is illuminating: TWO PROFESSORS belongs to neither regime. When both
participants are assumed to be domain experts, there is no communicative pressure to
unpack or explain—agreement is reached quickly and at the surface level. This explains
why the TWO PROFESSORS style exhibits BLEU and ROUGE scores closest to the raw text
and yields no meaningful gains over the raw corpus baseline (Table 5.3).
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Task-Type Alignment. The two regimes differ not only in the structure of the reasoning
they generate but also in the types of downstream tasks they benefit. Let Tproc denote tasks
that reward procedural reasoning (e.g., GSM8K, MATH) and Ty denote tasks that rely
more heavily on conceptual or factual knowledge (e.g., MMLU). Empirically, we observe
that collaborative styles with an implicit knowledge gap tend to produce stronger gains
on procedural reasoning tasks, while explicit-gap styles often benefit knowledge-oriented
benchmarks:

Gain(Tproc, implicit gap) > Gain(7proc, explicit gap). (5.2)

This pattern is consistent with the ablations reported in section 10.5. Collaborative problem-
solving styles (TWO STUDENTS, PROBLEM SOLVING, DEBATE) yield larger improvements on
GSMS8K, where success depends on constructing step-by-step solution traces. Explicit-gap
styles such as LAYMAN KNOWALL, in contrast, generate more explanatory and exposi-
tory content that enriches conceptual representations, which can be beneficial for broader
knowledge and reasoning benchmarks such as MMLU.

Decomposition Diversity and Aggregation. Mathematical reasoning admits multiple
valid decompositions—the same content can be explained linearly (TEACHER STUDENT), via
alternatives and counterarguments (DEBATE), or through collaborative discovery (TWO STU-
DENTS). Each role p; favors a different decomposition strategy; hence the set {sy ,...,sk j}
for fixed r; spans a diverse subset of valid reasoning trajectories. Training on the union
of role-induced conversations is analogous to data augmentation in the space of decom-
positions, improving coverage and reducing overfitting to a single exposition style. This
aligns with the empirical gains from LONGEST CONVERSATION and ALL CONVERSATIONS
in Table 5.1 and Table 5.5: ALL CONVERSATIONS outperforms OWM-14B with a 3.6 x smaller
raw corpus, indicating that role-based variance increases effective data diversity without
requiring more raw documents.

The Role of Structural Pressure. The unifying principle across all effective styles is that
the role assignment must create structural pressure—a communicative necessity that cannot
be satisfied without generating explicit reasoning. When one participant lacks knowledge,
the other must explain; when both lack knowledge, they must reason together. In either
case, the generation model is forced to produce content that goes beyond the surface of
the source document. This structural pressure is what rephrasing fundamentally lacks:
a rephrase preserves syntactic form while leaving the implicit reasoning structure of the
original text untouched, which is precisely why rephrasing provides minimal gains on
complex reasoning tasks despite using the same generation model. This analysis suggests a
principled criterion for designing future conversational styles: a role assignment is likely to
be effective for mathematical reasoning if and only if it structurally prevents participants
from reaching agreement without first externalizing intermediate reasoning steps.

5.7 Related Works

Mathematical Data Curation. Selecting high quality data for pretraining LLMs is essential
for producing state-of-the-art large language models (Brown et al., 2020a; Chowdhery et al.,
2023; Parmar et al., 2024a;b; Rae et al., 2021; Feng et al., 2024a). Several mathematical datasets
have been introduced in recent years (Paster et al., 2023; Wang et al., 2023b; Azerbayev
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etal., 2023a; Welleck et al., 2021) which have been carefully collected from the web using
different heuristics. OpenWebMath contains 14.7B tokens of mathematical web pages filtered
from CommonCrawl based on math strings, I&TgXcontents and a math document classifier.
Building on this corpus, DEEPSEEKMATH (Zhihong Shao, 2024) trains a fastText (Joulin,
2016) classifier to further extract mathematical documents from CommonCrawl. They
cluster the extracted documents based on the URL domain and label a domain math-related
where over 10% of the web pages have been collected are classified as math content. Finally,
web pages linked to these URLs, yet uncollected, will be added to the seed corpus which will
be used to retrain the fastText classifier to fetch diverse math contexts. MATHPILE (Wang
et al., 2023b), a multi-source corpus (8.9B tokens), has been aggregated from textbooks,
Wikipedia, ProofWiki, CommonCrawl, StackExchange, and arXiv, with the majority (over
85%) sourced from high quality data source arXiv. Although these datasets can effectively
capture the diverse mathematical information from web, it is difficult to detect and filter out
noisy dataset. Recently, many powerful models (OpenAl, 2024b; Jiang et al., 2023; Gemini,
2024; Anthropic, 2024; Team, 2024a), in addition to not open sourcing their data, are also
refraining from disclosing detailed information about their corpus. For the open-source
community, constructing high-quality and diverse pretraining corpora is a crucial factor in
bridging the performance gap with closed-source models which is the main objective of our
work.

Synthetic Math Data. Generating synthetic math data using LLMs has been widely explored
in recent days (Trinh et al., 2024; Li et al., 2024a; Gunasekar et al., 2023; Madaan et al., 2024;
Patel et al., 2024; Toshniwal et al., 2024b) specifically during alignment using supervised fine-
tuning (SFT) (Taori et al., 2023). Some of the latest approaches focus on generating data from
seed problems. For instance, Yu et al. (2023) rewrites existing benchmark questions from
multiple perspectives using LLMs to create new mathematical problems, while Huang et al.
(2024b); Shah et al. (2024) leverage GPT-4 to extract topics and key points from seed samples
and recombine them into new questions. To further improve diversity, Chan et al. (2024) uses
GPT-4 to generate questions and answers at scale, incorporating over one million personas.
Previous approaches to generate synthetic data is primarily designed for fine-tuning rather
than pretraining, distinguishing it from our effort. Similar to ours, Dai et al. (2022) converts
documents into dialogues by predicting unobserved questions without altering the original
document. However, MIND expands knowledge by adding complementary reasoning
and explanations, leveraging diverse conversational styles to enhance reasoning and enrich
diversity, which is infeasible with Dai et al. (2022). In the context of pretraining, recent
works have generated synthetic datasets (Gunasekar et al., 2023; Li et al., 2023b) to train
smaller language models that demonstrate equivalent performance as the larger models on
certain mathematical benchmarks. However, these methods remain largely opaque, costly,
and reliant on proprietary models to produce billions of tokens. Additionally, such data
generation can be biased towards specifically generating data related to tasks that we want to
perform well on. In contrast, MIND provides a feasible alternative to upsample high quality
structured data from diverse web contexts, that embeds multi-step and chain-of-thought
reasoning, using an off-the-shelf open source LLM.
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5.8 Summary

In this chapter, we focus on improving the mathematical reasoning abilities of open-source
LLMs through sustainable synthetic data generation approach. We propose a simple ap-
proach to generate complex and structured data at scale, called MIND, that produces a
new conversational synthetic math corpus, MIND-OWM, using an off-the-shelf open-source
LLM. Models trained on MIND-OWM, a corpus generated through our approach, consistently
outperform those trained on raw data, achieving up to a 6.29% improvement across mathe-
matical reasoning benchmarks and outperforming models trained on 3.6 x larger datasets.
Importantly, these gains persist across general-purpose reasoning tasks and when scaling
up the data, highlighting the versatility of synthetic conversations. This work demonstrates
the potential of structured conversational data to enhance reasoning, especially in cases
where domain-specific high-quality data is limited, paving the way for more effective and
resource-efficient pretraining of LLMs.
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Chapter 6

Scaling Self-Learning beyond Math
Reasoning

Large Language Models (LLMs) have shown strong reasoning capabilities, particularly when
enhanced through Reinforcement Learning (RL). While prior work has successfully applied
RL to mathematical reasoning—where rules and correctness are well-defined—generalizing
these methods to broader reasoning domains remains challenging due to limited data, the
lack of verifiable reward structures, and diverse task requirements. In this chapter, we pro-
pose NEMOTRON-CROSSTHINK, a framework that systematically incorporates multi-domain
corpora, including both synthetic and real-world question-answer pairs, into RL training to
improve generalization across diverse reasoning tasks. NEMOTRON-CROSSTHINK addresses
key challenges by (1) incorporating data from varied sources spanning STEM, humanities,
social sciences, etc.; (2) applying structured templates (e.g., multiple-choice and open-ended)
to control answer-space complexity; (3) filtering for verifiable answers; and (4) optimizing
data blending strategies that utilizes data from multiple sources effectively.

6.1 Task Overview

Large Language Models (LLMs) have demonstrated remarkable reasoning capabilities across
a wide range of tasks, with Reinforcement Learning (RL) playing a crucial role in refining
their deep thinking abilities (Hu et al., 2025a; Aggarwal & Welleck, 2025; Luo et al., 2025a;
DeepSeek-Al, 2025a; Qin et al., 2024; Huang et al., 2025; Team, 2025b). Recent advances in
RL have been particularly successful in mathematical reasoning and coding, where well-
defined rules and verifiable correctness criteria enable effective reward modeling. However,
extending these techniques to broader reasoning domains presents significant challenges,
such as—including limited training data for RL due to the difficulty of defining verifiable
rewards, and ensuring generalization across diverse tasks.

Recent work (Hu et al., 2025a; Luo et al., 2025a; Cui et al., 2025) has shown a way to
diversify RL training corpora by collecting datasets from multiple sources. However, they
do not evaluate the relative importance of each source for downstream tasks, nor do they
explore optimal data-blending strategies to maximize performance gains. Furthermore,
prior research has largely focused on mathematical reasoning, overlooking the impact of
incorporating non-math reasoning domains in RL-based learning for generalization in out-
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of-distribution domains. A major challenge in applying RL to general-purpose reasoning
tasks lies in designing a verifiable reward model for diverse answer spaces, as unlike
mathematical reasoning—where correctness can be objectively verified—other reasoning
tasks lack deterministic solutions. Moreover, reasoning process varies across domains and
question types. For instance, mathematical problem-solving follows a rule-based, structured,
and symbolic approach (Dehaene, 2011), whereas reasoning in fields such as law, physics,
social sciences, and history often relies on narrative structures, contextual knowledge,
and heuristic search strategies. Additionally, different question formats require distinct
cognitive approaches — open-ended questions demand the generation of novel responses
from scratch, while multiple-choice (MCQ) questions can often be solved more efficiently
by evaluating the given options and selecting the most appropriate answer. Incorporating
a diverse range of reasoning domains and question types into RL-based self-learning can
enhance the broad reasoning capabilities of LLMs by exposing them to varied cognitive
strategies and knowledge structures.

In this work, we propose NEMOTRON-CROSSTHINK, a systematic way to incorporate multi-
domain corpora for RL training that results in better generalization across a wide variety
of tasks. As demonstrated in Figure 6.2, NEMOTRON-CROSSTHINK comprises of phases
that—(a) curate data from diverse sources, including synthetic data from raw web texts
(CommonCrawl) and open-source question-answer pairs, spanning STEM, humanities, law,
and social sciences (b) apply templates (MCQ/Open-Ended) to limit the answer-space for
synthetically generated data (c) filter out samples that are infeasible for verifiable rewards
(d) prepare blending recipes to combine different sources of data efficiently and finally (e)
employ self-learning with RL to refine reasoning capabilities in diverse domains.

NEMOTRON-CROSSTHINK demonstrates Qwen-2.5.78
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sponse strategies—generating concise an- Figure 6.1: Employing self-learning

with multi-domain data, NEMOTRON-
CROSSTHINK outperforms baseline models,
including domain-specific training (Only
Math) and Open-Reasoner-Zero (ORZ-7B),
achieving consistent gains across all reasoning

swers for general-purpose questions and
more detailed responses for math prob-
lems—thereby reducing inference cost
while preserving task-specific rigor. In addi-
tion, NEMOTRON-CROSSTHINK addresses
the challenge of designing verifiable reward tasks.
for non-deterministic domains by employ-

ing different templates on the curated data

to limit the nuances in the answer space diversity. This enables scalable, verifiable reward
modeling for general purpose reasoning tasks, ensuring that RL-trained models generalize
effectively across diverse benchmarks. Furthermore, NEMOTRON-CROSSTHINK explores
a simple yet effective filtering approach to rank general purpose reasoning data based on
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complexity and shows that training with harder samples further amplifies the impact of RL
across all domains.

6.2 Methodology

T € {Tuco, Topen} D' =3 (D) B € {Src, Qeype, Useful} mo,,, = Mo, + @V Jorpo(Te,)
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Figure 6.2: NEMOTRON-CROSSTHINK. We (a) curate QA pairs from from synthetic
(Common Crawl) and open-source datasets, categorized into general-purpose reasoning
(Dgpr) and mathematical reasoning (Dy,); (b) apply structured templates to convert data into
multiple-choice (MCQ) and open-ended formats, promoting diverse reasoning trajectories; (c)
filter out unverifiable or ill-formatted responses; (d) train an RL policy using Group Relative
Policy Optimization (GRPO). The final reward is used to update the policy, iteratively
improving the model’s reasoning capabilities across diverse domains.

In this work, we investigate reasoning domains beyond mathematics and analyze the
impact of RL on LLMs trained with datasets from diverse domains and question formats. A
core pre-requisite for effective self-learning is access to high-quality, diverse, and reward-
compatible training data (Xie et al., 2025b; Hu et al., 2025a). While mathematical reasoning
has benefited from clean and verifiable datasets, extending RL to general-purpose reasoning
domains remains underexplored due to the lack of structured, high-quality supervision.
To address this, we explore methods for leveraging web documents and open-source QA
benchmarks to collect general-purpose reasoning data. Incorporating a mix of structured
and unstructured domains introduces a wide range of cognitive patterns and task-specific
reasoning strategies which will further improve generalization. However, it introduces
noise and ambiguity—particularly in open-ended formats—making it difficult to apply
rule-based reward modeling reliably. To mitigate this, we apply task-specific templates to
unify question and answer formats, limiting answer space variability and enabling simple
but effective verifiable reward signals. Next, we apply a lightweight data filtering strategy
to discard examples that are infeasible to verify—such as open-ended answers exceeding
a certain length or MCQs with misaligned options—ensuring stable and interpretable RL
training. Finally, we explore optimal data blending strategies that combine information
across diverse domains and tasks. This allows us to investigate how the inclusion of general-
purpose reasoning data complements mathematical reasoning, ultimately leading to broader
and more adaptive generalization in LLMs.

Data Curation. We start with carefully curating datasets from multiple sources to ensure
diversity in the training data. Our training dataset D comprises two sources:

D= Dsyn U Dos

Here, D5y, — synthetically generated data from Common Crawl (CC) and D,s — publicly
available open-source QA datasets. Each sources of data further consists of question answer
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pairs related to general purpose reasoning and mathematics:

Dsyn - Dsyn _gpr Y Dsyn_mr} Dos — Dos _gpr U Dos_mr

* General Purpose Reasoning, Dg,,: We collect open source QA datasets (Dos_gpr)—
Natural Reasoning (Yuan et al., 2025) and MMLU [Train] (Hendrycks et al., 2021b) that
span multiple domains, including STEM fields (e.g., Physics, Computer Science), Eco-
nomics, Social Sciences, and more. To enhance diversity, we further synthesize QA pairs
from CC documents using the wide range of domains in MMLU as our seed domain. We
denote this dataset as Syn-QA (Dsyn_gpr)-

Dgpr = Dsyn_gpr U Dos_gpr

¢ Mathematical Reasoning, D;,;;: As mathematical questions inherently require Chain-of-
Thought derivations which emphasizes the LLM to think, we incorporate math reasoning
corpus to our training data. We combine open-source mathematical reasoning datasets
(Dos_mr), such as MATH (Hendrycks et al., 2021e) and Numina-Math (Beeching et al.,
2024). We generate additional math problems applying the similar technique as Ge et al.
(2024) and define it as Persona-MATH (Dsy_mr)-

Dmr — Dsyn_mr U Dos_mr

Applying Templates for Answer Space and

Reasoning Diversity. General purpose rea- pata Source Category Type Samples
soning benchmarks are often divided into iy [Train] GPR  McQ 99,842
two categories: (a) Multiple Choice Questions Syn-Qa GPR  mMcQ 192,930
NATURAL REASONING GPR OE 100,000
(Hendrycks et al., 2021b; Wang et al., 2024d) NuminaMath VR OF 87,350
and (b) Open-Ended Questions (Zhong et al., PersonaSkill-MaTH MR OE 100,000
Math MR OE 8523

2023). Recent works have ignored these varia-

tions in the answer space for consistent reward Total 588,645

design across all tasks which are often predomi-
nantly math tasks (Hu et al., 2025a; Aggarwal &
Welleck, 2025; Luo et al., 2025a). We hypothesize
that each question type elicits different thinking

Table 6.1: Training data distribution by
source and type. OE=Open-Ended; GPR
=General-Purpose Reasoning; MR =Math

patterns, leading to diverse reasoning trajecto- Reasoning

ries in the model. Training on different question
types will enhance the model’s ability to generalize by exposing it to diverse answer formats,
thereby fostering different reasoning pathways.

Therefore, to observe the effect of question type in RL training, we synthesize Dy, using two
templates: Tp1co - Multiple Choice Questions (MCQ), and Tope, - Open-Ended questions.
We convert the MCQ datasets (MMLU) to open-ended by removing the options from the
questions.

Dmcq = TMCQ<Dgpr)r Dopen = TOpen(Dgpr>

Additionally, some MCQ questions are incomplete without options (e.g., Which of the following
ways we can file taxes?). We discard such questions to avoid confusion during answer
generation. Finally, our general purpose reasoning data, Dgyr, can be represented as:

Dgpr = Dmcq U Dopen
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Data Filtering and Formatting. To ensure high-quality training data, we apply a series
of filtering and formatting steps, H, to remove samples that are infeasible to evaluate with
a simple rule-based reward function. Specifically, for Dy,cy, we check whether the correct
answer appears within the question text itself. Given a question-answer pair (g,4*) with
answer choices {ay,ay,...,a, }, we discard a sample if a* & {ay,ay,...,a,}.

For Dopen, such as those in the Natural Reasoning dataset, we discard samples that are
challenging to evaluate with a rule-based reward function. Formally, we retain samples
where |w(a*)| < 10; w(a*) represents the number of words in the answer a*.

Lastly, for the mathematical reasoning corpus, D,,r, we remove entries that lack an associated
answer, ensuring that all retained questions g have a valid response 4%, i.e., we discard
samples where a* = @.

a* € {{11,...,11”} (Dmcq)
D' = H(D) = { (g,0% {a1,....a}) € D | [w(a*)| <10 (Dopen)
{Il*#@ (Dmr)

Data Blending. We study the impact of data diversity in three paradigms:

Category Blend Name Symbol Blend Description
Natural Distribution B, Ratio of number of samples in %1 dataset divided
Data Source by the total number of samples in all the datasets.
More Math Burt 2:1 ratio of Dy and Dygpy
More General Purpose Reasoning me 2:1 ratio of Dgp, and Dy,
Question Types More MCQ B,,,C,ﬁ 2:1 rat?o of Dineq and Dopen
More Open-Ended Bopent 2:1 ratio of Dopen and Dyeq
Provid ight t h based
Data Usefulness Avg. Score Bscore rovide welght to each source base

on their average benchmark performances

Table 6.2: Overview of Data Blending Strategies. Blends are categorized by data source,
question type, and usefulness—each constructed to assess the impact of domain diversity,
format variation, and task relevance on RL-based reasoning.

¢ Data Source: We have gathered questions from diverse domains including math (D),
STEM, humanities, economics, history, law, social sciences, etc., (Dgpr) and observe the
effect of each source on RL training.

* Question Types: We investigate the impact of question types in downstream tasks.

e Data Usefulness: We further analyze what is the contribution of each data sources in
downstream task performances. We initially run RL using individual data alone and then
evaluate them across diverse downstream tasks. Based on their performances, we create
a new blend.

Based on these three categories, we construct six distinct blends, summarized in Table 6.2,
with their corresponding dataset weight distributions detailed in Table 12.24.

Reinforcement Learning with GRPO. We begin with a pretrained large language model
(LLM) M and a training blend B, where each sample contains only the input prompt and
the final answer which is verifiable. We employ Group Relative Policy Optimization (GRPO)
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(Zhihong Shao, 2024). GRPO does not use a separate critic model and instead estimates the
baseline from group scores, improving efficiency and reducing memory. For each question
g, GRPO samples a group of outputs 01, 02, ..., 0 from the old policy 714 ,, and then optimizes
the policy model 71y by maximizing the following objective:

jGRPO

= E [0~ P(Q), {01}, ~ 7ay, (Ol)]
G [oi] , . . .
éz Z |: ( 7T9(01,t|q/ Oz,<t) Ai,trdip( nB(Ol,tm/ 01,<t)),1 —e1 JrG) Ai,t)

01 | 7790“ (Oi,t “7/ 0i,<t) 7T901d (Oi,t |q’ 0i,<t

— Dk (g ﬂref)]

Tlref ( i,

0i,<t) “ 1o nref( i, Oi,<t)
74 (0;,

0i,<t) 719(0; ¢|q,0i <)

Dx1 [7T9||7Tref] = -1 (6.1)

where € and B are hyperparameters, and 4;; is the advantage, computed using a group of
rewards {r1, 1y, ..., G} corresponding to the outputs within each group:

r; —mean({ry,12,...,¥G})

A, =
it std({r1,72,...,7G})

Rule Based Reward Modeling. To guide the reinforcement learning process, we employ
a rule-based reward system designed for verifiable evaluation. Similar to (DeepSeek-Al,
2025a), we define the total reward function R as the logical and of an accuracy reward Racc
and a format reward R¢ormat:

R = Race N Riormat-

This implies that the output will get reward only when both the answer and the format are
correct.

Accuracy Reward: The accuracy reward evaluates correctness based on whether the model’s
response p is similar to the ground truth solution 4 to satisfy the correctness criteria:

1, ifequal(p,a),
Racc(p,a) — q .(p )
0, otherwise.

Format Reward: The format reward ensures the response a is structured according to
predefined tags, where the reasoning will reside in ‘<think></think>" tokens and the final
answer will be shown inside \boxed{ }:

1, if F(a),

R t(a) =
orma 0, otherwise.

where F(a) returns True if a is correctly formatted and False otherwise.

6.3 Experiments and Results

6.3.1 Experimental Setup

Training Details. We adopt Qwen2.5-7B and Qwen2.5-32B (Team, 2024a) as our baseline
models, M, which demonstrate strong generalization capabilities across various natural lan-
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guage reasoning tasks. We directly apply GRPO training on M using the veRL framework!,
which is an open-source implementation of the HybridFlow RLHF framework (Sheng et al.,
2024). We train the base models with key settings including a constant learning rate of
le-6, a batch size and PPO mini batch size of 128 and a maximum context length of 5000
tokens. Each generation step contains 128 unique prompts sampled from the dataset, and
performing 8 rollouts with temperature and top-p both set to 1.0. We set KL coefficient to
0.001 in all experiments. During training, the model is directly exposed to mixed types of
questions from different domains. Note that we did not conduct extensive hyperparameter
tuning, so one can expect further improvements with additional optimization.

Evaluation Metrics. To comprehensively evaluate our models’ reasoning capabilities, we
conduct experiments on diverse benchmarks spanning mathematical and general purpose
reasoning. We evaluate our models on MATH-500(Hendrycks et al., 2021e), AMC23, test
set of MMLU (Hendrycks et al., 2021b), MMLU-PRO (Wang et al., 2024d), AGIEVAL (Zhong
etal.,, 2023), GPQA-DIAMOND (Rein et al., 2024) and SUPERGPQA (Team et al., 2025). Notably,
SUPERGPQA is a recent and rigorous benchmark designed to test the generalizability of LLMs
across 285 graduate-level disciplines, including underrepresented domains like industry,
agriculture, and service-related fields. Unlike existing benchmarks that concentrate on well-
represented domains (e.g., math, law, physics), SUPERGPQA captures long-tail knowledge
and includes a wide range of real-world professional disciplines, making it a reliable and
discriminative frontier for evaluating generalizability in LLMs. For both open-ended and
MCQ questions, we check the final answer inside the \boxed{} format and compare with
the ground truth solution. For MCQ benchmarks (e.g., MMLU, GPQA-DIAMOND, etc.), we
format the ground truth in the test set to contain both the correct option and the option
description to make it consistent with our training data. For each benchmark, we report
accuracy averaged over 3 independent inference runs using greedy decoding.

6.3.2 Results

Analyze the effect of Individual Datasets. To prepare an effective blend using diverse
sources of data, we begin by understanding impact of individual data sources on the self-
learning paradigm so that we can prioritize the useful data sources and provide less weights
to others. In this setup, we employ self-learning using AM=Qwen-2.5-7B and taking each
dataset separately. To make consistent comparison across different data sources, we keep
the training recipe constant for all experiments. We run a controlled experiments and train
each models for fewer steps (250 steps) and evaluate them on the last checkpoint.

Table 2 shows that different datasets have varying impacts on downstream accuracies
across reasoning benchmarks. Notably, the NuminaMath yields the highest overall average,
outperforming the baseline (M) by over 8.30%. Its strength is especially pronounced on
mathematical tasks such as MATH-500and AMC23 but additionally it achieves superior
accuracies on general purpose reasoning tasks showing a strong generalization across di-
verse domains. The Syn-QA dataset demonstrates a ~1.0% improvement over baseline with
stronger accuracy in MMLU-PRO, AGIEVAL and MATH-500tasks, suggesting that syntheti-
cally generated instruction-style data can generalize well when aligned with benchmark
distributions. Natural Reasoning, despite modest scores on language-rich benchmarks, de-

Thttps:/ / github.com/volcengine /verl
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Data Source MMLU MMLU-PRO GPQA-DIAMOND AGIEVAL SUPERGPQA MATH-500 AMC23 Avg

M 74.20 45.00 31.82 48.59 25.36 48.30 40.00 44.75
MMLU [Train] 69.76 38.50 32.83 47.66 27.69 22.00 5.00 34.78
Syn-QA 70.45 52.41 30.81 52.10 24.57 54.20 35.00 45.65
Natural Reasoning ~ 68.89 31.33 33.33 46.65 22.44 68.60 4250  44.82
NuminaMath 72.94 52.05 33.84 54.39 26.97 76.20 55.00 53.06
PersonaSkill-Math ~ 53.99 28.08 18.69 45.69 16.92 77.20 50.00 41.51
Math 63.30 31.64 21.72 51.95 18.31 78.40 50.00  45.04

Table 6.3: Results of Self-Learning on Individual Datasets. Each row shows the down-
stream evaluation results after self-learning on a single data source. Results highlight the
varying strengths of individual datasets across general-purpose and mathematical bench-
marks.

livers a surprisingly strong overall average, driven by high scores in MATH-500and AMC23.
This indicates that reasoning-focused datasets, even if less curated, can contribute mean-
ingfully in math-adjacent tasks. On the other hand, Persona-Math, although strong in math,
suffers from low generalization across most benchmarks. Finally, the MMLU [Train] dataset
underperforms across most tasks, specifically in math reasoning domains, suggesting that
self-learning with raw MMLU [Train] data alone is insufficient for generalization. However,
it obtains the best score for SUPERGPQA, which requires reasoning across wide range of
cross-disciplinary domains. This highlights the potential of MMLU [Train] in capturing broad
conceptual knowledge and supporting transfer to long-tail domains, making it a valuable
component when targeting general-purpose reasoning benchmarks. While preparing blends
for Data Usefulness, we use the average accuracies of individual sources to obtain Bscore i.€.,
we provide more weight to datasets like Syn-QA, NuminaMath and less to MMLU [Train].

Analysis across Blends. We observe the effect of NEMOTRON-CROSSTHINK in three
different categories using six different blends. To show the distinction between natural
distribution and selective weighting of domains, we also prepare B,,;, which represents
data sampled in proportion to each dataset’s original size. Additionally, to analyze the
impact of within-domain training versus cross-domain blending, we introduce a separate
category called Single Source. We prepare two domain-specific blends: By ., using
only Dy, data, and Bonly _gprs using only Dgp, data. We further compare NEMOTRON-
CROSSTHINK with a recent math-centric self-learning approach, OPEN-REASONER-ZERO
(ORZ) (Hu et al., 2025a)—which achieved superior accuracy in math benchmarks by training
RL on combination of math data. For fair comparison we evaluate the 7B model using our
eval setup.

As shown in Table 6.4, each blending strategy consistently outperforms the base model, M,
by a significant margin. The natural distribution blend, 5,4, yields a notable improvement
of over 13% on average compared to M, suggesting that simply increasing the amount of
training data—even without rebalancing—can be beneficial.

Bgpyt from the Data Source category achieves the highest overall average, as well as the
strongest results across most reasoning-focused benchmarks (e.g., +12.82% on MMLU-PRO
and +15.12% on AGIEVAL). Notably, it performs relatively ~ 5% on average better than ORZ.
While B,y matn performs slightly better on math-specific tasks, such as a marginal 1% gain
on MATH-500, it lags behind on non-math reasoning benchmarks—underperforming B+
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Model Category Blend MMLU MMLU-PRO GPQA-DIAMOND AGIEVAL SUPERGPQA MATH-500 AMC23 Avg

M 74.20 45.00 31.82 48.59 25.36 48.30 40.00  44.75
ORZ 73.20 48.90 29.30 63.49 27.60 81.40 62.50 5520
Bya 73.18 54.81 38.07 59.99 26.54 77.00 60.00  55.66
Z Bt 74.85 55.51 40.10 61.47 26.81 77.80 67.50  57.72

z Data Source
= ngT 74.94 57.82 38.58 63.71 29.16 77.60 65.00 58.12

2]
é Question Types Bineqt 74.26 55.77 39.59 62.54 28.05 78.00 60.00  56.89
Y P Bopent 74.46 55.82 43.15 61.28 26.82 78.40 62.50  57.49
Data Usefulness  Bscore 74.70 56.16 40.10 59.80 27.37 78.00 62.50  56.95
. Bonty_mr 7424 54.26 38.58 61.39 27.69 78.60 70.00 57.82
Single Source -

only_gpr 72.77 52.06 37.06 56.56 27.44 72.20 55.00  53.30

Table 6.4: Results of NEMOTRON-CROSSTHINK-7B across Blends. Multi-domain blend
Bgpr 1 achieves the highest overall average accuracy, outperforming domain-specific and
naturally sampled blends—underscoring the benefit of self-learning with diverse reasoning
data. (*) Due to the space shortage, we use *CROSSTHINK to refer NEMOTRON-CROSSTHINK.

by ~3-4% on tasks like AGIEVAL, SUPERGPQA, and MMLU-PRO. The same trend is also seen
with ORZ. To better understand these differences, we analyze sub-category accuracies in
section 12.14 and find that By, shows large relative gains in non-math categories while
differences in math subcategories are either negligible or even favor Bgpr 1 in some tasks.
This highlights that general-purpose reasoning data offers strong cross-domain transfer
with minimal compromise on math accuracy, making it more versatile.

Both Bjyeqr and Bypent in Question Types category show consistent gains, with the latter
achieving a slight edge (0.6% improvement on average). In addition, Byt yields stronger
results on mathematical benchmarks. Mathematical problems are inherently open-ended in
structure. As a result, highlighting more open-ended domains aligns with the format and rea-
soning demands of math tasks. This suggests that diversity in question formats—especially
open-ended reasoning—can better generalize to both general purpose reasoning and math-
focused downstream tasks.

Regarding Data Usefulness, the score-based selection strategy (Bscore) outperforms the base
model M, indicating the effectiveness of selective data curation. However, despite focusing
more on the better performing datasets in Table 6.3, Bscore is overall worse than blends
like B, or Bonly_math' This gap arises because Bscore assigns weights based solely on
average dataset scores, without accounting for task-specific strengths. For instance, Math
and Persona-Math receive higher weights than Natural Reasoning or MMLU due to their math
accuracy, despite the latter performing significantly better on general-purpose reasoning
tasks. In contrast, domain-aware blends selectively prioritize datasets based on their utility
within specific domains, leading to more effective coverage and stronger scores across both
math and general-purpose reasoning tasks.

To investigate the impact of single-domain versus mixed-domain training data in RL, we
compare the Single Source category with other blending strategies. Notably, 5,, ly_mr achieves
the highest average math score (56.20%) among all blends, ranking as the second-best blend
overall in terms of average accuracy. In contrast, while B, ¢, outperforms the base model
M, it underperforms in mathematical reasoning tasks. Surprisingly, despite being tailored
for general-purpose reasoning, By _gpr also lags behind B,y by 4.2% on average
across non-math reasoning benchmarks. This counterintuitive finding suggests that to
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obtain maximum gain in general purpose reasoning tasks we need to include mathematical
problems in the training blend. As discussed earlier, B+ gets the best average reasoning
accuracy which consists of both math and general purpose reasoning datasets. This confirms
that math data alone is transferable to structured reasoning tasks, whereas general-purpose
data is less effective when isolated.

6.4 Ablations

NEMOTRON-CROSSTHINK is more token efficient in responses compared to Bonly_mr' To
further understand the influence of multi-domain data in response generation, we compare
the average token lengths of correct and incorrect responses between models trained on two
blends: By, and By _mr- As shown in Figure 6.3, on general-purpose reasoning (GPR)
benchmarks, Bg,,+ consistently outperforms By, and ORZ (Hu et al., 2025a), not only in
accuracy (as shown in Table 6.4) but also in response efficiency—producing correct answers
with significantly fewer tokens”. For instance, on MMLU, the average token count for correct
responses is 229 for Bg,+, compared to 351 for By, This demonstrates that exposure
to multi-domain data enables the model to internalize a more efficient reasoning strategy,
leading to both improved performance and reduced inference cost.

In contrast, on math-specific benchmarks, B Boprt 8 Bontyman 1 ORZ
Bouiy_mr and ORZ perform slightly better in ac- 1900

curacy, as expected due to domain alignment.
1000

) .I II
0

General Purpose Reasoning Math Reasoning

Interestingly, correct responses are generally
longer than in reasoning tasks as solving math
problems inherently requires detailed, multi-
step derivations, hypothesis exploration, veri-

Avg tokens of Correct Responses

fication and refinement. Despite this, the ngrT
shows its adaptability by generating longer re-

sponses for math tasks and shorter ones for TFigure 6.3: Token efficiency compari-

GPR tasks—indicating a dynamic response strat- 50N of models trained on By, (multi-
domain blend) and two single domain

egy learned through multi-domain training. As
blends (B,u1y_math and ORZ).

shown in Table 12.25, Bg,,,4 has a wide dynamic
range for generating responses. It increases its average tokens by 62% when generating
responses for math tasks (Mean Tokens=622) as opposed to general reasoning tasks (Mean
Tokens=385). Whereas, By,;,_nr increases it average tokens only by 14% (Mean Tokens=731
for math tasks and Mean Tokens=639 for general reasoning tasks) showing a much smaller
dynamic range. This trend is also mirrored in ORZ, trained on a high-quality blend of
math datasets, which shows an even smaller increase (12%) in average token length across
domains.

This adaptive behavior highlights a key strength of multi-domain training: it equips the
model with the flexibility to tailor its response style to the nature of the task. By learning
from a diverse range of domains, B+ learns to reason efficiently—across all tasks, B+
uses on average 28% fewer tokens for correct responses than B, ,,,—producing compact
yet accurate answers where appropriate, and detailed ones when necessary.

2Detailed categorization per task is shown in Appendix 12.13.
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Data Format Study: Question and Answer Templates. To better understand how training
data formatting affects model performance, we conduct two controlled studies focused on
question and answer template design, as shown in Table 6.5 and Table 6.6.

In Table 6.4, we observe that B, outperforms By, suggesting that models trained
on more open-ended data generalize better across benchmarks. This motivated us to
investigate whether converting all questions into a unified open-ended format leads to
better performance. In Question Template Study, we use the natural distribution blend
(B,4) and only perturb the question template . To generate the open-ended variant, we
remove the answer options from MCQs, prompting the model to produce an answer without
selecting from predefined choices.

Question Type MMLU MMLU-PRO GPQA-DIAMOND AGIEVAL SUPERGPQA MATH-500 AMC23 Avg
MCQ +OPEN-ENDED  73.18 54.81 38.07 59.99 26.54 77.00 60.00  55.66
OPEN-ENDED 74.61 54.36 39.09 59.30 29.16 76.60 65.00 56.87

Table 6.5: Impact of Question Format. Converting all questions to open-ended format im-
proves accuracy across benchmarks, reducing reliance on option guessing and encouraging
deeper reasoning.

Table 6.5 illustrates that the open-ended-only configuration consistently outperforms the
mixed-format setting across nearly all benchmarks, achieving 1.21% higher average score.
Notably, it leads to significant improvements on reasoning-intensive and traditionally MCQ-
formatted benchmarks such as MMLU, SUPERGPQA, and GPQA-DIAMOND. This result may
be attributed to the inherent structure of MCQ questions, where random guessing can yield
an accuracy of approximately 25% in MMLU and GPQA-DIAMOND benchmarks where we
have only four options. In contrast, open-ended questions eliminate this guessing advantage,
compelling the model to rely more heavily on reasoning to arrive at a correct answer. By
reducing the likelihood of reward hacking through random option selection, the open-ended
format encourages more robust reasoning and leads to improved generalization.

In the Answer Template Study, we investigate how the format of output labels influences
training effectiveness on MCQ-style datasets. We compare two answer templates: Long -
the model is trained to generate both the option label and its corresponding description
(e.g., (A) The sky is blue), and Short - the model is trained to output only the option label
(e.g., A). For this study, we use the B, ¢, blend, which primarily consists of MCQ datasets
(Table 6.1), making it ideal for analyzing the effects of answer formatting in this setting.

Answer Type MMLU MMLU-PRO GPQA-DIAMOND AGIEVAL SUPERGPQA MATH-500 AMC23 Avg

Long 72.77 52.06 37.06 56.56 27.44 72.20 55.00 53.30
Short 74.22 54.56 39.59 58.01 28.39 74.20 5250  54.50

Table 6.6: Impact of Answer Format. Using short-form answers improves accuracy by
reducing output ambiguity and avoiding penalization from rigid reward functions in rule-
based training.

Table Table 6.6 shows that the short-form answer template consistently outperforms the
long-form variant, with a 1.20% improvement in average accuracy. This trend holds across
both reasoning and mathematical benchmarks. These results suggest that reducing the
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complexity of the output space helps minimize ambiguity and allows the model to better
align its predictions with the structure of the question. Furthermore, when training with
long-form answers using a rule-based reward (e.g., exact string matching), the model is
frequently penalized for minor deviations in phrasing, even when the correct option is
selected. For instance, if the model outputs the correct option label but paraphrases the
description slightly, the strict reward signal treats it as incorrect. This introduces noisy
supervision and may hinder learning. While this issue could be mitigated by designing a
more flexible reward function (e.g., based on semantic similarity or option-label matching),
our goal in this work is to keep the approach simple and interpretable. As such, we adopt
a naive rule-based reward for clarity and reproducibility, and leave more sophisticated
reward designs for future investigation.

Difficulty Filtering. Training with high-quality data is a key factor in self-learning to
ensure efficient and stable learning and to obtain correct reward signals. Recent works (Hu
et al., 2025a; Luo et al., 2025a; Cui et al., 2025) have explored various filtering strategies
to remove noisy reference answers from datasets, focusing on data that is easily verifiable
using simple rule-based rewards. Zeng et al. (2025) further investigate data selection based
on question complexity, showing that as the difficulty of the training data increases, the
resulting model achieves better downstream accuracy. However, their approach relies on
datasets like MATH-500that come with predefined difficulty scores. In this work, we explore
a simple approach to estimate question difficulty for general purpose reasoning datasets
that do not come with explicit difficulty labels. Specifically, we label questions as ‘difficult’
if they are answered incorrectly by a smaller model (Qwen-2.5-7B) in a zero-shot setting
and filter out the ‘easy” questions. The intuition is that questions easily answered by a base
model are likely to be knowledge-based or shallow in reasoning depth, whereas those it
fails on are likely to require deeper reasoning or broader generalization. We construct two
versions of our training dataset B, ,+—an unfiltered set containing all questions, and a
filtered set (B g,
instances of a larger model M = Qwen-2.5-32B.

)1) that retains only the difficult samples—and use them to train separate

Model Blend MMLU MMLU-PRO GPQA-DIAMOND AGIEVAL SUPERGPQA MATH-500 AMC23 Avg
Qwen-2.5-32B 83.30 55.10 40.40 62.77 33.16 60.55 45.00 5433

) .57 . 46.7 73.91 7.9 2.4 7. .84
NEMOTRON-CROSSTHINK-32B Bgprt 83.5! 68.83 6.70 3.90 37.99 82.40 6750  65.8

Bf(gpr)T 83.60 69.43 49.75 75.82 38.34 84.00 75.00  67.99

Table 6.7: Difficulty-Based Filtering. Filtering B, to retain only hard examples (Bf(g,)1)
yields consistent gains across all tasks, highlighting the effectiveness of selective training on
challenging data.

According to Table 6.7, this filtering approach results in consistent performance improve-
ments across all evaluated benchmarks. While both filtered and unfiltered models outper-
form the original baseline Qwen-2.5-32B, the model trained on the filtered dataset—denoted
as By p+f—achieves the highest accuracy on every task. The gains are especially prominent
in complex benchmarks such as MMLU-PRO, GPQA-DIAMOND, AGIEVAL, and AMC23, where
the filtered model improves by up to 2-8% over its unfiltered counterpart. On average,
filtering boosts overall accuracy by 2.15%, a notable gain considering that it comes from
training on fewer but harder examples. This suggests that selectively training on challenging
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examples can yield more robust and generalizable models, likely due to stronger gradient
signals and a focus on harder-to-learn reasoning patterns.

6.5 Related Work

Evolution of Reasoning in LLM. Large Language Models have demonstrated remarkable
dominance across numerous Natural Language Processing tasks. To enhance the complex
reasoning capabilities of LLMs, (Wei et al., 2022) introduce Chain-of-Thought (CoT), which
incorporates multi-step intermediate reasoning before arriving at final conclusions. CoT
exhibits significant advantages across multiple domains, including mathematics, science,
and programming. Subsequently, (OpenAl, 2024a) further explore CoT and propose the
Long Chainof-Thought framework. In Long CoT, LLMs demonstrate advanced cognitive
behaviors such as reflection, verification, correction, and multipath exploration, thereby
further enhancing their problem-solving capabilities in complex reasoning tasks. Moreover,
Long CoT exhibits excellent test-time scaling properties, where increased computational
resources correlate with improved reasoning outcomes. Models like QwQ (Team, 2024b;
2025b), DeepSeek-R1 (DeepSeek-Al, 2025a), Kimi k1.5 (Team, 2025a), and InternThinker
(Cai et al., 2024) have successfully experimented with Long CoT for enhanced reasoning,
combining fine-tuning and Reinforcement Learning to elevate the performance of open-
source reasoning models to unprecedented levels. Notably, subsequent models such as
Open-Reasoner-Zero (Hu et al., 2025a), Open-R1 (Face, 2025), O1-Replication (Qin et al., 2024;
Huang et al., 2024c; 2025), s1 (Muennighoff et al., 2025) and LIMO (Ye et al., 2025) observes
significant benefits from Long CoT even in smaller models through simple distillation.

Self-Learning beyond Math. High-quality training data are crucial for scalable Reasoner-
Zero training. Most of the recent works emphasize mathematical benchmark-centric data
(AMC, AIME, Math, Olympiads, and AoPS) for reinforcement learning (Hu et al., 2025a;
Aggarwal & Welleck, 2025; Trung et al., 2024; Ye et al., 2025; Zeng et al., 2025) as designing
verifiable rewards is much easier for math tasks. They exclude problems such as multiple
choice and proof-oriented problems which reduces the answer space diversity. MCQ type
of questions are important for MMLU and other non-reasoning centric tasks. For a rule-
based reward model, the format of input data and the final answer is crucial and largely
underexplored. Furthermore, their additional sources of data synthesis approach has no
details making it infeasible to scale for domains other than math. The kind of data and the
ratio of each type of data important for the overall improvement of LLMs across multiple
benchmarks have yet to be explored.

Data Sampling in RL. Recent works have widely explored the idea of combining data
from multiple sources during RL training to enhance the diversity of reasoning tasks and
improve model generalization (Hu et al., 2025a; Luo et al., 2025a; Zeng et al., 2025; Wen et al.,
2025). These studies primarily concentrate on the mathematical domain, where rule-based
correctness allows for straightforward reward modeling. In such setups, data sampling
strategies are often driven by factors like question complexity or the ease with which
answers can be verified algorithmically. For instance, questions are filtered or prioritized
based on whether they are solvable with deterministic programs or satisfy certain symbolic
constraints. A notable direction is curriculum learning, where Xie et al. (2025b) utilizes
synthetically generated puzzle-like data from Xie et al. (2025a) to control the difficulty level
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and study the progression of learning. However, these works remain narrowly focused on
highly structured domains such as logic puzzles or math word problems. Yeo et al. (2025)
has shown that including 50% of math and 50% of noisy verifiable data from WebInstruct-
462k Yue et al. (2024) yields best MMLU-PRO score in RL setup—indicating the potential of
mixing of domains in the training blend. However, it in unclear how this benefit is attributed
to the inclusion non-math reasoning data as 68.36% of Weblnstruct-462k is about math. They
have performed filtering to obtain data with feasible verifiable reward and this is boost
and prioritize the mathematical domain over other domains. Despite this progress, there is
a lack of systematic investigation into how including non-math reasoning data—such as
legal analysis, social science, commonsense inference, or historical interpretation—affects
RL training. NEMOTRON-CROSSTHINK is the first systematic framework to incorporate
multi-domain and multi-format data into RL, introducing verifiable reward mechanisms
for non-deterministic domains and demonstrating that blending diverse reasoning sources
leads to stronger generalization across benchmarks.

6.6 Summary

We present NEMOTRON-CROSSTHINK, a simple and scalable framework for improving the
generalization abilities of LLMs through reinforcement learning with multi-domain corpora.
By combining data from diverse reasoning domains and applying lightweight filtering
and formatting strategies, NEMOTRON-CROSSTHINK enables consistent gains across both
general-purpose and mathematical benchmarks. Our best-performing blend—constructed
with a 2:1 ratio of general-purpose to math data—achieves a 13.36% average improvement
over strong baselines, with gains further amplified by difficulty-based filtering and thought-
ful template design. Preparing blends admits many designs beyond this single recipe: as
detailed in our methodology, mixtures can be structured along multiple axes—balancing
data sources, varying the proportion of multiple-choice versus open-ended items, and
reweighting sources by downstream usefulness—and we only instantiate a small, inter-
pretable slice of this broader space; systematically exploring alternative blend constructions,
schedules, and weighting schemes is important future work. Importantly, these benefits
persist across model scales and task types, demonstrating that data diversity, not just
data volume, is key to broader reasoning capabilities. NEMOTRON-CROSSTHINK offers a
practical recipe for building more generalizable, efficient, and reliable LLMs under the RL
paradigm—paving the way for scalable self-learning beyond math.
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Part 11

Effect of reasoning data across LLM
development phases
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Chapter 7

Synergy between Pretraining and
Post-Training Data

Training phases for Large Language Models (LLM) broadly consists of two consecutive
phases: Pretraining and Post-Training. Pretraining an LLM involves training a neural
network on a massive corpus of text data, which includes books, articles, and websites,
to help it understand the nuances of human language. This initial phase of training sets
the foundation for the model’s ability to parse syntax, grasp semantics, and generate text
that is contextually relevant and grammatically correct. Depending on the quality and
characteristics of the corpora, current literature follow 2-3 stage procedure to pretrain an
LLM where the initial phase is generally followed by a phase with a pre-training based on
high-quality corpora (Grattafiori et al., 2024; Feng et al., 2024b; OLMo, 2025; Blakeney et al.,
2024; DeepSeek-Al, 2025b). In contrast, LLM post-training phases occur after the initial
pretraining of a large language model (LLM) on a vast corpus of text, which further extends
to supervised finetuning (SFT) and reinforcement learning (Direct Preference Optimization
(Rafailov et al., 2023), Proximal Policy Optimization (Schulman et al., 2017)) (Grattafiori
et al., 2024). These phases are crucial for refining the model’s capabilities, aligning it with
human preferences, and optimizing its real-world performance.

In the recent literature, introducing long thought data in post-training has demonstrated
significant breakthroughs in highly complex reasoning tasks, such as mathematical com-
petitions (Hendrycks et al., 2021e), PhD-level scientific QA (Rein et al., 2024; Phan et al.,
2025), and software engineering (Jimenez et al., 2024). However, there has been little to no
explorations on how effective these high quality long thought data is during pretraining.
The state-of-the-art proprietary LLMs being opaque about their pretraining corpora and
overall the exploration with pretraining being highly expensive compared to post-training
have become the major stimulation for the community to solely focus on post-training.

In this part, we shift our focus to the synergy between long chain-of-thought (CoT) reasoning
QA data (i.e., SFT data) in pretraining and post-training. Our central goal is to determine the
ideal balance of such reasoning data across the two phases in order to maximize downstream
improvements after reinforcement learning.

We hypothesize that introducing reasoning tasks early in pretraining can foster intrinsic cog-
nitive capabilities, leading to stronger generalization and adaptability during downstream
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tasks. A key distinction, however, is that pretraining requires orders of magnitude more
diverse data than post-training, which raises important challenges for scaling reasoning
data beyond mathematics—where most existing resources lie—into broader domains such
as science, law, puzzles, and deductive reasoning, each with distinct reasoning patterns.

7.1 Task Overview

The reasoning abilities of Large Language Models (LLMs) have advanced considerably,
with post-training on reasoning data driving significant breakthroughs in reasoning tasks,
such as math competitions (Hendrycks et al., 2021e), PhD-level scientific QA (Rein et al.,,
2024; Phan et al., 2025), and software engineering (Jimenez et al., 2024). This progress has
been largely driven by mid- or post-training LLMs on high-quality, reasoning-intensive
datasets—often featuring long chain-of-thought (CoT) examples (Guha et al., 2025; Moshkov
etal., 2025; Zhou et al., 2025a; Gandhi et al., 2025b; Wang et al., 2025). While this approach
has proven effective, it treats reasoning as a specialized skill to be layered onto a generalist
base. In addition, the impact of incorporating reasoning data during pretraining—and the
potential synergistic effects on subsequent post-training—remains a critical yet less explored
frontier. This research gap persists due to the prohibitive computational cost of end-to-end
pretraining experiments and the opacity surrounding proprietary training recipes, which
has concentrated community efforts on the more accessible post-training phase.

The synergy between post-training phases has been widely explored (Liu et al., 2025¢;
Chen et al., 2025b; Chu et al., 2025), yet conclusions vary with training data and scale,
and their applicability to pretraining remains vague in the current literature. In this work,
we investigate not just which reasoning data, but when to train with such reasoning data
by studying the synergy between pretraining and post-training. Our central goal is to
determine the ideal balance of such reasoning data across the two phases in order to
maximize downstream accuracies after reinforcement learning. This motivates the following
research questions:

e [s a reasoning-rich pretraining essential, or can a model “catch up”? We investigate whether a
model pretrained without reasoning data can match the performance of its reasoning-
aware counterparts by simply undergoing a more intensive SFT phase.

® Does inclusion of reasoning data make the base LLM overfitted and less generalizable to sustain
gains in subsequent training phases? While recent literature highlights overspecialization of
reasoning during post-training can be detrimental (Gupta et al., 2025; Luo et al., 2025b),
investigations of this effect in pretraining remain limited.

* Does data diversity in pretraining impact stability and specialization during SFT? Specifically,
does using the same reasoning data in both pretraining and SFT lead to robust skill
mastery, or does a narrow pretraining focus risk catastrophic forgetting when the model is
later fine-tuned?

® Does the complexity and quality of reasoning data matter when incorporated during pretraining
of the base model? Current literature explores this mostly from SFT stage (Zhou et al., 2023;
Gubha et al., 2025), making it obscure whether difficulty or noisiness in the early phase of
training directly impacts reasoning development or not.
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Figure 7.1: We systematically inject reasoning-style data (Dres) at different phases of train-
ing—pretraining versus SFT—while varying its diversity, quantity, and quality. Our results
show an asymmetric principle: diversity and scale matter most during pretraining, whereas
quality dominates in SFT. This allocation strategy compounds through reinforcement learn-
ing (RL), yielding sustained gains across complex reasoning benchmarks.

7.2 Methodology

Our methodology is designed to systematically determine the optimal strategy for allo-
cating reasoning data between the pretraining and supervised fine-tuning stages of LLM
development. We frame this as an optimization problem where the goal is to maximize the
final model’s downstream accuracies, P. This is a function of the reasoning data introduced
during pretraining, DEL, and the data used for supervised fine-tuning, DSET. Our objective

is to find the optimal data configurations, (DLL*, DSET*), that solves the following:

(Dres’, Do ") = arg_max P (0gina1)
DELDRET
where 0, represents the parameters of the final model trained on data recipes defined by
the choice of reasoning data at both stages.

Let Dpase denote the general pretraining corpus and we define a model M (6) with parame-
ters 0 trained in two stages:

Pretraining: Opr = arg mein E (1)~ Dyt LM (fo (X)),

res

SFT: Ogpr = arg rnein lE(x,y)Npggg Lsrr(fo(x),y),

Evaluation Objective. The central research question can be expressed as analyzing the
function:

P(Dit, DY) = By | Ace(fagr (1) 7.1)

where 7T is a set of downstream reasoning tasks (math, science, code, general reasoning)
and the expectation [E;. 7 defines a single fine-tuned model that is evaluated across 7.

Our study can be summarized as optimizing the allocation of D5 between pretraining and
SFT:
max  P(DFYL DY) st B=|DLL| + DY, (7.2)

DPT DSFT res’s res res res
where B is the total budget of reasoning data available. This captures the trade-off of early,

scale/diversity vs late, quality/complexity: DhL +— DSET
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7.2.1 Model Architecture and Baseline

We select a hybrid transformer with a mixture of Mamba 2 (Dao & Gu, 2024), self-attention
and FEN layers (NVIDIA, 2025a) with an 8B parameter for our base model, M and pre-
train from scratch for 1 trillion tokens. This size strikes a balance between computational
feasibility and the capacity to learn complex reasoning patterns.

7.2.2 Data Pipeline

Our experimental design relies on a careful distinction between two categories of data: (1) a
large-scale, general-purpose pretraining corpus, and (2) a reasoning-focused, instruction-
tuning (SFT-style) datasets of varying quality and scale. This separation allows us to
precisely control the injection of reasoning data at different stages of training.

General Pretraining Corpus (Dy,e.). For the base training corpus, we adopt the dataset in-
troduced in NVIDIA (2025b), which contains 6.2T tokens drawn from high-quality Common
Crawl, mathematics, and code sources. This corpus provides broad coverage of languages
and technical domains, serving as the backbone of all pretraining experiments.

Reasoning Datasets (Dyes). To investigate the impact of data quality, diversity, and com-
plexity, we curate four distinct reasoning-focused datasets in the question-answer format:

* Large-Scale, Diverse Data (D;pq). To simulate a “quantity-over-quality” strategy, we
employ the Nemotron-Pretraining-SFT-v1 dataset (NVIDIA, 2025b). This massive 268M
samples of dataset offers extensive domain coverage, with a composition of approximately
56% math, 17% code, and 27% science and general-purpose reasoning. The dataset covers
tasks ranging from simple Q&A to multi-turn dialogues, but with heterogeneous quality
and reasoning depth, reflecting large-scale real-world availability.

* Small-Scale, High-Quality Data (Dspq). To capture the effect of long chain-of-thought
traces from strong teacher models, we include the dataset of Guha et al. (2025), comprising
1.2M carefully curated examples (71% math, 21% code, 8% science). Compared to Dy nq,
this corpus is smaller, less diverse, but significantly higher quality, emphasizing detailed
reasoning paths.

¢ Large-Scale, Mixed-Quality Data (Dy1q). To balance diversity with quality, we construct
a combined dataset that is a straightforward union of the two datasets above: Dypq =
D1 pg + Dshg, i-e., Diyvg contains 269.2M samples in total. This mix preserves large-scale
coverage while injecting a fraction of curated, high-quality reasoning traces.

¢ Answer-Length Filtered Data (Darp). To investigate the feature of data quality, we
create a subset (7.1M samples) of D; pqg by retaining examples where the answer length
exceeds 4096 tokens, based on the principle that longer responses often correspond to
more complex CoT reasoning. This dataset allows us to isolate the impact of reasoning
complexity in different training phases.

7.2.3 Synergy between Pretraining and SFT

In this work, we aim to disentangle the contribution of reasoning data when incorporated
at different points in the training pipeline. We structure the study into three stages: (i)
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large-scale Pretraining, where reasoning data may or may not be injected alongside the base
corpus, (ii) Supervised Finetuning (SFT), where pretrained models are further adapted on
reasoning data of varying quality and diversity, and (iii) Reinforcement Learning (RLVR)
to determine the sustainability of early reasoning gain in the final model.

Phase 1: Pretraining. Prior work has primarily explored reasoning supervision either
on top of fully pretrained LLMs (Wang et al., 2025) or by introducing small amounts of
long chain-of-thought (CoT) data into intermediate checkpoints (Al et al., 2025b). These
approaches leave open two questions: how to inject reasoning data at scale during end-to-
end pretraining, and whether the benefits persist when combined with high-quality base
corpora. To address these questions, we pretrain all models from scratch for 1T tokens using a
mix of Dy,ee and different types of Dyes. Across all models, we keep the token ratio between
Dpase and Dres fixed during pretraining. When a reasoning dataset is small, it is repeated so
that the model still observes the same total volume of reasoning tokens. To correctly state
the data distribution, we pretrain all models for 600B tokens using Dy, followed by 400B
tokens on a mixture of 80% Dp,se and 20% Dres. This results in a constant budget of 80B
reasoning tokens across all experiments. Dies can be any one source of data among the three
reasoning datasets: Dspg, Dipg, Prmq- This token ratio has been maintained across all
three pretraining runs with reasoning data.

Based on the reasoning data introduced, we train four distinct models:

® Mpase: This model serves as our baseline and is pretrained without any reasoning data.
* Mjpq: Pre-trained with large-scale, diverse Dj pq reasoning dataset along with Dy,ge.

* Msgpq: Pre-trained with Dspg and Dy, allowing us to isolate the effect of data quality
versus the quantity and diversity of M pg.

Mimq: Finally, this model is exposed to our combined reasoning Dy \q dataset.

In the subsequent analysis, we use M to denote the aggregate performance of the models
pretrained with reasoning data, representing the average score across Mspq, Mipg, and

MLMQ'

Phase 2: Supervised Finetuning. Following pretraining, each of the four model variants
(Mpaser M1DQ, MsHa, Mimq) is adapted through supervised finetuning (SFT). This sec-
ond phase is crucial for understanding the synergies, redundancies, and trade-offs between
the data introduced during pretraining versus the SFT stage. To this end, we design a
controlled set of SFT experiments, where each pretrained model is finetuned on different
reasoning corpora introduced in Section 7.2.2 to address the following rearch questions:

¢ The “Catch-Up” Hypothesis: Can intensive SFT on high-quality reasoning data allow the
baseline model, My, to match or exceed the accuracy of models that were exposed to
reasoning data during pretraining? This directly tests the criticality of early data injection
versus late-stage specialization.

¢ Impact of Pretraining Data Scale and Diversity: We investigate how the scale and
diversity of reasoning data used during pretraining influence the final model’s capacity to
absorb high-quality instruction data. Specifically, we ask: Does scaling up diverse reasoning
data in pretraining provide lasting benefits even after all models are finetuned on the same high-
quality SFT corpus? By fine-tuning both the model pretrained on large, diverse data
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(Mypg) and on smaller, less diverse data (Mgpg) on the same high-quality SFT set, we
can determine whether a broad or a deep initial exposure to reasoning yields a better
foundation for downstream specialization.

¢ Impact of SFT Data Quality and Complexity: By fine-tuning all four base models on
datasets of varying quality (Dipg vs. Dspg) and complexity (Darg), we can measure
the marginal utility of data quality at the SFT stage as a function of the model’s initial
pretraining condition.

This design enables us to address three critical dimensions: (1) the synergy between pre-
training and SFT data, (2) the gains of increasing SFT data scale when reasoning was already
introduced in pretraining, and (3) the role of data complexity and diversity in determining
whether reasoning supervision should be injected early, late, or across both stages. Together
with the pretraining experiments, these SFT studies form a fully crossed setup, providing
the first systematic assessment of how reasoning-style SFT data interacts with pretraining to
shape the reasoning abilities of LLMs.

Phase 3: Reinforcement Learning. To further observe the impact of reasoning centric
pretraining and heavy supervised finetuning, we deploy RL using Group Relative Policy
Optimization (GRPO) (Shao et al., 2024) with verifiable rewards on top of the base models.
Here we use NEMOTRON-CROSSTHINK (Akter et al., 2025) which has shown to be effective
for multi-domain reasoning.

7.3 Experiments and Results

7.3.1 Training

Pretraining. To prepare base models, we pretrain a 8B LLM on our pretraining data blend
till 1T tokens using 512 H100 80GB SXM5 GPUs. During training, we use the AdamW
optimizer (Loshchilov & Hutter, 2019) with B; = 0.9, B2 = 0.95 and weight decay of 0.1. We
use a 8-way tensor and pipeline parallelism to train the model. We set the maximum value
of learning rate to 3¢~4, minimum to 3¢~°, and use a batch size of 6M tokens with a 8192
context length.

Post-Training. After pretraining, each 8B LLM is finetuned on 4.8M reasoning samples
from Dyes. SFT uses AdamW with (81, B2) = (0.9,0.95), weight decay 0.01, warmup ratio
0.05, learning rate 5x 10—, batch size 512, and context length 32k. We then apply GRPO via
the veRL framework! for one epoch on NEMOTRON-CROSSTHINK data with constant LR
1x107°, batch size 128, PPO mini-batch 128, and context length 8192. Each step samples
128 prompts with 8 rollouts (temperature= 1.0, top-p = 1.0), and a KL penalty coefficient of
0.001.

7.3.2 Evaluation Metrics

We report average accuracies of all tasks under each of the following categories.

Thttps:/ / github.com/volcengine /verl
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Base Model Evaluations. We conduct a thorough benchmark assessment to evaluate the
generalizability of the base models, using a series of datasets using LM Eval Harness (Gao
et al., 2024b).

¢ General Purpose Reasoning (GPRpr AVG). We consider four standard commonsense and
logical reasoning tasks in 0-shot: ARC challenge (Clark et al., 2018), HellaSwag (Zellers
etal., 2019), WinoGrande (Sakaguchi et al., 2021), and reading comprehension task: RACE
(Lai et al., 2017).

* Math Reasoning (MATHpr AVG). We evaluate the math reasoning ability with two
benchmarks-they encompass math challenges from elementary to college level com-
plexity demanding qualitative reasoning (8-shot GSM8K (Cobbe et al., 2021b), 4-shot
MATH-500 (Hendrycks et al., 2021e)).

¢ Science Reasoning (SCIENCEpt AVG). We evaluate on 5-shot MMLU (Hendrycks et al,,
2021b) and MMLU-Pro (Wang et al., 2024b) that spans multiple domains, from profes-
sional to academic, testing the model on specialized subjects.

¢ Code Reasoning (CODEpr AVG). For code tasks (HumanEval (Chen et al., 2021a), MBPP
(Odena et al., 2021)) we evaluate the EvalPlus variants along with the sanitization of
generations (Liu et al., 2023c), in a 0-shot setup. We estimate avg@32, pass@1 from 32
generations per prompt.

SFT Model Evaluations. To evaluate the reasoning ability of different SFT models, we
focus on reasoning centric benchmarks unlike in base model evaluations, where mostly
focus on the generalizability of the LLM. We conduct evaluations using NeMo-Skills’.

* Math Reasoning (MATHgrr AVG). In addition to the GSM8K and MATH-500, we evaluate
the models on two more complex math tasks—AIME?24 and AIME25 (Veeraboina, 2023).

® Science Reasoning (SCIENCEsrr AVG). On top of MMLU and MMLU-Pro, we evaluate
on graduate level QA task: GPQA-Diamond (Rein et al., 2024).

¢ Code Reasoning (CODEgpr AVG). We choose LiveCodeBench (Jain et al., 2025) to test
complex code reasoning ability.

¢ Instruction Following (INSsrr AVG). For broader evaluation on diverse capabilities, we
use IFEval (Zeng et al., 2024).

We report Pass@1 average of 16 runs for AIME-2024, AIME-2025 and average of 4 runs for
MATH-500, GSM8K, MMLU, MMLU-Pro, GPQA-Diamond, LiveCodeBench and IFEval.

RL Model Evaluations. In this phase, we evaluate the models on complex reasoning
tasks such as AIME24,25, MATH-500, GSM8K, MMLU, MMLU-Pro, GPQA-Diamond,
LiveCodeBench following the evaluation metric in SFT phase.

7.3.3 Results

Immediate Foundational Gains from Reasoning Data in Pretraining. Table 7.1 shows the
average accuracies of our four model variants immediately after the 1T token pretraining
phase (see Table 13.1 for individual benchmarks). The results provide clear evidence

2h’rtps: / / github.com/NVIDIA /NeMo-Skills
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that integrating reasoning-style corpora from the start builds a significantly more capable
foundation. Every model exposed to reasoning data surpasses Mpase. Mes, average of the

Model Average MATHpy AVG SCIENCEpr AVG CODEpr AVG ~ GPRpr AVG

Mpsse 5270 47.17 47.13 40.89 75.63
Mg 5498 52.60 46.90 44.32 76.09
Mipg — 64.09 75.56 54.38 49.94 76.48
Mivg 6407 72.37 54.49 52.60 76.83
Mues 61.05 66.84 51.92 48.95 76.46

Table 7.1: Average Accuracies of base models trained without or with varying Dyes.
Pretraining with diverse reasoning data yields immediate gains, with scale and diversity
driving math and code improvements, more than quality. M es represents the average of
Mshg, Mipg, and M.

three reasoning-augmented variants trained under the same 1T token budget, improves
over Mp,se by +8.35% on overall average accuracy. The largest improvements come from
models trained on large-scale, diverse data; M| pqg achieves highest average, driven by a
+28.4% gain in mathematics and a +9% gain in code over the baseline. Interestingly, the
smaller, less diverse, high-quality dataset (Mspq) provides a modest lift, suggesting that
at this early stage, the scale and diversity of the reasoning data are more critical than its
curated quality for establishing a broad and robust reasoning foundation. Our experiments
with a 1.2B Transformer (see Table 13.6) demonstrate that this front-loading strategy yields
consistent, scalable performance gains—confirming the robustness of our approach across
varying architectures.

Pretraining Advantage is Maintained and Amplified Post-SFT. We evaluate whether a
strong SFT phase can close the accuracy gap established during pretraining with diverse
reasoning data Dres. At the same time, we examine whether the inclusion of such data
causes the model to overfit and reduce generalization, thereby diminishing subsequent
post-training gains. We finetune each pretrained model on three reasoning datasets (Dspq,
D1pq, Prmg), producing 12 models in total. We report the average results in Table 7.2 and
include the full breakdown in Table 13.5.

Model Average MATHgrT AVG  SCIENCEgrr AVG  CODEspr AVG  INSsrT AVG
Myase +SFT 2662 34.48 20.92 7.09 4398
Mpes + SFT 35.92 40.61 34.77 16.75 51.52

Table 7.2: Average Accuracies of SFT models pretrained with varying D;es. SFT amplifies
the pretraining advantage—models with reasoning-rich pretraining significantly outperform
baseline.

The results in Table 7.2 indicate that the advantage gained during the pre-training phase
not only persists but is amplified. The group of models pretrained with reasoning data
(Mres + SFT) outperforms the baseline group (Mp,se + SFT) by a significant 9.3% on average.
This result strongly refutes the “catch-up" hypothesis, showing that SFT is not a substitute
for a strong reasoning foundation built during pretraining. While recent works have found
reasoning-centric post-training to be most effective on math domains, the improvement on
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science is minimal (Prabhakar et al., 2025; Luo et al., 2025a; Huan et al., 2025). However,
the accuracy disparity in our findings is most prominent in science domains, an area often
overlooked in reasoning-focused post-training work. This suggests that pretraining with
reasoning data does more than teach facts; it helps the model develop effective internal
representations for abstract and logical structures to enhance problem solving ability across
domains. It does not overfit the model rather infuses the critical thinking ability that comes
into full potential after post-training (Appendix 13.2). Consequently, the model’s capacity
to absorb and leverage the SFT data is fundamentally enhanced, leading to greater learning
efficiency and a higher performance ceiling. SFT acts as a powerful enhancer, but its ultimate
effectiveness is constrained by the quality of the foundation established during pretraining.

Model Ave. Math Reasoning Science & Code Reasoning

MATH-500 GSM8K AIME24 AIME25 GPQA MMLU MMLU-PRO LCB

Mbpase +SFTspg +RL - 37.92 72.05 83.83 12.29 16.04 28.16  41.10 36.69 13.16
Mimg + SFTsug +RL 56.66 87.13 93.07 4521 33.96 3169 7291 56.91 3243

Table 7.3: Average accuracies of RL models pretrained and fine-tuned with varying Dyes.
Introducing reasoning data early provides significant reasoning boost after post-training.

Pretraining Strategy Dictates Final Accuracy on Expert-Level Tasks. The final RL phase
reveals the definitive impact of our pretraining interventions, particularly on expert-level
reasoning benchmarks. We select My g + SFTspg and Mp,ge + SFTshq finetuned using
Dspq as our two extreme pretraining backbones. As shown in Table 7.3, the accuracy
gap between the two models continues to diverge, with the fully-aligned Mg models
achieving a 18.57% lead over the Mjy,,sc model on average. The most striking results
appear on the highly challenging AIME competition math problems, where the reasoning-
pretrained models deliver a 39.32% improvement over the baseline. This provides conclusive
evidence that early investment in reasoning data yields compounding returns, becoming
the decisive factor in achieving frontier accuracies on the most demanding tasks.

7.4 Ablations

Does the scale and diversity of the reasoning data matter in Pretraining? As detailed in
Table 7.1, plainly increasing size and diversity of Dyes in pretraining has significant improve-
ment on the base model. The model pretrained on large, diverse data (Mypg) achieves an
absolute +9.09% average gain over the model trained on the smaller, less diverse corpus
(Msng), with the largest gains observed in math, science, and code—domains that explicitly
demand structured reasoning. GPRpr AVG shows limited sensitivity to diversity due to the
nature of tasks that require commonsense and general knowledge. In contrast, scaling Dy pg
with Dgyq (high-quality but less diverse) as in Myyq provides minimal further benefit
on the reasoning tasks—underscoring that broad exposure to diverse reasoning patterns
during pretraining is impactful for building a strong foundation.

The Pretraining Advantage Persists and Resists “Catch-Up” Attempts via SFT. A central
question is whether a model without a reasoning-rich pretraining (Mp,se) can compensate
for this deficit by undergoing a more intensive SFT phase. We test this “catch-up" hypothesis
by fine-tuning My, with two times more epochs using the same SFT data (Dspq). The
results in Table 7.4 prove this hypothesis false. While doubling the SFT epochs improves the
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Model Average MATHgrr AVG SCIENCEgrr AVG  CODEgrr AVG  INSgpr AVG

Miyase + SFTspg 29.92 42.79 35.83 10.48 30.59
Mupase + SFTso(2xepochs)  34.01 48.05 40.69 14.60 32.70
Mspg + SFTsHo 37.33 50.52 40.00 24.76 34.06
Mipg + SFTsp0 46.70 60.79 50.67 28.57 46.79
Minmo + SFTsho 50.95 64.67 53.74 35.55 49.82

Table 7.4: Impact of diverse pretraining D,.s on SFT phase. Doubling SFT for the baseline
fails to “catch up" to reasoning-pretrained models, while the latent advantage of the mixed-
quality pretraining (M7yq) emerges, making it the top performer.

baseline’s average score by 4.09%, this enhanced baseline still fails to match the performance
of even our weakest reasoning-pretrained model, Mspq + SFTspq (+3.32%). This provides
strong evidence that pretraining instills a foundational reasoning capability that cannot be
fully replicated by simply scaling the SFT phase.

Post-SFT, high-quality data reveals latent value. The downstream consequences of these
pretraining choices become more nuanced after SFT. To isolate and test whether these
effects persist into post-training, we finetune all base models with the same high-quality
SFT recipe (Dspq)- Results in Table 7.4 confirm that models pretrained on diverse corpora
continue to substantially outperform less diverse counterparts even after SFT, confirming
that a diverse pretraining foundation enhances a model’s capacity to benefit from SFT.
More surprisingly, while the immediate gains of scaling with high-quality but narrow
data (Mmq) were muted at the pretraining stage, SFT reveals a latent advantage: Mjmq
achieves an additional +4.25% gain over M| pq post-SFT. This reveals a critical finding that
high-quality but less diverse data may act as a complementary amplifier, whose benefits emerge
after alignment—underlining the latent impact of quality of data during the pretraining.

Model Average MATHgrr AVG  SCIENCEgrr AVG  CODEgpr AVG  INSgrT AVG
Mbpase + SFTsHg 29.92 42.79 35.83 10.48 30.59
Mies + SFTimq 31.21 30.91 27.73 9.79 56.41
Mies + SFT1pg 31.54 32.28 28.43 10.85 54.61
Mies + SFTshq 44.99 58.66 48.14 29.63 43.56

Table 7.5: Impact of diverse SFT D;es on SFT phase. Fine-tuning on the small, high-quality
corpus (Dspg) is highly effective, while using large, diverse corpora (Dypg) degrades
reasoning.

SFT is dominated by data quality, not diversity. We finetune all reasoning-pretrained
models (Mes) on each of our distinct reasoning datasets, and report the averaged results in
Table 7.5. The findings reveal a striking contrast: while diversity is beneficial in pretraining,
blindly scaling diverse reasoning data during SFT degrades performance. Models trained
with Dy pg or Dyyvg during SFT underperform relative to those finetuned on the smaller,
high-quality, long-CoT dataset, Dspq, despite having been exposed to reasoning data during
pretraining. In fact, the use of large-scale, mixed-quality data at the SFT stage not only
erodes the benefits of reasoning-rich pretraining but can even lead to worse outcomes than
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Model Dy, : Dres Overall MATHpr AVG  SCIENCEpr AVG  CODEpr AVG  GPRpT AVG

Mimao 80 /20 64.07 72.37 54.49 52.60 76.83
90 /10 63.97 75.24 53.21 50.19 77.23
60 / 40 67.28 79.63 55.73 56.47 77.31

Table 7.6: Effect of varying reasoning data ratio during pretraining. Increasing the reason-
ing proportion improves reasoning-focused benchmarks while preserving general-domain
performance.

the baseline My, finetuned with Dgpig in math, code, and science tasks which benefit
from reasoning. This result confirms the widely held view that data quality and long
reasoning data is critical for effective SFT (Zhou et al., 2023; Zhao et al., 2024; Prabhakar
et al.,, 2025). Our findings, however, extend this understanding by showing that simply
applying high-quality data at every stage is not optimal. Instead, the most effective strategy
is asymmetric: pretraining benefits most from broad and diverse reasoning data to establish
generalizable priors, whereas SFT requires high-quality, reasoning-heavy data for targeted
refinement.

Reasoning Ratio Sensitivity and Its Interaction with Alignment. As outlined in Section
7.2.3, the ratio between reasoning data and general pretraining data is fixed at 20% on 400B
tokens in our main experiments to ensure fair comparison across Dspq, Prpg, and Dimq.
While this provides a controlled setting, the optimal ratio is inherently empirical and may
vary across domains and datasets. To study the sensitivity of this hyperparameter, we
conduct additional experiments by varying the reasoning proportion using Dres = DimQ-

As detailed in Table 7.6, increasing the reasoning ratio from 20% to 40% improves overall
pretraining accuracy and substantially boosts math, science, and code benchmarks. Reduc-
ing it to 10% produces a mild drop in overall performance. These results indicate that the
reasoning signal scales positively with its proportion during pretraining.

Model Overall MATHgrr AVG SCIENCEgrr AVG  CODEgpr AVG  INSspT AVG
Mimq + SFTshg 50.95 64.67 53.74 35.55 49.82
Mimq + SFTspq [60/40] 52.63 67.71 54.19 43.81 44.81

Table 7.7: Effect of pretraining reasoning ratio on downstream SFT performance. Higher
reasoning proportion improves reasoning benchmarks but slightly reduces instruction-
following metrics.

We further examine how these ratios affect downstream performance after SFT. Using Dspq
for fine-tuning under the same SFT recipe, we compare the 80/20 and 60/40 pretrained
models in Table 7.7. The 60/40 model continues to improve reasoning benchmarks after SFT,
particularly in math and code, but shows a decline in instruction-following performance.
This aligns with the breadth—alignment trade-off discussed in Table 13.9. Increasing reason-
ing proportion strengthens structured reasoning capabilities, while general pretraining data
contributes broader stylistic and formatting exposure that supports instruction-following
flexibility. In summary, these experiments indicate that the reasoning ratio is a meaningful
control knob. Higher proportions consistently strengthen reasoning performance both
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Model Average MATHsrT AVG  SCIENCEgrr AVG  CODEgrT AVG  INSsrT AVG

Mipq + SFTipg 32.84 28.38 35.22 10.16 57.61
Mipg + SFT2410Q 32.99 23.46 39.65 11.75 57.10
Mipq + SFTALF 42.66 60.95 47.29 22.54 39.87
Mipg + SFT ALF 43.04 61.61 45.78 22.53 42.23

Table 7.8: Impact of scaling reasoning data in SFT phase. Naively doubling mixed-quality
data is detrimental to math reasoning, whereas targeted scaling of high-quality data yields
consistent gains.

before and after SFT, but may modestly reduce alignment-sensitive metrics. The optimal
balance may therefore depend on the target deployment domain, and systematic exploration
across datasets remains an important direction for future work.

How should we expand reasoning data during SFT? We next ablate the effect of scaling
reasoning data during the SFT phase by contrasting two strategies: (i) scaling with data
of similar quality and diversity, and (ii) scaling with data of higher quality and reasoning depth.
As shown in Table 7.8, simply doubling the amount of diverse but mixed-quality data
yields negligible improvement in average accuracy with a 4.92% drop in math accuracy—
suggesting that increasing the volume of noisy or shallow reasoning data may dilute the
useful signal and actively harm reasoning-specific domains. The small gains in science
and code do not offset this regression, highlighting the limits of quantity-driven scaling in
SFT. In contrast, when scaling Dy r with high-quality Dspq (D;‘LF), the average accuracy
improves further, with math and instruction-following tasks benefiting most. Importantly,
this qualitative expansion is achieved with only a marginal increase in dataset size (0.4%
more samples). These contrasting outcomes provide clear evidence that SFT is a phase of
targeted refinement, not broad data absorption; the most effective scaling strategy is to
strategically enhance the training corpus with high-quality, reasoning-intensive examples.

7.5 Related Work

Reasoning in Pretraining and Midtraining. Cheng et al. (2024) study instruction pretraining
by converting raw text into short QA pairs and report gains on general-purpose reasoning
tasks that require minimal reasoning. While effective for broad linguistic alignment, their
setup does not explicitly target reasoning-intensive domains such as mathematics, graduate
level science, or code. Moreover, their pipeline of self-distilled instruction generation
demonstrates that Instruct-PT outperforms vanilla PT after instruction tuning, but it does
not assess whether these marginal pretraining gains persist once models undergo reasoning-
heavy SFT and reinforcement learning. In contrast, our work systematically varies the
complexity, quantity, and diversity of reasoning-style SFT data—containing intermediate
thoughts and answers—across both pretraining and SFT, allowing us to probe whether early
exposure yields durable downstream advantages.

More recent efforts have begun to explore the interplay between pretraining and instruction
tuning. Liang et al. (2025) augment the instruction-tuning pool to better align with the
distribution of pretraining data, reinforcing consistency between the two stages. While
complementary in spirit, their method is applied only during SFT and does not address
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whether reasoning-specific supervision at the pretraining stage provides sustained benefits.
Similarly, Wang et al. (2025); Al et al. (2025b) introduce a mid-training phase, continuing
pretraining on a small but high-quality reasoning dataset before SFT and RLVR. They report
substantial downstream gains, particularly in mathematics benchmarks, highlighting the
promise of mid-training interventions. However, because their corpus is heavily math-
centric, it is difficult to disentangle whether the improvements stem from scale, complexity,
or domain diversity, and the generalizability to science or code remains unclear.

A complementary direction is pursued by Gandhi et al. (2025b), who inject algorithmically
generated “cognitive behavioral” reasoning traces during mid-training, demonstrating im-
provements after reinforcement learning. This underscores the potential of early reasoning
supervision but remains limited in scope: the interventions are restricted to small datasets
and narrow tasks, leaving open questions about scalability, diversity, and phase-specific
allocation of reasoning data. Our work builds on these insights by conducting the first
systematic, large-scale analysis of reasoning data across both pretraining and SFT, providing
a principled framework for understanding when and how reasoning supervision should be
applied.

How next-token prediction can support reasoning? Recent studies indicate that large
language models acquire non-trivial reasoning skills during the pretraining phase itself,
even before any reinforcement learning (RL) or supervised fine-tuning (SFT) is applied (Al
et al., 2025b). This finding challenges the common assumption that complex reasoning (e.g.
multi-step problem solving with self-correction) only arises from post-training alignment or
fine-tuning. Instead, evidence shows that standard next-token pretraining on vast data can
already instill mechanisms analogous to those seen in RL- or SFT-tuned models. A natural
question is how a simple objective—predicting the next token—can give rise to reasoning.
Several lines of work provide concrete evidence.

Autoregressive next-token prediction is equivalent to modeling the full sequence distri-
bution via the chain rule of probability: P(xo,...,xr) = [T; P(x¢ | x<t). Minimizing
cross-entropy over this factorization therefore trains the model to approximate the true
conditional P(x; | x<¢) at each step. Whenever the data distribution contains long-range
dependencies (e.g., conclusions that depend on earlier premises, or answers that depend
on multi-step derivations), the Bayes-optimal predictor must capture those dependencies
to minimize loss. In other words, if the training corpus includes text that reflects logical or
causal structure, the next-token objective necessarily rewards parameters that encode that
structure; there is no statistical shortcut that avoids it. This does not guarantee that finite
models learn it, but it shows that the objective is not inherently hostile to reasoning—rather,
it is aligned with modeling any conditional dependency present in the data.

Butkus & Kriegeskorte (2025) provide direct empirical evidence that GPT-style transformers
trained only on next-token prediction can discover structural causal models (SCMs) and
answer counterfactual queries. In controlled settings, the network generalizes to coun-
terfactual questions about SCMs where it has seen only interventional data, suggesting it
composes discovered causal structure with a learned counterfactual inference algorithm.
The implicit “mental” SCM can be decoded from the model’s residual stream and manipu-
lated with predictable effects on outputs. This challenges the claim that statistical prediction
cannot support causal reasoning: the data (e.g., natural language describing interventions
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and causes) carries the necessary information, and next-token prediction is sufficient to
drive the emergence of internal causal models.

Wang et al. (2024a) show that transformers can learn implicit reasoning (e.g., composition
and comparison over parametric knowledge) exclusively through next-token prediction, but
only after grokking—extended training far beyond the point of overfitting. During grokking,
generalizing circuits form and gradually become more efficient than memorizing circuits;
the formation of these circuits mirrors the development of specialized attention patterns
(e.g., induction heads) that support in-context learning. For challenging reasoning tasks
with large search spaces, fully grokked transformers achieve near-perfect accuracy using
parametric memory, outperforming retrieval-augmented frontier models. This provides an
algorithmic explanation: next-token prediction does not explicitly reward “reasoning,” but
minimizing loss over reasoning-heavy data eventually favors parameters that implement
efficient, generalizing algorithms over brittle memorization.

Riechers et al. (2025) argue that in-context learning (ICL) arises as a mathematically pre-
dictable consequence of next-token pretraining rather than an exotic emergent quirk. Their
information-theoretic framework shows that models trained on token sequences, espe-
cially from non-ergodic sources, necessarily adapt to context in a way that reduces in-
distribution loss—i.e., they exhibit ICL dynamics. Experiments reproduce phase transitions
(e.g., induction-head formation) and power-law scaling. Since in-context adaptation is a
form of using the prompt to “reason” about the task, this provides a theoretical link: next-
token pretraining implies context-dependent prediction, which in turn supports reasoning-
like behavior at inference time.

In sum, simple next-token prediction can support reasoning because (i) the chain rule and
cross-entropy minimization align the objective with any conditional structure in the data,
including logical and causal dependencies; (ii) empirical work shows that NTP-trained
models can learn causal structure and counterfactual inference (Butkus & Kriegeskorte,
2025); (iii) grokking yields generalizing circuits that implement implicit reasoning (Wang
et al., 2024a); and (iv) next-token pretraining provably implies in-context learning, which
underpins reasoning from context (Riechers et al., 2025). These results do not imply that
NTP is sufficient for all forms of reasoning at scale, but they provide logical, statistical, and
algorithmic evidence that it is a viable foundation.

7.6 Discussion: Mechanistic signatures of front-loading reasoning data

To understand why front-loading reasoning data improves downstream reasoning behavior,
we compare the internal representations of FLR and Base on the same short reasoning
prompts. Rather than treating the gains of FLR as a purely empirical phenomenon, these
analyses help reveal where in the network the two models begin to differ, and what kind
of computation FLR appears to encourage. Concretely, for each layer we measure: (1)
Centered Kernel Alignment (CKA) between FLR and Base hidden states, where higher
values indicate more similar representations; (2) the mean L2 difference between hidden
states, which quantifies how far activations move; (3) logit similarity across generation
positions; and (4) token-level prediction entropy, which indicates how uncertain the model
is while generating reasoning traces.
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Figure 7.2: Layerwise comparison between FLR and Base. Top: CKA similarity per layer.
Middle: mean hidden-state L2 difference. Bottom: hidden-state variance ratio.

The most important pattern is that FLR does not differ from Base uniformly across the
network. As shown in Figure 7.2, the earliest layers remain relatively similar, suggesting
that both models retain a common substrate for lexical and syntactic processing. The
strongest divergence emerges in a concentrated band of early-to-middle layers, where CKA
drops sharply and hidden-state variance increases substantially. This implies that reasoning-
heavy pretraining does not simply perturb the network globally; instead, it selectively
rewrites the part of the model that transforms surface token sequences into structured
intermediate states. A useful interpretation is that FLR changes the stage at which the model
begins to organize a problem into latent substeps, constraints, and partial solutions. Thus,
the benefit of FLR is not merely that it exposes the model to more reasoning traces, but that
it teaches the model to enter a reasoning-oriented mode of computation much earlier in the
forward pass.
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CKA per head (FLR vs Base) — divergence localization
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Figure 7.3: Attention-head level CKA between FLR and Base across layers. Lower similarity
indicates stronger head-level divergence.

CKA per head: mean across heads per layer
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Figure 7.4: Summary statistics of attention-head divergence between FLR and Base. Top:
mean CKA across heads per layer. Bottom: spread across heads, where higher spread
indicates that divergence is concentrated in a subset of heads.

The variance and norm analysis further supports this view. In the same layers where FLR
diverges most strongly from Base, the hidden-state variance ratio spikes dramatically (Fig-
ure 7.2), while the layerwise norm and variance trajectories in Figure 7.5 remain broadly
stable rather than pathological. This suggests that FLR expands the representational space
available to the model without destabilizing the overall computation. In effect, the model ap-
pears to learn a richer set of latent directions that can separate different reasoning states from
one another. A base pretrained model can still produce step-by-step text when prompted,
but its hidden states seem less specialized for carrying intermediate reasoning variables.
FLR, by contrast, appears to allocate more capacity to the internal bookkeeping required for
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Figure 7.5: Hidden-state norm and variance per layer for FLR and Base.

multi-step inference. This is precisely the kind of inductive bias one would expect to help
mathematical, logical, and procedural reasoning tasks.

The head-level results reveal that this change is also selective at the circuit level. As seen in
Figure 7.3 and Figure 7.4, divergence is not evenly distributed across all attention heads.
Some heads remain close to Base, while others change substantially, especially in the early
and middle layers. This pattern suggests functional specialization rather than wholesale
disruption. FLR does not need to rewrite the entire network to improve reasoning; it only
needs to modify the heads that support operations such as long-range dependency tracking,
decomposition into subproblems, and maintenance of intermediate state. This selective
reconfiguration is a plausible explanation for why front-loading reasoning can improve
reasoning performance without sacrificing the broad language competence inherited from
general web-scale pretraining. The general linguistic machinery remains largely intact,
while a subset of heads becomes more dedicated to reasoning-relevant computation.

These internal changes also translate into meaningful differences in the output distribution.
As shown in Figure 7.6, the two models become progressively less aligned in their logits
as generation proceeds: logit correlation decreases, while KL and Jensen-Shannon diver-
gences remain nontrivial across positions. This indicates that the representational changes
introduced by FLR are behaviorally consequential. The models may begin from similar
prompt-conditioned states, but once a multi-step solution unfolds, FLR increasingly favors
different continuations than Base. This is exactly the regime where reasoning quality matters
most. Strong reasoning performance depends on maintaining a coherent trajectory over
many tokens, not simply predicting the first response token correctly. The logit divergence
therefore suggests that FLR is not only learning a different internal representation, but
also using that representation to sustain a different generation policy over the course of a
reasoning trace.
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Logit similarity: KL divergence by position (lower = more similar outputs)
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Figure 7.6: Output-space comparison between FLR and Base across generation positions.
Top: KL divergence. Middle: Jensen-Shannon divergence. Bottom: logit correlation.

The entropy analysis provides an additional clue about how FLR helps. In Figure 7.7, FLR
is often slightly lower-entropy than Base, especially earlier in generation, while the gap
narrows later. This pattern is more informative than a simple claim that FLR is “more
confident.” Instead, it suggests that FLR helps the model commit earlier to a structured
reasoning path. A broad-domain pretrained model often treats a reasoning prompt as one
continuation style among many plausible textual modes. In contrast, FLR has repeatedly
seen chain-of-thought and step-by-step solutions during pretraining, so it can enter that
mode more decisively. Once the reasoning trajectory has been established, the entropy
of the two models becomes more similar. This indicates that the main gain of FLR is not
blanket confidence, but better initialization and stabilization of the reasoning process. That
is especially valuable because many reasoning failures begin with an unstable or poorly
chosen early decomposition, after which the rest of the sequence simply follows the wrong
path.

Overall, these results suggest that front-loading reasoning data improves reasoning by
reshaping the model’s internal computation before post-training begins. FLR appears to
build internal circuits that treat reasoning as a native computational regime rather than a
superficial response format learned only during later instruction tuning. The largest changes
occur not at the input or output ends alone, but in the early-to-middle computational layers
where the model likely forms intermediate abstractions and routing patterns. This provides
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Figure 7.7: Token-level prediction entropy by generation position for FLR and Base, and
their difference. Negative values indicate that FLR is more confident.

a mechanistic explanation for why FLR can yield stronger downstream reasoning: post-
training is no longer trying to induce reasoning behavior on top of a purely general-purpose
language model, but is instead refining a backbone that already contains the latent structure
needed for decomposition, state tracking, and multi-step inference.

7.7 Summary

Our study provides the first systematic investigation of how reasoning data, varying in
scale, diversity, and quality, influences LLMs across the entire training pipeline. We show
that reasoning must be introduced early: front-loading into pretraining creates durable
foundations that post-training alone cannot recover. Crucially, we uncover an asymmet-
ric allocation principle—diversity drives pretraining effectiveness, while quality governs
SFT—providing a clear, actionable blueprint for data strategy. Further, we demonstrate
that high-quality pretraining data can yield latent benefits activated only during SFT, and
that naive SFT scaling with noisy data can be actively harmful. Collectively, these find-
ings challenge the conventional division between pretraining and reasoning, positioning
reasoning-aware pretraining as a critical ingredient in building more capable, generalizable,
and compute-efficient language models.
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Part 111

Redesign the Learning Pipeline to
Enable Reasoning Emergence
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Chapter 8

Bridging Gap between Pretraining
and Post-training

Recent advances in large-scale models have shown that scaling data, parameters, and
compute can produce systems with strong pattern recognition abilities. However, many
models still struggle with structured reasoning unless they undergo extensive post-training
procedures such as supervised fine-tuning or reinforcement learning with curated feedback.
These approaches are often applied after pretraining, treating reasoning as a capability
that is added later rather than developed during the core learning phase. As a result,
improvements obtained during post-training can be fragile and may not generalize well
beyond the specific tasks or distributions used for alignment.

This observation raises an important question: can the training pipeline itself be designed
to encourage reasoning earlier in the learning process? If models begin to acquire reasoning-
friendly representations during pretraining, later stages of adaptation may build upon a
stronger foundation rather than attempting to retrofit reasoning onto representations that
were optimized primarily for surface-level prediction. Achieving this requires rethinking
how models learn from raw data and what types of signals guide representation learning at
scale.

One direction toward this goal lies in reconsidering how self-supervised objectives expose
information to the model. Many modern pretraining frameworks rely on reconstructing
partially hidden inputs to learn contextual representations. While effective, these objectives
often hide portions of the data at random, implicitly assuming that all parts of the input con-
tribute equally to learning. In practice, however, meaningful understanding often depends
on identifying the elements that distinguish one concept, event, or relation from another.
Designing training signals that emphasize such informative differences can encourage
models to capture the semantic structure required for complex reasoning tasks.

A complementary challenge concerns how models generate predictions during training.
Standard next-token prediction encourages models to directly map context to the next
output token, leaving little incentive for forming intermediate reasoning steps that might
improve those predictions. Human comprehension, in contrast, frequently involves internal
deliberation before producing an answer. Incorporating mechanisms that reward useful
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intermediate reasoning during pretraining may therefore help models organize knowledge
in ways that support long-range inference and better integration of contextual information.

This chapter explores how modifying early training objectives along these two dimensions
can help shape the emergence of reasoning abilities. By guiding models to focus on in-
formative signals during representation learning and by encouraging internal reasoning
processes during prediction, the training pipeline can provide stronger foundations for
downstream capabilities. Rather than relying solely on post-training to induce reasoning,
these approaches aim to influence learning from the outset so that reasoning emerges as a
natural consequence of pretraining.

8.1 Problem Statements

8.1.1 Difference Masking in Pretraining

Large pretrained models are typically trained on broad, heterogeneous corpora that span
many domains and topics. While this diversity enables strong general-purpose representa-
tions, it also introduces a gap when adapting models to specialized domains. A common
strategy to address this challenge is continued pretraining, where a pretrained model is further
trained on unlabeled data drawn from a target domain before downstream task fine-tuning
(Gururangan et al., 2020; Dery et al., 2023). In most cases, this adaptation uses the same
self-supervised objective employed during initial pretraining, such as masked prediction,
where portions of the input are hidden and the model learns to reconstruct them from
context.

Despite its effectiveness, this approach typically assumes that the choice of which tokens
to mask is inconsequential, and masking locations are often selected randomly. However,
when adapting to a new domain, not all parts of the input carry equal importance for
representation learning. A pretrained model already captures broad linguistic patterns from
its original training distribution, but may lack strong representations for concepts that are
distinctive to the new domain. Random masking therefore risks allocating learning capacity
to reconstruct elements that the model already understands well, while providing limited
pressure to learn the features that truly distinguish the target domain.

Formally, we consider a pretrained model that has been trained on data drawn from a
pretraining distribution Xpr. The objective is to adapt this model to a target domain distri-
bution Xt using only unlabeled data, without observing task labels Y. The central challenge
is determining how the self-supervised objective used during continued pretraining should
be structured so that the model acquires representations that capture the semantic character-
istics unique to the target domain. Rather than treating all tokens as equally informative, the
key problem is identifying which elements of the input best reflect the difference between
the target domain and the original pretraining distribution.

This perspective motivates the study of difference-aware masking strategies, where the learning
signal during continued pretraining emphasizes the components of the input that most
strongly distinguish the target domain. By focusing reconstruction on domain-specific or
task-relevant content, the training objective can encourage the model to refine representa-
tions that are most critical for downstream reasoning and understanding in that domain.

93



8.1.2 Reinforcement as Pretraining Objective

The development of LLM has largely relied on scaling along training-time compute (Kaplan
et al., 2020; Hoffmann et al., 2022a) and test-time compute (Zhang et al., 2025a). While
training-time scaling increases parameters and data through next-token prediction, and
test-time scaling (OpenAl, 2024a) enhances reasoning via extended inference, recent works
highlight that pretrained models often struggle to realize further gains after post-training
(Gandhi et al., 2025a; Wang et al., 2025). The effectiveness of reinforcement learning (RL) on
top of supervised fine-tuning (SFT) remains inconclusive: some studies suggest that SFT
reduces entropy and hinders RL (Chu et al., 2025; Chen et al., 2025a), while others report
improvements from RL applied to heavily SFT’ed models (Liu et al., 2025c). These mixed
findings underscore the difficulty of disentangling the relationship between pretraining,
SFT, and RL, especially given the lack of transparency around pretraining corpora.

From a broader perspective, this pipeline differs from how learning typically occurs in
natural systems. Humans rarely learn by being shown the correct answers for every
action. Instead, learning emerges through trial and error: individuals act, observe the
consequences, and gradually adjust their behavior. In LLMs, however, this form of learning
from experience—what we formalize as RL—appears only at the final stage of development,
long after pretraining has shaped the model’s representations. This raises a natural question:
if RL can refine reasoning at the end of the pipeline, could introducing experience-based
signals earlier help models develop reasoning-friendly representations during pretraining?

Since “learning from experience” is a very broad idea, to keep it within scope, the thesis
focuses on a narrower question: can introducing experience-based learning earlier in the pipeline
improve the emergence of reasoning compared to standard pretraining and post-training RL? To
keep this investigation tractable, the initial experiments deliberately focus on controlled
settings. We first examine whether replacing standard next-token prediction with a next-
token reasoning objective leads to improved reasoning ability during pretraining. If true,
we then aim to study whether the gain in early pretraining is sustained after heavy SFT and
RLVR. This will consolidate the hypothesis that early experience-based learning unlocks
true reasoning potential that is sustained throughout the LLM development cycle.

Base models already exhibit nontrivial reasoning abilities, yet current practice largely
postpones the refinement of these skills until alignment stages. Building on recent work in
self-reflection and cognitive scaffolding (Al et al., 2025b; Gandhi et al., 2025a), we investigate
reasoning incentive pretraining—an approach where models are periodically guided to reflect,
self-correct, or rank intermediate reasoning steps during pretraining itself. Rather than
replacing next-token prediction, this approach interleaves experience-driven signals with
standard language modeling to encourage reasoning to emerge as part of representation
learning. Dong et al. (2025) takes a step in this direction by reframing next-token prediction
as a reasoning task optimized with RL. However, their method required a heavily instruction-
tuned model to function under simple rule-based rewards, leaving open the fundamental
question of whether reasoning-based pretraining is feasible earlier in development, before
instruction-following ability has been established. Addressing this gap, our proposed work
aims to explore how pretraining and post-training can be unified into a single reasoning-
centric paradigm that strengthens intrinsic reasoning skills and yields more generalizable
cognitive scaffolds.
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Chapter 9

DIFFERENCE-MASKING: Choosing
What to Mask in Continued
Pretraining

The self-supervised objective of masking-and-predicting has led to promising performance
gains on a variety of downstream tasks. However, while most approaches randomly
mask tokens, there is strong intuition that deciding what to mask can substantially improve
learning outcomes. We investigate this in continued pretraining setting in which pretrained
models continue to pretrain on domain-specific data before performing some downstream
task. We introduce DIFFERENCE-MASKING, a masking strategy that automatically chooses
what to mask during continued pretraining by considering what makes a task domain
different from the pretraining domain. Empirically, we find that DIFFERENCE-MASKING
outperforms baselines on continued pretraining settings across four diverse language-only
and multimodal video tasks.

9.1 Task Overview

Inspired by the distributional hypothesis in the language domain (Harris, 1954), masking
is a self-supervised learning (SSL) objective in which a model attempts to reconstruct
hidden portions of data from the surrounding context. Masking has enabled breakthrough
performance on tasks from a variety of domains, such as language, vision, and speech
(Devlin et al., 2019a; Li et al., 2021; Hsu et al., 2021; Ericsson et al., 2022), motivating interest
in researching how masking strategies influence representation learning in SSL. Masked
prediction has recently been applied to adapt pretrained models to specific downstream
tasks by continuing to pretrain models on in-domain unlabelled data Dery et al. (2023).
Masking in this continued pretraining setting been shown to be particularly effective when
the target domain differs substantially from the pretraining domain (Gururangan et al,,
2020).

While prior work has studied how the amount masked influences model learning (He
et al., 2022), most masking approaches randomly choose which parts of the data to mask.
Although it is understudied in SSL, deciding what to mask is a critical component in human
education (Pajares & Miller, 1997; Bjork & Linn, 2006). Educators designing “fill-in-the-
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the task domain different from the pretraining domain, enhancing model learning on the
end task.

Difference-Masking for Continued Pretraining

Language . . Choose whether to mask w based - Language
] ] - on similarity with anchors : . )
Density describes the - - 1| Density describes the
relationship between the mass |- - X X . . - .| relationship between the mass
and volume of a substance. T " "‘a“}“?d’:f";;":it;a"i';;"“h . and [volume of a substance.

. Which words w should be masked? - X X, = task-specific unlabeled

Lo oT in-domain data for task T :
Multimodal Video » X = anchors in X, » Multimodal Video

%,er A
N
w
. Should word w be

x masked or not?

Which object bounding boxes w
should be masked?

Figure 9.2: DIFFERENCE-MASKING: an approach to choosing what to mask during continued
pretraining that prioritizes masking concepts that make the target domain different from
the pretraining domain. DIFFERENCE-MASKING does this by first selecting anchor topics
relating to the downstream task, and then by masking words or bounding boxes based on
their similarity to those anchor topics.

blank” assessments for students must decide what content to mask in order to effectively
assess student understanding of a domain (Bae & Lee, 2018). For example, in a real-world
“fill-in-the-blank” chemistry test, a teacher might choose to mask domain-specific words
(“density”, “silicon”) to assess student learning, instead of masking domain-irrelevant

/s

words (“example”, “process”).

In this chapter, we propose DIFFERENCE-MASKING, a novel approach for automatically
selecting what to mask during continued pretraining. Our strategy first identifies anchors
that describe what makes a target domain different from the pretraining domain and then
determines what to mask during continued pretraining based on similarity to those anchors.

In experiments spanning four diverse language-only and multimodal video datasets (ACL-
ARC, ChemProt, TVQA, and Social-1Q), we find that DIFFERENCE-MASKING outperforms
strong baselines, supporting our hypothesis that masking based on what is different about a
task provides strong representation for continued pretraining. We provide intuitions to
explain the strong performance of DIFFERENCE-MASKING, along with extensive analyses
and ablations to better understand the performance of our method. Our code is publicly
available.
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9.2 Methodology

This section describes the motivation and implementation of DIFFERENCE-MASKING: our
self-supervised method to determine a masking strategy for continued pretraining. The
overall process is depicted visually in Figure 9.2.

9.2.1 Problem Setting

We are given a model which has been pretrained on multi-domain data drawn from domain
distribution Xpr (e.g., a model such as RoBERTa pretrained on a large multi-domain corpus).
We are interested in how to adapt this pretrained model to a specific target domain Xt
without observing task labels Y.

Continuing pretraining on Xt has emerged as a popular solution approach to this prob-
lem (Gururangan et al., 2020; Dery et al., 2023).

9.2.2 Motivation and Notation

If the masking objective is used to train models to learn word representations (Harris, 1954;
Devlin et al., 2019a), a natural question emerges: which words is it most important that our
models learn to represent? We believe that this question may be important to effectively
continue pretraining on specialized domains. We expect that continued pretraining can
benefit from a masking strategy that considers what makes a task-domain different.

This leads to the intuition behind DIFFERENCE-MASKING: to train on what makes a target
domain different from the pretraining domain. For example, in a corpus about chemistry we
would expect that the task of masking and predicting words strongly related to chemistry
such as “molecule” will lead to better learning outcomes than words such as “analysis”,
which could be related to chemistry in addition to many other domains.

Formally, we term Xtnpr as the concepts likely to appear in both Xt and Xpr (e.g., “analy-
sis”), and we term Xt ,pr as the concepts that make the domain Xt different from Xpr (e.g.,
“molecule”). With this notation, we can now express our intuition in terms of mutual infor-
mation with the downstream task Y: we intuit that concepts common in X7 but uncommon
in Xpr (i.e., in X7 ,pr) share higher mutual information with the task label than concepts
found in both domains (X1np7) do:

I(Xt/pr;Y) > I(X7rpT;Y) 9.1)

The goal of DIFFERENCE-MASKING then is to learn representations during masking that
capture the information unique to the domain (X7,pr) which is more relevant for the
downstream task.

9.2.3 Our Approach: DIFFERENCE-MASKING

To learn masked representations that capture the information unique to the domain (X7 ,pr),
our proposed DIFFERENCE-MASKING approach proceeds in two steps:

1. Finding difference anchors: We first determine which words are most commonly
found in domain Xt and not commonly found in general domains Xpr. We term
these words difference anchors that summarize the concepts unique to Xr.
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2. Masking based on differences: Using these difference anchors, we determine
the likelihood that each word should be masked based on its similarity to these
difference anchors. We sample from this probability distribution to decide what to
mask during MLM continued pretraining.

These steps are explained in detail in the following subsections.

9.2.4 Finding Difference Anchors: TF-ICF

Our goal is to determine a set of corpus-level difference anchors that are representative of
the differences between the pretraining domain Xpr and the task domain Xt. Since our
goal is to design a simple yet effective method for finding these differences, we use of a
modified version of the widely used TF-IDF scoring function from the field of statistical
NLP Jones (1972). TF-IDF determines the ratio of how frequently a word appears in a
document compared to how frequently the word appears in other documents in a corpus.
Because we are attempting to find words that make a target corpus Xt different from general
pretraining corpora Xpr, the score of a word is highest when it appears frequently in our
corpus (X7) and infrequently in the multi-domain pretraining corpus (Xpr). We denote
our approach as TF-ICF for term-frequency, inverse-corpus-frequency, expressed by the
following scoring function:

_ freq(w;, X1)

TF-ICF(w;) = freq(wy, Xp1)

(9.2)
To effectively capture word frequencies in the general distribution of the English Language
used for pretraining (Xpr), we use unigram counts derived from the Google Web Trillion
Word Corpus (Brants & Franz, 2006; Norvig, 2009).

We score all words in Xt with this metric and choose the top K as anchors A to represent
the domain, where K is a hyperparameter of our method. We analyze the impact of this
hyperparameter in Section 9.4.3.

9.2.5 Masking Based on Differences

DIFFERENCE-MASKING then masks words based on similarity to anchors A. Formally, we
define similarity between a word w and an anchor word Ay, as the cosine similarity of the
words” BERT (Devlin et al., 2019a) embeddings.

sim(w, Ay) = cos(BERT(w), BERT(Ay)) (9.3)

In order to choose words to mask, we generate probability distribution « over the words in
the sentence x to represent the probability that each word should be masked. We determine
the weight «; of each word w; by calculating its similarity score with the most similar anchor
word in A (we explore other strategies in our experiments). This value is normalized over
the length of the sequence to ensure the probability distribution sums to 1.

maxye g sim(wj, Ay)

a(w;) = 94)

N N
Loy maxXeek sim(wj, Ag)

DIFFERENCE-MASKING then masks terms by sampling from distribution « without re-
placement, and the model attempts to reconstruct the masked terms from the surrounding
context.
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Multimodal Implemention of DIFFERENCE-MASKING To apply our method to the visual
domain, we draw on work from the vision community in which visual representations are
grouped at the object level (Baradel et al., 2018; Sajjadi et al., 2022) and use object labels (e.g.
person, car...etc) from a state-of-the-art object detector (Wang et al., 2021; Zhang et al., 2016a)
to calculate similarity with the anchor words. A detailed description of our implementation
of DIFFERENCE-MASKING in the multimodal setting can be found in Appendix 14.2.

Language-Only Multimodal
Masking Strategy ACL-ARC ChemProt Social-IQ TVQA
Random Masking (Word) 62.057 71 81.900.51 - -
Random Masking (Token) 63.741.97 82.82423 69.0505,  73.75¢31
MST (Li et al., 2021) 65.61(.13 83.17917 68.37049  81.14¢3p
AttnMask (Kakogeorgiou et al., 2022)  66.301 ¢7 83.530 56 70.18971  81.57p12
DGA (Ke et al., 2023) 67.200.27 70.670.30 - -
Selective Masking (Gu et al., 2020) 69.061 g0 82.94¢ 47 - -
EntityBERT (Lin et al., 2021) 71.09.05 82.04¢ .40 - -
Salient Span (Cole et al., 2023) 71.94( 58 82.41¢ 01 - -
DIFFERENCE-MASKING 74.045 1 83.94 39 71.370 58 81.731.13

Table 9.1: We find that DIFFERENCE-MASKING outperforms strong baselines in both the
language and multimodal experimental settings. We note that our entirely self-supervised
method also outperforms Selective Masking, which uses labelled data to inform its masking
strategy. Values are average results over five trials, subscripts are standard deviations.

9.3 Experimental Settings

Our experiments evaluate whether DIFFERENCE-MASKING’s masking strategy leads to
performance improvements on challenging language-only and multimodal video under-
standing tasks. We follow the experimental setting from (Gururangan et al., 2020), in which
unlabelled data from the downstream task domain is used for continued pretraining before
eventually performing downstream task finetuning. This is a popular SSL setting because
it represents a computationally-feasible way to test the effectiveness of self-supervised
representation learning methods (e.g. without recreating a pretrained model), and it is
realistic to modern approaches which rely heavily on pretrained models (Dery et al., 2023).

Experiments are performed to allow each model to learn as long as needed during continued
pretraining, only stopping when validation error increases (early-stopping). Each result
is averaged across five random seeds. Hyperparameter settings and data preprocessing
details can be found in Appendix 14.1.

9.3.1 Datasets

Language-only Datasets As in Gururangan et al. (2020); Dery et al. (2023), we conduct
experiments with the ChemProt dataset (Kringelum et al., 2016), a relation classification
task that uses chemistry documents. ChemProt is a low-resource classification task with
a large amount of in-domain unlabeled data, making it a realistic setting in which SSL is
helpful in continued pretraining.
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We also conduct experiments with the ACL-ARC task (Jurgens et al., 2018), a citation intent
task based on the ACL Anthology Reference Corpus (Bird et al., 2008) used in continued
pretraining experiments in (Gururangan et al., 2020). We use train, validation, and test
splits for both datasets from (Dery et al., 2023; Gururangan et al., 2020).

Multimodal Datasets We also experiment on continued pretraining for two challenging
multimodal video understanding tasks. TVQA (Lei et al., 2018) is a dataset containing
21,792 videos from 6 American television shows and questions and answers related to the
videos. Each question is paired with 5 answer choices (one correct answer and 4 incorrect
answers), and corresponding video, audio, and subtitles.

Social-IQ (Zadeh et al., 2019) contains 1,250 videos of social situations and questions
and answers pertaining to the videos. Each question has corresponding video, audio, and
subtitles. We use the train, validation, and test splits from the publicly available datasets.

We use performance metrics consistent with prior work (Gururangan et al., 2020; Dery
etal., 2023): F1 score for ACL-ARC and classification accuracy for ChemProt, TVQA, and
Social-IQ.

9.3.2 Baseline Methods

Random Masking Most masking approaches choose tokens or words to mask with a
uniform random probability (Devlin et al., 2019a; Yang et al., 2019). We consider both the
token-level and word-level approaches in our experiments. Formally, the probability «; that
word or token x; in a sequence of length N will be masked in random-masking is

N = N (9.5)
AttnMask (Kakogeorgiou et al., 2022) is a domain-agnostic token-based masking approach
in which the likelihood of masking a given token is proportional to how attended-to that
token is by the [CLS] token, averaged across the different heads of the transformer. Formally,
this approach can be seen as defining a function g4+ which takes in model fy, sequence of
tokens x, and index 7 and outputs how attended-to token x; is.

a; < art(fo, x, 1) (9.6)

MST (Lietal., 2021) is an approach very similar to AttnMask, except that it masks “non-
essential regions”, effectively corresponding to an inverse weighting based on the attention
of the model to the token x;.

w; o Qart(fo, x,1) 7 9.7)

Selective Masking Gu et al. (2020) chooses tokens to mask based on whether adding
each token will improve downstream task accuracy as measured by the difference between
the downstream task performance when using the full sequence x versus using only the
sequence up to and including the token x;. Notably, this approach uses downstream task
labels to guide the choice of mask in continued pretraining, whereas DIFFERENCE-MASKING is
self-supervised.
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DGA Ke et al. (2023) is another relevant work that proposes a masking strategy for NLP
model adaptation. However, unlike the methods described above, DGA chooses which
attention heads to mask instead of choosing which fokens to mask, assigning importance to
attention heads based on the gradient of the loss between the model’s representations of two
differently-masked versions of the same input. Additionally, DGA encourages the model
to learn integrated representations of the target domain and general knowledge using a
contrastive loss.

EntityBERT Lin et al. (2021) masks tokens based on whether they are part of “entities”, as
defined by a domain-specific named-entity-recognition (NER) model. The original paper
uses the PubMedBERT model, trained originally on the clinical domain. We also implement
Salient Span Masking (Guu et al., 2020), which in this case is the same as the EntityBERT
approach applied only to mask a single word in the sentence. To apply the approach to
the ChemProt and ACL-ARC domains requires NER models effective in those domains.
For ChemProt we used the BioBERT model Lee et al. (2019) fine-tuned in NER task with
BC5CDR-chemicals Li et al. (2016) and the BC4CHEMD Krallinger et al. (2015) corpus and
for ACL-ARC we used the popular SciBERT model (Beltagy et al., 2019).

9.3.3 Experimental Methodology

Language-only We reproduce the experimental setting from AANG (Dery et al., 2023),
which employs a pretrained 110M RoBERTa,,;, model with two heads: one for continued
pretraining and one for the downstream task. Our hyperparameters and other detailed
configuration notes are described in Appendix 14.1.

Multimodal We conduct our multimodal experiments using a strong pretrained model:
MERLOT-Reserve (Zellers et al., 2022), a large multimodal transformer pretrained with a
contrastive multimodal prediction objective on a dataset of 20 million Youtube videos.

To experiment with masking strategies in the multimodal setting, we continually pretrain a
200M MERLOT-Reservey,,se model by masking-and-predicting visual patches. We evaluate
the learned representation quality by freezing the model and finetuning only the linear
classifier layer on the downstream task following (Wilf et al., 2023)’s methodology.

A detailed description of our implementation of DIFFERENCE-MASKING in the multimodal
setting can be found in Appendix 14.2, and our hyperparameters can be found in Ap-
pendix 14.1.

9.4 Results and Discussion

9.4.1 Comparison with Baseline Approaches

Our experiments compare our proposed DIFFERENCE-MASKING with established baselines
including Random Masking (at the word and token level), AttnMask (Kakogeorgiou et al.,
2022), MST (Li et al., 2021), Selective Masking (Gu et al., 2020), DGA (Ke et al., 2023),
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Figure 9.3: The most frequently masked words chosen by the DIFFERENCE-MASKING
algorithm across the ChemProt and ACL-ARC tasks. We find that for the ChemProt dataset,

the masks we find automatically through unlabelled data partially recover the end task
labels.

EntityBERT (Lin et al., 2021), and Salient Span Masking (Cole et al., 2023). The results
are summarized in Table 9.1. We find that DIFFERENCE-MASKING shows strong results
compared to baselines across language-only and multimodal video understanding tasks.

Notably, our approach demonstrated superior performance on the ACL-ARC dataset with
an accuracy of 74.04%, a marked improvement over the random token baseline (63.74%)
and a substantial improvement over the best baseline (Salient Span Masking, 71.94%). Our
approach also surpassed Selective Masking (69.06%). This is surprising because Selective
Masking uses downstream task labels to inform its masking strategy whereas DIFFERENCE-
MASKING is self-supervised.

Results on the ChemProt dataset are also encouraging, showing that DIFFERENCE-MASKING
achieves an accuracy of 83.94%, marginally better than all the baselines, including Random
Masking (82.82%), AttnMask (83.53%), and EntityBERT (82.04%). Similarly to Selective
Masking, the EntityBERT and DGA masking strategies were originally tested on much larger
datasets, which may suggest a limitation of these methods in the low-resource continued
pretraining setting.

DIFFERENCE-MASKING also demonstrates robust performance in multimodal settings. On
the Social-IQ dataset, DIFFERENCE-MASKING achieved an accuracy of 71.37%, outperform-
ing the Random Masking (69.05%), AttnMask (70.18%), and MST (68.37%) methods. We
were unable to compare our approach with Selective Masking and EntityBERT on these
datasets due to the language-only design of their entity taggers. In contrast, our method is
not limited to the language domain, and, in fact, performs well in the multimodal setting.
And on the TVQA dataset, DIFFERENCE-MASKING achieved an accuracy of 81.73%, outper-
forming the Random Masking approach substantially (73.75%) and the AttnMask approach
marginally (81.57%).

These results highlight the effectiveness and versatility of the DIFFERENCE-MASKING ap-
proach across various language and multimodal datasets.
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9.4.2 What is masked?

In this section, we investigate what is masked by DIFFERENCE-MASKING and its link to
downstream task performance.

On the ACL-ARC task, we find that the most frequently masked words in the ACL-ARC
task had an interesting grounding in human intuition. The ACL-ARC task is a citation intent
task on a corpus comprising ACL papers. As the subject of ACL papers can vary widely,
comprising multiple sub-domains and research fields, we were curious how DIFFERENCE-
MASKING’s masking strategy would handle this domain.

We found that the most frequently masked words closely-aligned with the ACL paper submission
tracks describing the high-level topic categories for papers. For example, some of the most
frequently masked words were “learning”, “information”, “translation”, “semantic”, and
“lexical”. These words closely correspond to submission tracks “Machine Learning for
NLP”, “Information Extraction”, “Machine Translation”, and “Semantics: Lexical”. Since
submission tracks for ACL can be seen as a set of topics that span the space of ACL papers,
this supports our hypothesis that masked words chosen by DIFFERENCE-MASKING align

with what makes this domain different.

On the ChemProt task we also found an interesting pattern in what was masked. The
objective of the ChemProt task is to determine a type of relation corresponding to a type
of biochemical interaction between entities in the text, where labels include words such as
“activation”, “inhibitor”, and “antagonist”. Interestingly, we find that some of the words
DIFFERENCE-MASKING chooses to mask most often are the same words as the labels for the
downstream task. This result is also visualized in Figure 9.3. Some of the most-masked
words by DIFFERENCE-MASKING are “activity”, followed by “inhibited”, “inhibitor”, and
“antagonist”. This is a fascinating result because it suggests that in masking what makes the
ChemProt domain unique, DIFFERENCE-MASKING is determining a self-supervised objective

that is highly similar to the downstream task without accessing the downstream task labels.

In the multimodal setting we also find an interesting grounding of how DIFFERENCE-
MASKING chooses masks in human intuition. Reasoning about social interactions is believed
by many psychologists to rely heavily on understanding visual body language cues (De Ste-
fani & De Marco, 2019; Keck et al., 2022). Social-IQ is designed to test these kind of social
intelligence capabilities with subtle questions such as “How do the men in the room feel
about each other?” and “Do the people in this video feel comfortable about the clown being
there?”. In contrast, TVQA tests more general video understanding with question and
answer types including those that target visual reasoning about non-human entities and
non-visual reasoning from specifically text or audio modalities.

As such, we would expect that our continued pretraining strategy would choose to prioritize
masking tokens representing human body language more often in Social-IQ than in TVQA.
We found that this was in fact the case. Interestingly, we found that AttnMask baseline
also picked up on a similar trend in its attempt to mask based on where attention already
focuses, although the trend is much more pronounced in our approach.

The findings in Table 9.2 demonstrate that DIFFERENCE-MASKING chooses to mask sub-
stantially fewer visual tokens corresponding to people than to objects in TVQA, (40%) in
comparison to Social-IQ (90%). On the Social-IQ dataset, where the performance differ-

103



Method TVQA Social-1Q

Random 17% 15%
AttnMask 38% 19%
DIFFERENCE-MASKING 40% 90%

Table 9.2: For each method, we analyze what percent of tokens are chosen to be masked
from within bounding boxes over people as opposed to objects.

ence is more pronounced over the closest baseline (1 1.76% over AttnMask), the difference
between the proportion of tokens masked from people by these approaches is also most
pronounced (90% in DIFFERENCE-MASKING vs 19% in AttnMask).

9.4.3 Sensitivity Analysis

Similarity Function As described in Section 10.2, DIFFERENCE-MASKING determines
masking probabilities by comparing the anchor representations to the token representation.
Because the token representation is a single vector and the anchors are a group of vectors,
similarity can be defined multiple ways. Table 9.1 shows results from the “nearest-neighbor”
approach to determining similarity described in Section 9.2.5, motivated by the intuition
that a domain can have many sub-domains and if a token is close to any one of these concepts
it should be prioritized for masking. For example, the ACL-ARC corpus has many sub-
domains, including the over twenty different submission tracks described in Section 9.4.2.
If a paper is about linguistics, it may be important to mask words similar to “language”,
whereas if a paper is heavy on ML theory, another anchor might be more appropriate to
mask in order to best understand the work.

ACL-ARC ChemProt

Centroid 69.02 83.66
Nearest-Neighbor 74.04 83.94

Table 9.3: Ablating DIFFERENCE-MASKING’s anchor-scoring function based on nearest-
neighbor and replacing it with one based on similarity with the anchor embeddings’ cen-
troids leads to performance degradation. This provides evidence for our hypothesis that
the nearest-neighbor scoring function helps make DIFFERENCE-MASKING robust to anchor
selections.

An alternative approach that could be to determine scores by relation to the centroid of the
anchor embeddings: in essence, determining whether the token in question is similar to
the anchors on aggregate. We would expect that this approach would perform similarly to
ours on a narrowly-defined dataset such as ChemProt, but substantially differently on a
multi-domain dataset such as ACL-ARC. We evaluate this alternative in Table 9.3. We find
that the nearest-neighbor strategy does, in fact, outperform the centroid strategy, especially
on the ACL-ARC task. This supports our intuition that the nearest-neighbor strategy is
particularly helpful when there is a complex or peaky domain.
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visualized in Figure 9.4. at the hyperparameter K = 20 anchors.

9.5 Related Work

Masking relies on the distributional hypothesis, which posits that the meaning of a word
can be inferred from its context (Harris, 1954). Masking in NLP has functioned as an
effective SSL strategy when training models such as BERT (Devlin et al., 2019a) and XL-
Net (Yang et al., 2019). Although random masking has been more closely studied in NLP
than non-random masking, there are three closely related works to ours from NLP.

EntityBERT Lin et al. (2021) masks tokens based on whether they are part of “entities”
recognized by a domain-specific pretrained named-entity-recognizer. Salient Span Masking
(SSM) (Guu et al., 2020) is a similar method that uses a named-entity-recognition model
to mask out a single entity for the downstream task of open-domain QA. However, these
approaches require a domain-specific pretrained entity-tagger, and the masking strategy
they determine is the same for any domain to which that tagger is applied. In contrast,
DIFFERENCE-MASKING determines what to mask without pretrained entity-taggers, and its
masking strategy can change depending on the unlabelled data in the task domain.

Selective Masking Gu et al. (2020) uses data from the downstream task to decide which to-
kens to mask during continued pretraining by estimating how much each token contributes
to improved downstream task performance. It is important to note that Selective Mask-
ing uses supervised downstream task labels, whereas DIFFERENCE-MASKING is entirely
self-supervised.

Prior work from the vision community has also contributed to an understanding of masking
strategies, primarily by using the attention of the model during SSL training to determine
what to mask. MST (Li et al., 2021) uses attention maps to determine “non-essential regions”
to mask, while AttnMask (Kakogeorgiou et al., 2022) does the opposite by masking the
most attended-to regions. Unlike DIFFERENCE-MASKING, these approaches do not take
into account domain-specific information when determining their masking strategy. This
can be an impediment to performance when the model’s attentions do not already contain

information about what is important in a given input sequence.
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9.6 Summary

In this paper we introduce DIFFERENCE-MASKING, a method for identifying what makes
a target domain unique and using this information to guide a strategy that chooses what
to mask during SSL continued pretraining. We find that our method outperforms strong
baselines across diverse language and multimodal video understanding tasks. We provide
a detailed discussion of what is masked in DIFFERENCE-MASKING and why our method
performs well on various tasks. The cross-task applicability of DIFFERENCE-MASKING
supports the effectiveness of our framework for SSL pretraining in language, vision, and
other domains.

As described in Section 10.2, DIFFERENCE-MASKING is based on the intuition that it is more
beneficial to mask based on what is unique (X7,pr) about a downstream task’s domain.
However, it is challenging to find what makes a domain unique; therefore, our method
is an approximation of X7 ,pr. We believe future work may find it fruitful to investigate
additional methods for approximating this, including modifications on the TF-ICF method
we proposed. In Section 9.4, we provided intuition, empirical results, and analysis to
understand why our method outperformed attention masking baselines by a larger margin
on Social-IQ than on TVQA. A broader investigation of why DIFFERENCE-MASKING during
pretraining is beneficial by a larger margin to some downstream tasks than to others would
be helpful to the community. We believe that self-supervised learning is a promising
direction for the machine learning community. This does not discount the salient arguments
made about the social and enviromental risks of large models (Bender et al., 2021; Strubell
et al., 2019). We believe that works such as ours, which study SSL in a resource-constrained
context, both increase access to those with limited compute resources and conform to a more
environmentally-sustainable way of doing research.

106



Chapter 10

Reinforcement as Pretraining
Objective

The dominant paradigm for training large reasoning models starts with pre-training using
next-token prediction loss on vast amounts of data. Reinforcement learning, while powerful
in scaling reasoning, is introduced only as the very last phase of post-training, preceded by
supervised fine-tuning. While dominant, is this an optimal way of training? In this paper,
we present RLP, an information-driven reinforcement pretraining objective, that brings
the core spirit of reinforcement learning—exploration—to the last phase of pretraining.
The key idea is to treat chain-of-thought as an exploratory action, with rewards computed
based on the information gain it provides for predicting future tokens. This training objective
essentially encourages the model to think for itself before predicting what comes next, thus
teaching an independent thinking behavior earlier in the pretraining. More concretely, the
reward signal measures the increase in log-likelihood of the next token when conditioning
on both context and a sampled reasoning chain, compared to conditioning on context alone.
This approach yields a verifier-free dense reward signal, allowing for efficient training for
the full document stream during pretraining. Specifically, RLP reframes reinforcement
learning for reasoning as a pretraining objective on ordinary text, bridging the gap between
next-token prediction and the emergence of useful chain-of-thought reasoning.

10.1 Task Overview

Large Language Models (LLMs) pretrained with next-token prediction loss have demon-
strated broad utility, but this objective does not explicitly encourage long-range reasoning or
integration with world knowledge. Consequently, state-of-the-art models (Guo et al., 2025;
Yang et al., 2025a) rely on post-training objectives such as supervised fine-tuning (SFT) and
reinforcement learning with human or verified feedback (RLHF, RLAIF, RLVR) (Ouyang
etal.,, 2022; Lambert et al., 2024) to induce complex reasoning abilities. In contrast, human
comprehension is not a linear token-by-token process, but rather a parallel integration of
input with prior knowledge (Baumgaertner et al., 2002; Hagoort et al., 2004; Metzner et al.,
2015). Current pretraining lacks such mechanisms, limiting the model’s ability to reason
and ground language in world knowledge during learning.
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To fill this gap, we propose Reinforcement Learning Pre-training (RLP) which treats
Chain-of-Thought (CoT) generation as an explicit action taken before predicting each next
token. As shown in Fig.10.1, the model first samples an internal thought, then predicts
the observed token from the same context augmented with that thought. The training
signal is the increase in log-likelihood of the observed token when the thought is present
compared to a no-think baseline. This yields a verifier-free and dense reward that assigns
position-wise credit wherever thinking improves prediction. Because the signal is defined
for ordinary text with teacher forcing, RLP reframes reinforcement learning for reasoning
as reinforcement pretraining on the same streams used for maximum likelihood.

Unlike post-training with verifiable rewards, which requires task-specific checkers or cu-
rated solutions, RLP is verifier-free: the signal is computed directly from log-evidence under
the model and a baseline, allowing uniform application to domain agnostic web-scale text.
Compared to reinforcement pretraining via prefix-matching rewards (RPT) (Dong et al,,
2025), which uses sparse binary reward and often relies on proxy-model filtering of “easy”
tokens, RLP provides a continuous improvement signal at every position and trains on the
full documents. This eliminates the need to preselect high-entropy tokens or couple training
to a separate small model. Prior RPT demonstrations also depend on distilled checkpoints
with strong prior reasoning ability, which clouds whether the method helps base models.
RLP is designed to shape thinking in base models by rewarding only those thoughts that

measurably help next-token prediction.

This work makes the following key contributions: We introduce RLP, a verifier-free
information-gain objective that augments next-token prediction by rewarding thoughts in
proportion to their predictive utility. We develop a practical and stable training algorithm
that interleaves reinforcement updates with standard likelihood training via group-relative
advantages, a clipped surrogate for thought tokens, and a slowly updated Exponential Mov-
ing Average (EMA) baseline. We provide theoretical guarantees linking expected reward to
reductions in cross-entropy and to a computable lower bound, ensuring both interpretability
and tractability. We conduct comprehensive experiments showing that RLP outperforms
strong baselines, remains robust after strong post-training, generalizes across diverse cor-
pora, and scales effectively to larger model sizes and hybrid architectures—establishing it
as a broadly applicable reinforcement pretraining objective.

10.2 Methodology

We introduce RLP, a pretraining-time procedure that explicitly induces reasoning. As illus-
trated in Fig. 10.1, RLP inserts a short Chain-of-Thought (CoT) before next-token prediction
and measures how much that thought improves the model’s log-probability of the observed
token relative to a no-think baseline. This improvement, which is a log-likelihood ratio, is a
verifier-free, dense reward available at every position in ordinary text corpora. By valuing
thoughts in proportion to their predictive benefit, RLP turns reinforcement pretraining into
learning to think on the same data used for standard next-token training.

Parameterization and roles. We separate the components for clarity:
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Figure 10.1: Visualization of the RLP framework. A chain-of-thought is sampled before
next-token prediction. Rewards are computed by contrasting the predictor conditioned
on the CoT with a No-think EMA baseline, yielding a verifier-free, dense signal. We list
the advantages of RLP over the traditional pretraining objective (top right) and show the
impact after end-to-end training (top left).

* Thought policy / predictor 71y (c; | x<¢) and py(x¢ | x<¢, c¢) share exactly the same net-
work and parameters 6. The network first samples a CoT c¢; and then, conditioned
on the concatenated prefix (x4, ct), scores the next token x;.

* No-think baseline fy(x; | x<¢) (parameters ¢) is an EMA teacher of the current
network used to score the same token without any CoT channel.

Thus, there is a single model that both generates the thought and predicts the next token
given that thought; the EMA teacher provides the no-think counterfactual.

Classical next-token objective. Given a text sequence x = (xo, ..., x7) and position ¢, the
standard next-token objective for a predictor g, is

Lntp(n) = E  [loggy(xt | x<t)]. (10.1)
(x<t,x¢)~D

For distributions p and g on the next token, we define Cross-entropy (CE) as

CE(p,q) def x]EPI: —logq(x)]. (10.2)

Using p*(- | x<) for the data distribution over x;, maximizing equation 10.1 is equivalent
to minimizing E,_, p[CE(p*, q,(- | x<t))]. We include equation 10.1 only for context as our
training does not include a standard NTP loss term. Instead, RLP optimizes an information-
gain objective defined below and updates parameters only through the tokens of the sampled
thoughts.

10.2.1 Reasoning as an action

RLP augments next-token prediction with a sampled thought. At each position ¢, the policy
draws a latent CoT random variable

Zt ~ 7T9(' | x<t)/
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and we write c; for its realization. The network then predicts x; with the reasoned scorer
po(- | x<t,ct). As a no-think counterfactual we use fiy(- | x<;), the EMA teacher queried on
the same context without providing the CoT.

EMA teacher instantiation and schedule. We instantiate the EMA teacher to match the
current model on the first batch (¢ < 6), and thereafter update it after each optimizer step

via
o — T+ (1-1)0, T=099.

This choice makes py a moving counterfactual that is (i) current enough to provide informative
comparisons and (ii) intentionally lagged to mitigate reward hacking. If the baseline were
frozen, the counterfactual would drift too far from the evolving model; if it tracked the model
without lag, the log-likelihood ratio would collapse toward zero and invite degenerate
strategies. The post-update averaging yields a one-step-lagged, smoothed teacher that
stabilizes training.

10.2.2 Information-gain reward

With teacher forcing on the next token, define the reasoned and baseline log-evidence
Sprea(ct) := log po(xt | x<t,ct), (10.3)
Sema = log pg(xt | x<t). (10.4)
The information-gain reward is the log-likelihood ratio
r(ct) = Spred(ct) — Sema, (10.5)

which compares the reasoned scorer with a no-think baseline on the observed next token.
Rewards are computed under teacher forcing for each t. When updating the policy, we treat
r(ct) as a constant with respect to § (no backpropagation through py or pp); see §10.2.4.

10.2.3 Expected improvement identity

Proposition 1 (CE reduction). For any fixed (x<,ct),
E [r(ct)] = CE(p", pg(- | x<t)) — CE(p", po(- | x<t,ct)).

xp~p*

where p* (- | x<¢) is the data distribution over x;. Maximizing the expected reward therefore
maximizes the predictive usefulness of the thought for the next token.

Proposition 2 (Lower bound via marginalization over thoughts). Let 7y(z; | x<¢) be the
distribution over CoTs and define the collapsed predictor

Po(x | x<t) = E  [po(x | x<t,2e)].

zp~7tg (| x<t)

Then for any realized x;,

JE [Spa(en)] < logolx: [ x20), and J(0) = Eiren)] < E[tog DI E,

p(xe | x<t)

T

The CoT-conditioned objective is thus a computable lower bound on the improvement one
would obtain after marginalizing thoughts. Refer to §14.3.1 of the appendix for the proofs
of the propositions.
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10.2.4 RLP objective and optimization

RLP optimizes the thought policy to produce thoughts that increase predictive evidence.
Our training does not include the standard next-token loss in equation 10.1. Instead, we
optimize only the information-gain objective

max J(6) = E E [r(c)], (10.6)

x<t~D cp~mg(fxat)
or, equivalently, we minimize the negative information-gain loss Lig(0) = —J(6). Gradients

are applied only to the thought tokens; r(c;) is treated as a constant (no backpropagation
through pg or py) .

Group-relative baseline (inclusive mean with correction). To reduce variance, for each
context we sample G >2 thoughts { CEI) }ZG=1 and use a corrected inclusive mean baseline. Let

B 1 G .
T=c ;r(cy)).
j=1
We define the advantages
AD = Gﬁ 1 (r(cgi)) — T’), with no gradient propagated through 7. (10.7)

This multiplicative factor removes the (1 — é) shrinkage inherent to the inclusive mean,

yielding an unbiased estimator with low variance.

Per-token importance ratios and clipped surrogate. We update the log-probability of the

thought tokens with a clipped surrogate. Let ES) be the u-th token in CEZ) and prefix(i) =

u
(x<t, 6%71). With behavior parameters 6,4 used to sample the thoughts, define the per-
token importance ratio
pg) = exp(log 719(6541) | preﬁx&i)) —log 7, (El(,l) | preﬁxgp)).
We write clip(p; 1 — €/,1 + €;,) for elementwise clipping and denote stop-gradient by sg(-).
The surrogate loss is

1
(i)l

[

Lap(6) = —E (108)

me(PEZ) Sg(A(l)), Cllp(pg),l — eéll + eh) sg(A(l)))

u

10.2.5 Reward properties and guarantees

Does thinking actually help? The reward r(c¢) is positive exactly when the model that
used the sampled thought assigns higher probability to the observed next token than the
EMA baseline that did not think. In expectation over the data distribution, this equals the
reduction in cross-entropy between the reasoned scorer and the no-think baseline (Prop. 1).

Positionwise credit at every step. Since the task is next-token prediction, the reward is
computed independently at each position ¢ as

r(ct) = logpe(xt | x<t,ct) — logpep(xt | x<t).

Credit is attached exactly where the thought changes predictive probability, yielding one
scalar per token and removing the need for a learned value function or any external verifier.
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Algorithm 1 RLP for next-token prediction with information gain

1: Inputs: dataset D, group size G > 2, clipping (e, €;,), EMA decay T € (0,1), learning
rate 7.

2: Model: a single network with parameters 6 used both as (i) thought policy 7y and (ii)
reasoned predictor pg; EMA baseline pp.

3: Initialization: mark ¢ as uninitialized.
4: while training do
5: Set the behavior snapshot Bo1qa < 0. > used for the current sampling pass
6: Sample minibatch {( <t, b))}l'?:1 ~D
7:  For each b, sample G thoughts cgb'i> ~ 7194 (- | xgt) ) with \cgb’i) | > 1.
8: if ¢ is uninitialized then
9: ¢ <0 > lazy init of EMA teacher
10: Compute baseline log-evidence (teacher forcing, no grad) 51(51\/)1 A as per equation 10.3.
11: Compute reasoned log-evidence Sér egl and rewards r(®/) as per equation 10.3 and
equation 10.5.
12: Group baseline 7(*) and A (inclusive mean with correction; sg is stop-grad) as
per equation 10.7.
13: Per-token 1mportance ratios and clipped surrogate for £y (1) with prefix preflx(b A,
pilb A = exp(log 719( (o) | preflx(bl)) log 7y lOl( | preflx( ))>
Lgﬁ’;j = — Zu mm(pg,bl) sg(AbD), clip(pP;1— e, 1+ €p) sg(A(b'i))).

14: Policy update on thought tokens:

(b,7)
L(0) = 5g Tp—1 Lita ch}l) 0« 60 —nVyL(0).
15:  EMA update of baseline: ¢ <— 7¢ + (1 — 1) 6.

16: Output: trained policy/predictor (shared ) and EMA baseline ¢.

Putting it all together. Algorithm 1 composes the above pieces into a single training loop.
Specifically, multiple thoughts are sampled per position and information-gain rewards are
computed against a moving EMA counterfactual. Group-relative advantages are formed
and the shared network is updated only on the thought tokens via the clipped surrogate in
equation 10.8. In this case, the improvements originate from learning to generate thoughts
that systematically raise predictive evidence.

10.3 Experimental Setup

We experiment with QWEN3-1.7B-BASE (Yang et al., 2025a) and then scale our experiments
to a larger NEMOTRON-NANO-12B-v2 (Nano, 2025) model.!

RLP. We apply RLP on a diverse set of datasets across two settings: (i) SFT-style reasoning
corpora, including a math-centric set (OmniMath (Gao et al.,, 2024a)) and mixed math +
general-reasoning sets (OpenThoughts (Guha et al., 2025), NEMOTRON-CROSSTHINK (Akter
et al., 2025)); and (ii) general-purpose pretraining corpora, covering academic papers (ACAD),
math textbooks (Math-Text), and open-ended web pages QA pairs from Common Crawl

1 Details about hyper-parameters for each of the below phases and the prompt used for RLP can be
found in Appendix 14.5.
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Benchmark Mpase Mcpr M Mpage +Post Mcpr +Post M +Post

AIME25 225 396 5.02 5.32 5.89 7.05
MATHS500 48.45 57.52 58.48 61.92 62.70 64.30
GSMB8K 5416 7285 74.48 78.22 78.70 80.50
AMC23 2594 3125 31.25 35.00 34.38 36.50
Minerva 1530 19.03 21.19 25.30 26.10 27.80
MMLU 50.08 4195 56.14 58.36 59.00 61.50
MMLU@1[4] 4485 40.00 52.18 56.00 58.53 61.00
MMLU-Pro 28.17 27.81 34.62 37.85 39.92 42.40
MMLU-Pro@1[4] 2395 24.61 30.80 36.53 38.49 41.30
GPQA 2525 2626 28.28 30.93 29.27 33.33
GPQA@1[4] 27.52 2475 27.02 31.52 30.01 34.97
Math Avg 2435 30.77 31.74 34.29 34.63 36.03
Science Avg 3450 32.01 39.68 42.38 4273 45.74
Science Avg@1[4] 3211 29.79 36.67 41.35 42.34 45.76
Overall 30.32 30.85 36.03 39.34 39.90 42.51

Table 10.1: Quantitative benchmarks for Qwen3-1.7B-Base, showing the impact of RLP.
Shaded columns indicate RLP variants; “Post” indicates SFT + RLVR post-training.

(Web-Crawl)(Nano, 2025). We train with RLP for 1B input tokens using general pretraining
corpora (Dpr) to evaluate its effect in an end-to-end LLM pretraining pipeline. We denote
this model as M. Note that theoretically RLP can be applied for every token in a document
but in our experiments we randomly select one token per document. Hence, the number of
tokens for which the reward is applied is far less than 1B.

Continuous Pretraining. To ensure compute equivalent comparison with M, we do
continuous pretraining on the base model denoted by Mj,,s. with the same tokens used
in RLP. We denote this model as Mcpr. This serves as an additional baseline for our
experiments.

Post-Training. All models undergo a SFT stage on OpenThoughts data (Guha et al., 2025).
To further enhance, we apply Reinforcement Learning with Verifier Rewards (RLVR) using
MATH dataset (Hendrycks et al., 2021d). This two-stage post-training pipeline provides an
evaluation framework to verify that gains from RLP persist under strong alignment, while
also revealing how much additional improvement can be achieved through subsequent
post-training. For consistency, all models are trained with identical SFT and RLVR receipes,
ensuring that any observed differences in downstream accuracies can be attributed to the
pretraining condition (Mpage Vs McpT vs M).

10.3.1 Evaluation Metrics

We conduct a thorough benchmark assessment using a series of tasks using NeMo-Skills®.

Math Reasoning (MATH AVG). We consider four diverse math benchmarks : GSM8K (Cobbe
etal., 2021b), MATH-500 (Hendrycks et al., 2021e), Minerva Math (Lewkowycz et al., 2022b),
AMC?23. We report Pass@1 average of 8 runs for these.

Zhttps:/ /github.com/NVIDIA /NeMo-Skills

113


https://github.com/NVIDIA/NeMo-Skills

Benchmark Mpase M Mpage +Post M +Post

MATH500 79.95 78.68 83.47 87.05
GSMS8K 72.31 85.98 94.22 94.90
AMC23 70.63 57.19 62.19 75.00
Minerva 22.61 39.48 40.76 42.78
MMLU 54.12 78.76 73.55 78.17
MMLU@1[4] 48.01 79.48 75.23 77.90
MMLU-Pro 24.16 53.13 61.78 67.38
MMLU-Pro@1[4] 27.13 55.76 73.21 66.96
GPQA 25.25 39.90 41.41 48.00
GPQA@1[4] 22.47 48.86 52.15 49.62
Math Avg 61.38 65.33 70.16 74.93
Science Avg 3451 57.26 58.91 64.52
Science Avg@1[4] 32.54 61.37 66.86 64.83
Overall 4281 61.32 65.31 68.09

Table 10.2: Quantitative benchmarks for NEMOTRON-NANO-12B-v2, showing the impact
of RLP. Shaded columns indicate RLP variants; “Post” indicates SFT + RLVR post-training.

Science Reasoning (SCIENCE AVG). For conceptual science and specialized knowledge,
we evaluate on MMLU (Hendrycks et al., 2021a), MMLU-Pro (Wang et al., 2024c), and the
graduate-level STEM benchmark GPQA-Diamond (Rein et al., 2024). For science bench-
marks, we report the average greedy and Pass@1 scores from 4 runs (SCIENCE AVG@1[4]).

10.4 Results

Table 10.1 reports the performance of QWEN3-1.7B-BASE under different pretraining and
post-training objectives. First, RLP consistently outperforms both the My, and Mcpr
across nearly all benchmarks, with especially strong gains on reasoning-heavy tasks such
as AIME25 and MMLU-Pro. We see that M is relatively on average 19% and 17% better
than My,s. and M cpr respectively. This highlights the effectiveness of dense, verifier-free
reinforcement signals for instilling reasoning capabilities during pretraining. Second, the
benefits of RLP persist even after strong post-training (SFT + RLVR). While all models
improve after post-training, M achieves the highest scores with the overall average sub-
stantially higher than both My, by 8% and Mcpr by 7% relatively. This indicates that
RLP establishes robust reasoning foundations that are not washed out by downstream
alignment but instead compound with post-training. We observe particularly large gains
in science domains, with M +Post achieving +3 points over Mcpr +Post. This trend
suggests that RLP is not limited to mathematical reasoning but also generalizes effectively
to other domains. The ability to strengthen performance in science benchmarks highlights
that RLP fosters a broader class of multi-step explanation-driven reasoning skills, moving
beyond domain-specific improvements and pointing toward a more versatile foundation for
reasoning in LLMs. Overall, the results demonstrate that RLP not only induces reasoning
ability during pretraining but also synergizes with post-training, leading to models with
stronger and more durable reasoning abilities than those trained with next-token prediction
or continuous pretraining.
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Scaling Model Size and Architecture We further scale RLP to NEMOTRON-NANO-12B-
V2 (Nano, 2025) (Myp,ge), a hybrid Mamba-Transformer language model of 12B parameter
size. In this comparison we take an intermediate checkpoint of NEMOTRON-NANO-12B-v2
trained till 19.8 trillion tokens and apply RLP for 250 million tokens only. Mj,ee on the
other hand is trained for 20 trillion tokens. In addition, we employ an identical post-training
pipeline (SFT — RLVR), mirroring the setup used for QWEN3-1.7B-BASE in Table 10.1. The
results as shown in Table 10.2 confirms that, regardless of model size and families, RLP
not only yields a very large improvement at the base stage (Overall 42.81% to 61.32%,
a 43% relative gain) but that these gains persist and continue to compound after strong
post training. After SFT + RLVR, the RLP trained model improves from 61.32% to 68.09%,
maintaining a clear margin over the compute matched baseline (65.31%). The largest relative
gains are in scientific reasoning as the Science Avg rises from 34.51% to 57.26% at the base
stage and further to 64.52% after post training, compared to 58.91% for the continuously
pretrained baseline. This pattern closely mirrors our findings on Qwen3, and demonstrates
that RLP scales effectively both to larger parameter counts and to a different architecture
family, while remaining compatible with strong downstream alignment. Furthermore, we
validate that RLP scales effectively to larger backbones by applying it to QWEN3-14B-BASE,
where it improves the overall average from 60.66% to 65.00% after training on 1B tokens,
with particularly strong gains in scientific reasoning. Full results for this scaling experiment
are provided in the Appendix 14.7.

RPT Comparison Following the experimental setup in RPT (Dong et al., 2025), we trained
Mpase on both RPT and RLP methods for one epoch under tokens and flop matched
compute budgets before evaluating on our benchmark suite. In the token matched setting,
we trained both models on Omni-MATH (Gao et al., 2024a) using the same number of
input tokens. As we apply RLP to a single token per document while RPT is applied on
multiple tokens per document, the number of target tokens for which reward is applied is
substantially larger for RPT.

Conversely, for the flop-matched train-

ing, both models are trained on  pedel Math Avg  Science Avg  Avg
Nemotron-CrossThink (as detailed in = ™10 4 10hod
Appendix 14.7) for one epoch on the ~ Mgpr 47.50 35.88 41.69
same data, and we ensure that the M 49.62 37.07 43.35
number of target tokens for which re- ~ Flop-Matched

. . . . . MRpT 36.66 34.38 35.68
ward is applied is same in both train- 4 45.95 38.76 42.86

ing runs. As summarized in Table Ta-

ble 10.3, under Token-Matched setting, Table 10.3: Token- and flop-matched comparisons

RLP achieves uniformly higher aggre- of RLP and RPT using a QWEN3-1.7B-BASE model.
gates: Math Avg improves by an ab-

solute +2.12% (+4.5% relative), Science

Avg by +1.19%(+3.3% relative), and Overall Avg boosts by +1.66% (+4.0% relative). In ad-
dition, under the flop matched setting, the improvement is even more prominent. RLP
achieves a 20.12% relative improvement on average over RPT. Methodologically, RPT ap-
plies reinforcement only to tokens pre-selected by an auxiliary assistant via entropy filtering
and optimizes a sparse, binary next-token correctness signal that ignores the CoT content,
limiting where the signal can be applied. In contrast, RLP evaluates each sampled CoT by

115



Model Dataset Type Math Avg Science Avg Science Avg@1[4] Avg

Mpase - - 35.96 34.50 32.11 34.19
M NEMOTRON-CROSSTHINK [170M]  Equal Input Token 37.11 35.76 32.15 35.01
CPT NEMOTRON-CROSSTHINK [6B] Equal FLOPs 43.90 37.74 3247 38.04
Dpr[1B] PT Data Mix 45.34 32.14 29.33 35.60

OmniMath [170M] 46.48 40.27 37.54 41.43

OpenThoughts [170M] SFT 47.64 40.84 35.88 41.45

M NEMOTRON-CROSSTHINK [170M] 49.76 42.54 37.78 43.36
ACAD [170M] 47.68 40.59 36.87 41.71

Math-Text [170M] General 48.07 40.46 36.32 41.62

Web-Crawl [170M] 48.87 40.75 36.77 42.13

Dpr[1B] PT Data Mix 46.35 39.68 36.67 40.90

Table 10.4: RLP across diverse corpora. RLP trained on six SFT-style and general-purpose
datasets yields consistent gains, indicating transferable reasoning from mixed/open-ended
data.

the information gain it provides for the observed next token and updates at all positions
without an auxiliary filter which yields consistently better averages under the matched set-
ting above. Crucially, this dense, per-token information-gain reward supplies richer credit
assignment than RPT’s sparse binary signal and, in our matched experiments, empirically
yields better performance.

10.5 Ablations

Does RLP provide generalizable improvements across diverse corpora? A key advantage
of RLP is its scalability to large, diverse corpora, unlike RLVR, which relies on small, curated
reasoning datasets and raises concerns about generalizability. Prior work (Chen et al,,
2025¢; Setlur et al., 2025) highlights the need for complex reasoning corpora to sustain RL
improvements, but such datasets are costly to curate and impractical at pretraining scale.
For these ablations, we apply RLP to QWEN3-1.7B-BASE for 200 steps—utilizing 170M input
tokens—holding the rest of the setup fixed.

As illustrated in Table 10.4, RLP delivers consistent gains across all corpus families, elimi-
nating concerns that RL based pretraining only benefits curated reasoning data. Relative
to Myp,ee average improves by 7-9% with strongest gains on NEMOTRON-CROSSTHINK
(SFT-style) and Web-Crawl (general-purpose corpora). Unlike prior work (Akter et al,,
2025), where RL gains were limited to math and weakened under mixed data, RLP achieves
simultaneous improvements across all benchmarks, demonstrating genuine cross-domain
transfer. Even on purely non-reasoning general corpora such as web-crawl, RLP extracts a
reasoning signal that scales with data diversity (Appendix 14.7). Table 10.4 illustrates that
unlike prior work (Liu et al., 2025b; Zhou et al., 2025b), RLP can be applied to any data
format like academic papers, textbooks, web-crawl as well as SFT style data. Overall, RLP
is scalable, domain-agnostic pre-training augmentation that enhances both reasoning and
accuracy.

Does the improvement sustain under compute equivalent baselines? A critical question
is whether RLP’s gains stem from its unique RL-based pretraining or simply higher compute.
Standard next-token pretraining quantifies compute by input tokens, but RLP adds rollout
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Figure 10.2: Ablations on Qwen3-1.7B. Curves report Math/Science/Overall averages.
Dashed lines mark the base model.

costs not captured by this metric. For fair comparison, we evaluate against M cpr baselines
under: (a) equal Input Tokens Seen and (b) equal total Compute FLOPs. RLP is fixed
to Tjy = 170M tokens; the token-matched Mcpr [170M] continues pretraining on 170M
tokens (Input Token), while the FLOP-matched budget corresponds to 6B tokens for CPT
(Mcpr [6B])(see Appendix 14.6).

In Table 10.4, M outperforms Mcpr trained on the same 170M tokens and maintains
a clear advantage even against a compute-matched Mcpr exposed to 6B tokens (35x
more data). Despite this disparity, RLP achieves a 5.3% gain on average (compare Mcpr
NEMOTRON-CROSSTHINK [6B] vs M NEMOTRON-CROSSTHINK [170M]), with consistent
improvements across math and science benchmarks. These results show that RLP’s gains
stem not from more efficient use of compute, not larger budgets, validating the effectiveness
of our approach.

Is comparable to CPT with high-quality reasoning data? High-quality reasoning corpora
have shown to substantially boost base model reasoning ability when used in continuous
pretraining (CPT) or mid-training (Wang et al., 2025; Gandhi et al., 2025a). This raises
the important question of whether CPT can match or even surpass under such favorable
conditions. To investigate this, we conduct CPT on both reasoning-centric, NEMOTRON-
CROSSTHINK and general pretraining (Dpr) datasets, each using 170M tokens. Our results
in Table 10.4 show that even with high quality reasoning data, consistently outperforms
CPT by a significant margin. Specifically, M outperforms Mcpr, showing an average gain
of 8% on NEMOTRON-CROSSTHINK and 5% on pre-training data mix (Dpr) on 1B tokens.
These results highlight two key insights. First, while CPT benefits from reasoning-dense
corpora, it remains sensitive to domain skew—evident in the weak science accuracy on
Dpr—whereas generalizes more evenly across disciplines. Second, the consistent margin by
which outperforms CPT, even in the presence of high quality reasoning data, underscores
that the gains of are not merely due to data quality but stem from the algorithmic design
itself. This reinforces the conclusion that provides a generalizable mechanism for leveraging
reasoning data during pretraining, complementing rather than being overshadowed by
high-quality corpus selection.

Ablations on rollout count, completion length, and KL weight. Fig. 10.2 visualizes the

trends across three settings: (a) rollouts, (b) completion length, and (c) KL. Please look
into §14.6 for more detailed numbers and per-task breakdowns. More rollouts help up to
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G = 16 (Overall 42.17%); G = 4 and 8 already reach 41.38% and 41.95%, while G = 32
decreases slightly to 41.75% (Fig. 10.2a). Increasing completion length gives the largest gains.
Specifically, overall rises from 11.50% at 64 to 42.17% at 2048, with Math/Science moving from
1.12%/21.88% to 48.06%/36.29% (Fig. 10.2b). Extending to 4096 yields 42.21% at roughly
twice the thought budget, so we default to 2048. Furthermore, a KL anchor does not help.
Specifically, B = 10~* and 103 give 41.35% and 41.44%, compared to 42.17% at § = 0, and
it also increases memory and step time (Fig. 10.2c). We therefore use G = 16, completion
length 2048, and § = 0 in later experiments.

10.5.1 How RLP Impacts the Base Model Representation Across LLM Families

Beyond downstream task gains, we ask where in the network RLP alters the model. We
compare a base pretrained model and its RLP checkpoint on the same reasoning-oriented
prompts and measure how much their internal representations differ at each layer. We run
the same set of short reasoning prompts (e.g., “Solve step by step...”) through both models
with output_hidden_states=True, and compare their hidden states layer by layer.

For each layer, we compute: (1) Centered Kernel Alignment (CKA) between the base and
RLP hidden states over all prompt positions—CKA measures representation similarity and
equals 1 when representations are identical up to an orthogonal transformation; (2) mean L2
difference of hidden vectors (base vs. RLP) across positions and samples—this quantifies
how far activations have moved after RLP. The figures additionally report complementary
probes (attention entropy, overlap, and span; hidden-state variance ratios; per-head CKA
summaries; token-level entropy and logit similarity by position), all computed on the same
prompts.

We perform this comparison across three model families that differ in scale, routing struc-
ture, and sequence-mixing mechanism, allowing us to ask whether RLP leaves the same
mechanistic signature in all settings or whether its effect depends on the underlying archi-
tecture. Nemotron-Nano-V2 is a 12B-parameter hybrid dense model. Nemotron-Nano-V3
is a 30B mixture-of-experts model with 3.5B active parameters. Nemotron-Super is a 120B
total / 12B active hybrid Mamba-attention MoE model with multi-token prediction (MTP)
layers.

Attention is frozen; learning is routed elsewhere. In all families, attention entropy, span,
overlap, mean |[RLP —Base|, cosine similarity of attention maps, and top-k key overlap
are bit-identical between Base and RLP (difference zero where applicable, similarity and
overlap 1.0). That is a strong structural fact: RLP does not retune where tokens attend.
Interpretively, the RLP signal is tied to conditional next-token prediction under internal
thoughts and an EMA baseline—it does not need to rewrite attention patterns to reuse
the same contextual readout the base model already learned. On hybrid stacks (Mamba—
attention, MoE), this further suggests that capacity for absorbing RLP updates sits in non-
attention submodules—state-space blocks, routed experts, layer norms, and output/MTP
heads—while the attention operator continues to implement the same discrete routing over
keys. The distinction matters for scaling: attention is a shared, highly constrained map
over positions; changing it would alter inductive biases globally, whereas RLP appears to
specialize the post-attention computation and readout.
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(a) Nemotron-Nano-V2 (b) Nemotron-Nano-V3 (c) Nemotron 3 Super

Figure 10.3: Representation change after RLP, by layer. Each column is one model family:
CKA between base and RLP hidden states (top), mean per-element L2 ||hrip — hpaeel|2
(middle), and hidden-state variance ratio Var(hgrrp)/Var(hp,gse) (bottom). Same prompts
and pooling over positions for all panels.

Nemotron-Nano-V2 (12B dense): early shock, preserved middle trunk, explosive deep
rescaling. As shown in Figure 10.3a, layer-wise CKA (RLP vs. Base) shows a sharp early
“V”: similarity collapses to ~0.2 around layer 2, then recovers to ~1.0 for layers 6-25, then
drifts down through the last third of the network with a terminal CKA ~0.55. The hidden-
state variance ratio mirrors the early dip (spike ~145x at layer 2), stays modestly above 1
in the stable band, then plateaus around 20-30x in deep layers before collapsing at the final
layer. The per-element L2 difference stays negligible until ~layer 26, then grows to a large
peak (~140+) just before the last layer, where it snaps back toward zero alongside CKA’s
final drop. Raw hidden statistics reinforce this: RLP’s mean L2 norm and variance track
the base in shallow layers but diverge dramatically in depth (e.g., ~4x larger norm and
order-of-magnitude larger variance at the deepest pre-head layer).

What this means architecturally. In a dense 12B model, every token traverses the same full
stack, so any representational change induced by RLP must be absorbed by the shared
trunk rather than isolated within a sparse subnetwork. The result is a highly structured
three-phase pattern. First, RLP introduces a strong early perturbation immediately after
the input interface, suggesting that reasoning-oriented pretraining changes how the model
initially organizes the input signal. Second, the long middle band remains almost perfectly
aligned with the base model, indicating that much of the core linguistic processing pipeline
is preserved. Third, the deep layers show strong rescaling and growing representational
separation, implying that RLP primarily alters the way higher-level features are amplified
and recombined near the pre-logit stack. The sharp drop in L2 distance and variance ratio
at the final layer, despite a simultaneous drop in CKA, suggests that the final hidden states
are brought back to a comparable numerical scale while remaining geometrically distinct.
This is most consistent with a change in representational basis or readout alignment at the
output boundary, rather than a simple continuation of the deep-layer magnitude growth.
More broadly, NanoV2 suggests that in smaller dense models, RLP improves reasoning by
injecting a strong early representational perturbation and then exploiting the upper layers
to build much larger and more diverse internal features.
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Nemotron-Nano-V3 (30B MoE, 3.5B active): a mid-late bottleneck, then expressive finals.
The CKA traces in Figure 10.3b tell a different story from a smaller, dense stack. CKA is
~1.0 through roughly layer 30, then falls in a pronounced V-shaped band (minimum ~0.86
near layer 34), recovers to ~0.98-0.99 for layers 38-50, and ends with a modest final dip
(~0.93). The L2 difference stays near zero until mid depth, accelerates through the last third,
peaks (~6) at the penultimate layer, then drops at the last layer. The variance ratio hugs 1 for
most of the network, then rises in the deepest layers (peak ~1.32), meaning RLP increases
activation spread just before the head—matching the per-layer plots where RLP exceeds
the base in both mean L2 norm and variance in the final ~15% of depth (e.g., higher peaks
at layer 50).

What this means architecturally. MoE training already encourages specialized subnet-
works; only 3.5B of 30B parameters are active per token. RLP’s effect clustering in a narrow
depth band (layers 31-37) plus the final stack suggests that routing, expert norms, or
residual statistics shift where abstract features are composed, while early representation
extraction stays shared across experts and matches the base. The late variance inflation
is not “regularization” in the sense of uniformly shrinking activations—it is increased
channel diversity in the layers that feed the head, plausibly because different experts or
gates amplify distinct directions once the thought policy is enabled. Per-head CKA shows
near-zero spread early, elevated spread exactly in the CKA-dip region and a sharp final-
layer spike—the output-adjacent change is concentrated in a few heads, consistent with
sparse, head-specific readout rather than a layer-wide rotation.

Nemotron 3 Super (120B / 12B active, Mamba-attention MoE, MTP): trunk statistics
preserved, geometry and readout shift. At the largest scale, CKA remains 20.999 through
~40 layers, then drifts down gradually into the 0.990-0.995 range before a sharp terminal
drop (CKA ~0.96 at the last layer) (Shown in Figure 10.3c). L2 difference accumulates
from mid depth, peaks (~4) near the penultimate layer, then collapses (~0.3) at the final
layer—a decoupling between subspace similarity (CKA still “high” in absolute terms) and
coordinate-wise distance (large mid-network, small at the last layer). The variance ratio
departs only mildly from 1 (brief dip ~0.99, peak ~1.016 in a mid-late band). Crucially,
mean L2 norm and variance of hidden states are visually identical for RLP and Base at
every layer: RLP does not globally rescale activation energy the way it does in NanoV2.

What this means architecturally. A wide MoE with Mamba and MTP has many degrees of
freedom to implement a new conditional predictor without changing first- or second-moment
statistics of hidden states—e.g., by rebalancing experts, shifting state-space evolutions,
or retuning MTP/auxiliary heads while layer norms hold scale fixed. The progressive
CKA erosion with depth is then best read as a cumulative subspace drift: small per-
layer rotations compound, even when norms are matched. The final-layer CKA cliff plus
exploding per-head CKA spread aligns with MTP and the primary LM head living at
the boundary of the stack: RLP likely reallocates which heads implement which n-gram
shortcuts or logits, even when intermediate magnitudes look unchanged. In other words,
Super exhibits surgical representation change at scale—geometry and specialized units
move, not raw activation size. The pattern is consistent with RLP modifying task-relevant
and reasoning-related computation. That CKA drops and mean diff increases most in the
second half of the network suggests that RLP refines the way the model represents reasoning
and problem-solving in those layers, rather than changing low-level feature extraction. The
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pronounced change at the last layer may reflect a shift in how the model maps its final
representation to next-token predictions (e.g., toward more “reasoning-heavy” solutions
favored by the reward). Together with improved downstream reasoning performance,
this analysis supports the view that RLP improves reasoning by reorganizing high-layer
representations rather than by altering early layers.

Per-Head CKA Reveals Where Divergence Is Localized. Layer-averaged curves can mask
intra-layer structure: a modest mean CKA might reflect all heads moving a little, or a few
heads moving a lot while the rest stay fixed. Figure 10.4 resolves this by plotting CKA (base
vs. RLP) for each attention head and layer jointly.

Across families, the two-dimensional pattern orders cleanly by scale and routing. NanoV2
shows the richest spatial texture: vertical bands where many heads shift together alternate
with horizontal “rails” of heads that stay near CKA ~ 1 for long depth spans, so divergence
is neither layer-uniform nor head-uniform but structured—consistent with aggressive re-
purposing of specific channels in a dense width where those edits remain visible before
they compound upstream. NanoV3 is qualitatively different: the map is nearly uniform
yellow outside a thin mid-depth stripe and the output-adjacent column, so the MoE can
confine representational change to a small depth interval and to whichever heads lie on the
activated expert pathways for these prompts. Super is almost saturated yellow wall-to-wall,
with only faint mottling mid-stack and modest cooling on a handful of heads near the
top—so the same training signal leaves little resolved head-level footprint in CKA space even
though layer-mean CKA still drifts; many small coordinated adjustments across width and
modules substitute for the sharp stripes seen in the smaller model.

Read alongside the layer-wise plots above, the heatmaps support a single scale-dependent
picture: visible head-level rewiring is most pronounced when width is fully updated on
every forward pass (dense 12B), becomes spatially delimited when sparsity allows updating
only some routes (MoE), and largely blends into the background at the largest hybrid scale,
where reasoning gains can ride on diffuse geometric drift and readout retuning without a
dramatic layer x head mosaic.

Cross-family interpretation. Taken together, the corrected figures suggest that the effect
of RLP is strongly dependent on both scale and architecture. In the smaller dense NanoV2
model, RLP induces large-amplitude changes, first at the input interface and later in the
deep trunk, indicating that reasoning requires broad internal rescaling when capacity is
limited, and computation is fully shared. In NanoV3, which introduces sparse expert
routing, the effect becomes more localized: most of the network remains aligned with the
base, but a narrow mid-layer band and the final stack are selectively modified. In Super,
where capacity, modularity, and auxiliary prediction structure are all much richer, RLP
leaves global hidden-state moments almost untouched and instead manifests primarily as
gradual subspace drift plus output-boundary specialization.

The broader implication is that reasoning-oriented pretraining does not imprint a single
universal signature. Smaller dense models appear to require large representational defor-
mation to internalize reasoning behavior, whereas larger and more modular architectures
can absorb the same training signal through increasingly targeted and geometrically subtle
changes. This supports the view that RLP is not simply making activations larger or more
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Figure 10.4: CKA per head (base vs. RLP). Each panel is a layer xhead heatmap (yellow
~ identical subspaces, purple/blue ~ strong divergence). Same prompts and pooling as
Fig. 10.3.

variable. Rather, it is altering where and how the model encodes reasoning, with the form
of that alteration determined by the architecture’s available degrees of freedom.
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10.6 Related Work

Next-Token Prediction. Next-token prediction is the standard pretraining objective for
LLMs: predict the next word from prior context (Shannon, 1951; Bengio et al., 2003). Scaling
it with Transformers (Vaswani et al., 2017b) enabled landmark and state-of-the-art sys-
tems (Radford et al., 2018; Brown et al., 2020b; Smith et al., 2022; Bi et al., 2024; Nano, 2025;
Yang et al., 2025a). Anticipating tokens across corpora induces syntactic, semantic, and
pragmatic structure that transfers broadly. Alternatives include masked language modeling
(Devlin et al., 2019b) and span corruption (Raffel et al., 2020b), but next-token prediction
remains dominant for its alignment with left-to-right generation and strong downstream
accuracy across tasks. In this work. we add a verifier-free dense reward during pretraining
that leverages reasoning before prediction.

Verifier-Free Rewards in Post-Training. Recent work explores verifier-free rewards. Yuan
et al. (2024) uses iterative DPO where, after SFT, the model judges its own candidates to
create preference pairs. Liu et al. (2025b) trains with incentive RL on SFT corpora. Zhao
et al. (2025) proposes RL from an internal feedback while using the model’s confidence as
reward. RLP, in contrast, is a GRPO-style pretraining objective. It operates on any text data
including web-crawl, academic papers and SFT datasets and optimizes continuation quality
beyond next-token prediction. Because these methods target post-training policies, direct
comparisons are not well-posed.

10.7 Summary

We introduce RLP, a reinforcement pretraining objective that rewards chain-of-thought
by its information gain for next-token prediction. Unlike traditional approaches that defer
RL to post-training, RLP instills reasoning during pretraining, yielding gains that persist
and compound after alignment. Experiments across datasets, domains, and architectures
show that RLP consistently outperforms compute-matched baselines and scales efficiently
to large hybrid models, establishing reinforcement pretraining as a principled and general
alternative to likelihood-only training.
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Part IV

Discussion and Future Directions
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Chapter 11

Conclusion

11.1 Summary of Contributions

This thesis investigates how to build reasoning-centric learning systems by studying the
problem from three connected perspectives: the quality of the data used to teach reasoning,
the stage of training at which such data is most effective, and the learning objectives that
can make reasoning emerge earlier and more robustly in the training pipeline. Across these
directions, the central claim of this thesis is that strong downstream reasoning does not
arise from scale alone. It depends on carefully designed supervision, principled placement
of that supervision across training phases, and training objectives that reward models for
acquiring representations and behaviors aligned with reasoning from the beginning.

The first major contribution is a systematic study of what makes synthetic data useful for
reasoning in generative and multimodal systems (Part I). Rather than treating all synthetic
data as equally beneficial, the following chapters show that structure, grounding, and
informational content strongly influence what the model learns; cross-domain high-quality
data, in addition, paves the way for gains that transfer across multiple benchmarks. In
chapter 3, we proposed the VisReas dataset and a model that executes step-wise pseu-
docode with verification before answering, so that VQA models must verify question-image
consistency at each reasoning step; the impact is a first step toward reliable VLMS in real-
world settings where user instructions may be imperfect, and existing VQA models are
shown to be less robust on unanswerable and multi-hop reasoning under this formula-
tion. In chapter 4, we proposed using a single VLM to generate visual representations of
text queries (via HTML rendering) and then to solve the problem from both text and the
self-generated image, improving math and general-purpose reasoning when the generated
image structures information relevant to the solution and reducing reliance on external
image-generation APIs. In chapter 5, we proposed converting raw web text into math-
informed synthetic dialogues (e.g., two professors, teacher—student, debate) with knowledge
gaps between participants; pretraining on MIND-OWM (Nemotron-MIND) significantly
improves mathematical and logical reasoning over raw or rephrased text, and structured
conversations prove more effective than surface rephrasing for multi-hop reasoning. In
chapter 6, we proposed a framework to incorporate multi-domain corpora into ltraining via
curated sources, MCQ/open templates to control answer space, verifiability filtering, and
data-blending strategies, enabling scaling self-learning beyond math so that models trained
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with NEMOTRON-CROSSTHINK (Nemotron-CrossThink) generalize better across reasoning
tasks and exhibit task-appropriate verbosity, with verifiable rewards in non-deterministic
domains. Together, these chapters establish that synthetic data is most valuable when it
reflects the latent structure of reasoning rather than merely imitating surface-form answers.

The second major contribution is an investigation of how reasoning data should be dis-
tributed across the stages of large language model development. A recurring assumption in
recent work is that reasoning is primarily a post-training phenomenon, induced through
supervised fine-tuning or reinforcement learning after broad pretraining has already taken
place. In contrast, this dissertation studies whether reasoning-oriented supervision can
produce more lasting benefits when introduced earlier. The chapter 7 examines how the
quality, complexity, and redundancy of reasoning data affect transfer when injected at
different phases of the pipeline. This analysis helps answer a practical but underexplored
question: whether the same reasoning data should be repeated across phases, diversified
across phases, or concentrated in only one of them. The resulting findings offer a more
principled account of when reasoning data is most useful and how early exposure can
strengthen downstream adaptation.

The third major contribution is a redesign of the learning pipeline itself so that reasoning
is not treated only as an outcome of late-stage alignment. In the final part of the thesis
in Part III, I explore how pretraining objectives can be modified to encourage reasoning-
oriented representations and behaviors before conventional post-training begins. One
direction (chapter 9) studies continued pretraining through the lens of what the model
should pay attention to, asking how masking strategies can emphasize the information
that most distinguishes a target domain from the model’s original pretraining experience.
This outperforms random masking on language and multimodal video tasks (ACL-ARC,
ChemProt, TVQA, Social-1Q), showing that masking domain-distinctive content improves
adaptation. A second direction (chapter 10) investigates whether reasoning incentives can be
embedded directly into pretraining, allowing models to benefit from intermediate thought-
like processes rather than relying exclusively on next-token prediction. This adaptation
provides consistent gains over next-token baselines and shows robustness to post-training
and scalability across model sizes and corpora. Together, these chapters argue that reasoning
emergence can be shaped not only by better data, but also by better objectives that make
learning itself more aligned with structured inference.

Empirical gains alone, however, leave open a critical question: why does reasoning-oriented
pretraining work, and where in the network does it act? Without mechanistic grounding,
it is impossible to know whether the gains are fragile artifacts of a particular data mix,
whether they would survive at larger scale, or how future training recipes should be
designed. To answer this, both directions are accompanied by analyses that open the black
box of internal network computation using Centered Kernel Alignment (CKA), hidden-state
L2 distance, variance ratios, per-head CKA heatmaps, logit divergence, and token-level
prediction entropy. For front-loaded reasoning data (chapter 7), these probes show that
the gains are not superficial: the strongest representational divergence concentrates in
the early-to-middle layers where the model organizes token sequences into structured
intermediate states, specific attention heads are selectively reconfigured for long-range
dependency tracking and sub-problem decomposition while general linguistic machinery
stays intact, and output-space logit divergence grows progressively with generation length—

126


https://huggingface.co/datasets/nvidia/Nemotron-CrossThink

confirming that the internal difference is behaviorally consequential precisely where it
matters most, deep inside a multi-step reasoning trace. The mechanistic upshot is that post-
training is refining a backbone that already encodes latent structure for decomposition, state
tracking, and multi-step inference, rather than constructing that structure from scratch—
explaining why the gains transfer durably across benchmarks and resist being overwritten
by subsequent fine-tuning.

For the RLP objective (chapter 10), the same probes applied across three architecturally
distinct model families—reveal that attention maps are bit-identical between Base and
RLP checkpoints in every family, establishing that RLP does not rewrite where tokens
attend but instead specializes post-attention computation and readout. The locus and
amplitude of change shift systematically with scale: the dense 12B model absorbs RLP
through large early perturbations and deep-layer rescaling; the sparse MoE confines change
to a narrow mid-layer band via expert routing; and the largest hybrid model achieves the
same reasoning gains through gradual subspace drift and output-boundary specialization,
with global activation magnitudes nearly untouched. This scale-dependent pattern has a
direct implication for practice: reasoning-oriented pretraining does not demand a single
fixed recipe, but rather a training signal that different architectures can absorb through
their own available degrees of freedom, making RLP a robust and architecture-agnostic
foundation for reasoning emergence.

Taken as a whole, the thesis contributes an end-to-end view of reasoning-centric model
development. It explains how to construct better reasoning data, when to introduce it for
maximum effect, and how to redesign pretraining so that reasoning abilities are supported
from the earliest stages of learning. Beyond the individual methods and empirical findings
in each chapter, the broader contribution is a unified perspective: reasoning should be
treated as a property that is cultivated throughout the learning pipeline, from data design
to objective design, rather than as a skill added only after pretraining is complete.

11.2 Future Directions

11.2.1 Data Anatomy in Model Development

Understanding the Structural Anatomy of Reasoning Traces. While the studies in this
part of the thesis highlight the importance of structured supervision for reasoning, several
open questions remain regarding the internal structure of high-quality reasoning data. Ob-
servations from publicly released chain-of-thought corpora suggest that effective reasoning
trajectories often contain recurring stages such as hypothesis formation, intermediate solu-
tion attempts, verification of partial results, and iterative refinement. These stages resemble
how humans approach complex problems, where reasoning unfolds through exploration,
validation, and correction. Future work will aim to systematically study these structural
patterns and determine how each reasoning component contributes to model learning and
generalization. Understanding the anatomy of reasoning traces may provide principled
guidelines for constructing training corpora that explicitly teach models how to reason
rather than simply predicting answers.

Guided Multi-Step Synthetic Reasoning Generation. A promising direction is the devel-
opment of guided multi-step frameworks for generating synthetic reasoning data. Instead
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of producing a single chain-of-thought explanation, future systems may construct reasoning
trajectories through multiple stages, where models first generate hypotheses, attempt solu-
tions based on those hypotheses, evaluate intermediate steps, and refine incorrect reasoning.
Such a process would expose models to richer reasoning dynamics, including how alterna-
tive strategies are explored and compared. By controlling the structure and sequencing of
these reasoning stages, researchers can study how the depth and organization of reasoning
traces influence the reasoning capabilities of trained models. This direction may also enable
the construction of synthetic reasoning corpora that contain structured exploration and
self-correction, properties that are rarely present in conventional question—answer datasets.

Teacher Models for General-Purpose Reasoning Data Generation. Most current ap-
proaches for training reasoning models focus heavily on mathematical and coding domains,
largely because correctness in these domains can be verified deterministically. However,
many real-world reasoning tasks extend beyond such structured settings and involve
contextual interpretation, domain knowledge, or heuristic decision making. The Nemotron-
CrossThink framework suggests a promising direction by incorporating multi-domain
corpora and diverse question formats into reinforcement learning pipelines. By exposing
models to reasoning tasks spanning science, humanities, and commonsense reasoning,
multi-domain supervision may encourage models to develop adaptable reasoning strategies
that generalize across different problem types. Models trained with multi-domain reasoning
supervision may also become powerful teacher models for generating synthetic reasoning
data. Once a model acquires reasoning abilities across varied domains, it can produce struc-
tured reasoning traces that capture different cognitive strategies used to approach complex
problems. These teacher models could therefore bootstrap large-scale reasoning datasets for
domains where annotated reasoning data is scarce. For example, a reasoning-capable model
could generate explanations, intermediate reasoning steps, and verification signals for tasks
involving policy analysis, historical reasoning, or scientific hypothesis evaluation. This
capability may significantly expand the scope of reasoning datasets beyond the domains
where automatic verification is straightforward.

Together, these directions suggest that the next phase of reasoning-centric model devel-
opment will depend less on increasing token counts and more on designing training data
that explicitly encodes the structure of reasoning. Understanding how to construct, scale,
and integrate such reasoning data remains a central challenge and a promising avenue for
advancing general-purpose reasoning in large language models.

Recognizing Reasoning via Intrinsic-Like Metrics. A natural follow-up question is
whether one can recognize that a model is able to do reasoning via some intrinsic met-
ric rather than relying solely on downstream task accuracy. Al et al. (2025b) introduce a
framework to measure reflection (a form of metacognition where the model examines and cor-
rects prior reasoning) during pre-training. They define explicit reflection as the production
of tokens that explicitly acknowledge and address mistakes in adversarial chains-of-thought.
Using a prompt-based classifier to detect such phrases, they report Explicit Reflection
Rate—the fraction of task instances where the model output exhibits explicit reflection—and
show that it correlates strongly with log(pre-training compute) (e.g., Pearson correlation
~ 0.76-0.86 across tasks). Accuracy on adversarial tasks (implicit or explicit reflection)
also increases with pre-training. Thus, the rate of explicit reflection in model generations,
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Figure 11.1: Per-question coverage of reasoning phrases (normalized) in AIME-25 so-
lutions from four LLM s. Each axis is one phrase (verify, wait, reconsider, check again,
misunderstanding, re-examine). Larger area indicates broader and higher use of these
phrases. The ranking by coverage aligns with AIME-25 accuracy: Nemotron 5-8B-base >
Qwen 3-8B-base > Qwen 2.5-7B-base > LLaMA 3.1-8B-base.

elicited under controlled prompts (e.g., with a “Wait,” trigger), acts as an intrinsic-style
signal that does not require full task-accuracy evaluation and correlates with both compute
and downstream recovery from errors. Table 5 in that paper gives examples of reflection
phrases (e.g., “Wait, 42.6 is not a whole number. Let’s solve this step by step...”) that the
classifier detects.

We conducted an ablation to test whether per-question coverage of reasoning phrases in
model-generated solutions correlates with downstream reasoning performance. We col-
lected solutions from four LLMs (LLaMA 3.1-8B, Qwen 2.5-7B, Qwen 3-8B-base, Nemotron 5-
8B) on AIME-25 and measured the normalized presence of six reasoning-related phrases
in each solution: verify, wait, reconsider, check again, misunderstanding, and re-examine. Fig-
ure 11.1 shows the per-question coverage (normalized) for each model across these six axes
as a radar chart. LLaMA 3.1-8B exhibits the smallest footprint—minimal coverage on all
phrases—while Nemotron 5-8B shows the largest and broadest coverage, with high presence
on verify, wait, reconsider, check again, misunderstanding, and re-examine. Qwen 3-8B-base
and Qwen 2.5-7B lie in between, with Qwen 3 showing stronger coverage than Qwen 2.5.
This ordering aligns with downstream AIME-25 performance: Nemotron has the highest
AIME-25 score, followed by Qwen 3, then Qwen 2.5, then LLaMA. Thus, reasoning phrase
coverage in model outputs—measurable without running full task accuracy—serves as an
intrinsic-like proxy that correlates with competition-level math performance.

Beyond reflection phrases, other work proposes metrics that do not reduce to task accuracy.
PHi (Prediction of Hidden states) measures how well a model can predict its own future
hidden states during generation; high unpredictability is taken to indicate novel compu-
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tation and reasoning rather than trivial or memorized processing (Zhang et al., 2025b).
PHi correlates with task complexity and with the correctness of self-generated reasoning
chains. Geometric and topological analyses of reasoning traces (e.g., progress and stability
of the trajectory in representation space) have been used to distinguish coherent reasoning
from hallucination or low-quality CoT. These are more expensive to compute than phrase
coverage but offer a representation-level view. Surveys on “beyond accuracy” evaluation
of reasoning behavior (Mondorf & Plank, 2024) emphasize that reasoning can be assessed
via generation traces, explicit reflection rate, and consistency of strategy, in addition to
final-answer accuracy.

There is no single, universally accepted intrinsic metric for reasoning analogous to perplexity
for language modeling. However, explicit reflection rate (via phrase detection on model
outputs under reflection-eliciting prompts) and reasoning phrase coverage both correlate
with downstream reasoning performance and can be computed without full task-accuracy
evaluation. Our AIME-25 ablation shows that models with higher coverage of phrases
like “verify,” “wait,” and “re-examine” tend to perform better on AIME-25; LLaMA, with
the lowest coverage, has the lowest score. These metrics therefore offer a practical way to
recognize and compare reasoning capability across models using only their generated text.

11.2.2 Effective Integration of High Quality Data

Scaling Front-Loading to Frontier Models and Architectures. While our current experi-
ments in chapter 7 demonstrate significant gains on 8B-parameter models, a fundamental
question remains regarding whether reasoning-rich pretraining scales linearly with model
capacity or eventually reaches a point of saturation. Future work should extend the FLR
framework to much larger parameter counts and longer token horizons, exceeding the 1-
trillion-token mark. It is critical to test whether the asymmetric principle—which prioritizes
reasoning diversity in early phases and high-quality refinement in later stages—holds across
diverse architectural paradigms such as Mixture-of-Experts (MoE) or hybrid State Space
Models (SSM). Investigating these scaling laws will determine if larger models require a
higher proportional density of reasoning tokens to unlock their latent cognitive capabilities,
or if their increased capacity allows them to generalize from more sparse logical signals.

Temporal Optimization and the "Critical Period" for Reasoning. Our current work
suggests that introducing reasoning data early in the pipeline is beneficial, yet the exact
"chronology of learning" remains to be fully mapped. We propose exploring the temporal
dynamics of pretraining to identify the optimal injection point for durable reasoning gains
using progressive or curriculum-based schedules. This research would involve analyzing
"forgetting curves" for reasoning primitives to see if front-loaded logic is "washed out"
during the final stages of massive web-scale pretraining. Finding this balance is essential
for ensuring that models retain deep structural reasoning without compromising their
generalizability or linguistic fluency. Mapping this learning trajectory could lead to more
compute-efficient training recipes where logic is solidified before the model undergoes
broad stylistic alignment.

Multimodal Front-Loading and Perception-Grounded Intelligence. The principles of
front-loading reasoning have primarily been validated within the text domain, but human
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reasoning is deeply rooted in physical and sensory grounding. A significant future direction
involves investigating whether early multimodal pretraining—integrating vision, audio,
and symbolic data—yields the same persistent benefits as text-based reasoning data. We
hypothesize that early grounding in visual or symbolic logic, such as geometry, physics
simulations, or the "clique-based" visual reasoning discussed in Chapter 2, may create a cog-
nitive scaffold that improves abstract logical deduction in later text-only stages. Examining
this cross-modal generalization will be a key step toward developing perception-grounded
intelligence, where a model’s ability to reason about the world is informed by a fundamental
understanding of spatial and relational constraints learned early in its development.

Together, these directions suggest that the next phase of reasoning-centric model devel-
opment will depend on a sophisticated understanding of when and how to introduce
structured logic into the learning pipeline. By optimizing the timing, scale, and modality
of reasoning data, we can move closer to creating models that possess intrinsic, durable
cognitive capabilities applicable across the full spectrum of human knowledge.

11.2.3 Rethinking Training Pipeline

The methodologies introduced in this part of the thesis represent a fundamental shift
from passive data ingestion to active, objective-driven learning. By prioritizing domain-
specific uniqueness through Difference-Masking and incentivizing internal deliberation via
Reinforcement Learning Pretraining (RLP), we have laid the groundwork for reasoning-
centric development. However, several frontier challenges remain in optimizing these
algorithms for global-scale training and diverse architectural paradigms.

Refined Approximations of Domain Uniqueness. The current implementation of
Difference-Masking rests on the intuition that masking tokens unique to a downstream task
(XT/pT) provides a superior representation for continued pretraining. While our current
approximation using TF-ICF has yielded strong empirical results, determining the precise
"essence” of a domain remains an open challenge. Future research should investigate more
sophisticated methods for approximating domain uniqueness, such as using semantic den-
sity maps or gradient-based importance sampling. Furthermore, a broader investigation
into why this strategy yields significantly larger margins of improvement in specific mul-
timodal contexts, such as social intelligence, versus structured video QA, would provide
the community with a more nuanced understanding of how specialized "vocabularies of
thought" are formed during the adaptation phase.

Scaling Reinforcement Pretraining to Trillion-Token Horizons. While RLP has demon-
strated the efficacy of treating "thinking" as an explicit action, our current experimental
setup has been limited to a 6B-token scale. A critical next step is to determine whether the
verifier-free information-gain objective remains stable when scaled to trillions of tokens.
Scaling RLP involves addressing the computational overhead of maintaining an Exponential
Moving Average (EMA) baseline and managing the variance of dense rewards across mas-
sive, heterogeneous web crawls. Future work will focus on optimizing the parallelization of
thought-augmented training to ensure that the "reasoning incentive" can be applied at the
same scale as standard maximum likelihood estimation without prohibitive compute costs.
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Multi-Token Thought and Prediction Cycles. The current RLP architecture is designed
around a single-token prediction cycle, where the model samples a thought to predict the
immediate next token. However, human reasoning often involves long-range planning
where a single "insight" governs a sequence of subsequent actions or words. Extending RLP
to support multi-token prediction—where an internal thought-trace is rewarded based on its
ability to improve the log-likelihood of an entire subsequent phrase or block of code—could
significantly enhance the model’s coherence in complex tasks. This shift from point-wise
prediction to sequence-level integration would allow the model to develop more "macro"
reasoning capabilities, reducing repetitive or unstructured elements in the chain-of-thought.

Hybrid Objectives and Training from Scratch. Currently, RLP is primarily utilized toward
the end of the pretraining phase to refine existing representations. A transformative direction
for the learning pipeline is the investigation of Hybrid Loss Objectives that interleave next-
token prediction (NTP) and reward-based signals from the very first step of training. We
aim to explore whether RLP can be applied "from scratch," allowing reasoning to emerge
as a primary capability rather than a secondary refinement. By balancing the standard
cross-entropy loss with a reasoning-incentive reward throughout the entire lifecycle of the
model, we may be able to bridge the gap between pretraining and post-training, creating
base models that are inherently "thinkers" before they ever encounter an instruction-tuning
dataset.

Extending Reasoning Objectives to Sparse Architectures. Finally, as the field moves to-
ward more compute-efficient architectures, it is essential to adapt these redesigned learning
pipelines to Mixture-of-Experts (MoEs). Since MoEs activate different sub-networks based
on the input context, integrating a thought-augmented objective like RLP presents a unique
opportunity: can the model learn to route specific "reasoning experts" more effectively when
a task requires deep deliberation? Future work will examine how dense reward signals can
be used to regularize expert routing, ensuring that the model’s internal "thought" process is
not only accurate but also architecturally efficient.

Extending RLP as a Generalized RL Objective during Post-Training. In chapter 6,
we extended RLVR to non-math domains by curating data and applying task-specific
templates—MCQ and open-ended with constrained answer length—to limit answer-space
variability and enable rule-based reward signals. That approach addresses why broader
domains are harder than math: in general-purpose reasoning, correctness is often non-
deterministic and answer spaces are diverse, so designing a verifiable reward (e.g., exact
match or format check) is difficult without constraining the task. Converting or templating
open-ended questions into MCQ or short-answer format is one way to make RLVR applicable,
but it does not scale to tasks that are inherently open-ended, such as summarization or
creative writing, where there is no single “correct” answer to verify. RLP, in contrast, uses
a verifier-free, dense reward defined at every token: the information-gain reward measures
how much the sampled chain-of-thought improves the model’s probability of the observed
next token relative to a no-think baseline (chapter 10). This reward does not require a
ground-truth answer or any external verifier; it is derived entirely from the data distribution
and the model’s own predictions. As a result, RLP can in principle be applied to any
text corpus, including domains where RLVR is inapplicable—summarization, long-form
generation, creative writing, or open-ended dialogue—simply by rewarding thoughts
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that improve next-token prediction on the observed continuation. A promising direction
for future work is to extend this objective beyond pretraining: deploying an RLP-style,
information-gain—based reward as a post-training RL objective would provide a more
general approach than templating for verifiability, enabling reinforcement learning on broad
domains without reducing every task to MCQ or short-answer format. Whether such a post-
training formulation preserves stability and alignment, and how it interacts with existing
preference-based objectives, remains to be studied.

Together, these directions aim to unify the training process into a single, reasoning-centric
paradigm. By refining what we mask, scaling how we think, and optimizing where we
route, we can ensure that the next generation of LLMs possesses the emergent cognitive
scaffolds necessary to tackle the world’s most complex challenges.

11.2.4 Reasoning Bases for Long-Horizon and Agentic Tasks

Long-horizon and agentic tasks require more than fluent next-token prediction. They
demand persistent goal tracking, decomposition of a problem into subgoals, evaluation of
intermediate states, and correction when a partial path fails. The central implication of this
dissertation is that these abilities are more likely to emerge when reasoning is cultivated
in the base model itself, rather than added only during post-training. Across the thesis,
structured reasoning data repeatedly exposes the model to stepwise inference, intermediate
validation, conversational decomposition, and refinement. This matters because long-
horizon tasks are precisely the settings where each early step changes the quality of later
steps. A model that has only learned to imitate short final answers may appear competent on
local reasoning benchmarks, yet fail when success depends on keeping a coherent plan over
many turns or actions. By contrast, a reasoning-enriched base is trained on data that makes
the path to the answer visible: multi-turn dialogues in MIND, multi-domain structured
reasoning in Nemotron-CrossThink, and reward-based pretraining in RLP all encourage the
model to represent intermediate reasoning states rather than only output endpoints. The
thesis explicitly argues that front-loading reasoning data into pretraining creates durable
foundations that post-training alone cannot recover, which is exactly the kind of durable
internal structure needed for long-horizon and agentic behavior.

Pretraining on Agentic Trajectory Data: From Single-Turn to Multi-Turn Reasoning. This
thesis focuses on single-turn reasoning traces—chain-of-thought sequences that move from
a problem statement to a solution. Agentic tasks, however, unfold as multi-turn trajectories
in which the model alternates between reasoning, acting (invoking tools), observing results,
and re-reasoning. The structure of an agentic trajectory is fundamentally different from
a chain-of-thought: it includes external observations, partial states, and recovery from
unexpected outcomes. We can develop pretraining corpora that include agentic trajectory
data—sequences of (thought, action, observation) triples drawn from real or simulated
agent interactions—and study whether the FLR asymmetric principle generalizes: does
front-loading diverse agentic trajectories into pretraining create similarly durable benefits
for multi-turn, tool-augmented reasoning? The Behavior Priming approach (Jin et al., 2026),
which endows models with reasoning-centric behaviors via SFT, suggests that process-
level supervision during training is more beneficial than outcome-level optimization alone.
Applying this principle at the pretraining scale—before any instruction tuning—may yield
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a reasoning base that is natively oriented toward agentic behavior rather than treating
tool invocation as an add-on. Concretely, this could involve mining open-source agent
interaction logs (from platforms like OpenHands' or SWE-agent scaffolds), constructing
synthetic agentic trajectories using models like ReTool?, and studying how the diversity
and quality of these trajectories interact with pretraining scale in the same way chapter 7
studies single-turn reasoning data.

Temporal and Critical-Period Analysis for Agentic Capability Development. We have
shown the importance of studying the chronology of learning in pretraining—identifying
critical periods during which reasoning data yields maximal durable benefit and mapping
forgetting curves for reasoning primitives. This direction acquires additional urgency in
the agentic setting, where different capabilities (planning, tool use, error recovery, multi-
agent communication) may have different critical periods. To determine this, we can train
model checkpoints with progressively more agentic trajectory data introduced at different
points in the pretraining curriculum; evaluate each on a task suite probing distinct sub-
capabilities; identify whether these sub-capabilities have separable critical periods; and
determine whether agentic trajectory data introduced early is ‘'washed out’ by subsequent
web-scale pretraining at a different rate than mathematical reasoning data. This connects to
the broader agentic reasoning survey (Wei et al., 2026) finding that self-improving agents
generating new training states from inference-time behavior may be the key to continuing
capability improvements when training data plateaus.

Multi-Token Thought and Hierarchical Planning for Agentic Decision-Making. As pro-
posed in the previous section, RLP can be extended to multi-token prediction cycles—where
an internal thought-trace is rewarded for improving the log-likelihood of an entire sub-
sequent phrase rather than just the immediate next token. This has direct relevance to
long-horizon agentic tasks, where human planning is characterized by macro decisions
(high-level strategy) that govern many subsequent micro-decisions (individual actions
within that strategy). The more interesting future works can be implementing a hierarchical
RLP objective that rewards thoughts at two timescales: a fast reward measuring improve-
ment on the next-token prediction (as in the current implementation) and a slow reward
measuring improvement on a longer sub-sequence—perhaps the next tool call and its imme-
diate aftermath. This mirrors hierarchical RL frameworks. Recent work on subgoal-driven
agent frameworks (Wang et al., 2026a) and explicit lookahead-based planning like FLARE
(Wang et al., 2026b) suggests that bridging this timescale gap—evaluating candidate actions
by simulating the trajectories they induce—is a key missing ingredient in current reasoning
model architectures. The hierarchical RLP objective would embed this multi-timescale
structure into pretraining itself.

11.3 Broader Impact

Recent advances in large language models have been driven largely by increases in model
scale and training data. While this scaling paradigm has produced impressive gains in
language understanding and generation, it has also revealed fundamental limitations in
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reasoning, compositional generalization, and robustness across domains. This thesis in-
vestigates an alternative perspective: that reasoning capability can be shaped not only
by scale, but by the structure of training data and the design of learning objectives. By
examining how reasoning supervision interacts with different stages of the model develop-
ment pipeline—from dataset construction to pretraining and reinforcement learning—this
work contributes toward a deeper understanding of how reasoning behaviors can emerge
systematically during training.

A central implication of this research is the importance of data design in shaping model
capabilities. The studies presented in this thesis suggest that structured reasoning traces,
multi-step supervision, and carefully designed training objectives can substantially influence
the development of reasoning skills. These findings indicate that progress in reasoning may
depend less on simply increasing the size of models and datasets, and more on designing
training corpora that explicitly encode problem-solving strategies. The datasets introduced
in this thesis, including MIND-OWM and NEMOTRON-CROSSTHINK, have already been
incorporated into the development of recent reasoning-oriented models such as (NVIDIA,
2025a) Nemotron-H, a hybrid 8B parameter LLM; (NVIDIA, 2025b) Nemotron-Nano-V2, a
hybrid 12B parameter LLM; and (NVIDIA et al., 2025) Nemotron-3-Nano-30B-A3B, a 30-
billion-parameter mixture-of-experts model with 3.5B active parameters. The consistent im-
provements observed when training these models with the proposed datasets demonstrate
that reasoning-focused data can enhance model capability across a range of architectures
and scales, from compact hybrid models to larger MoE systems.

The emergence of stronger reasoning capabilities has important implications for the reliabil-
ity and transparency of Al systems. Models trained to produce structured reasoning traces
are more likely to expose intermediate steps in their decision process, which can help users
inspect and verify model outputs. In domains such as education, scientific research, and
decision support systems, the ability to trace how a model arrived at a particular conclusion
can increase trust and facilitate human oversight. Structured reasoning supervision may
therefore contribute to the development of Al systems whose outputs are not only accu-
rate but also interpretable and easier to evaluate. Approaches such as reasoning-focused
pretraining, reinforcement learning during pretraining, and structured synthetic data gen-
eration demonstrate that reasoning behaviors can be encouraged earlier in the training
process. This perspective may influence how future language models are trained, shifting
emphasis from purely scaling compute toward understanding the qualitative structure of
training data.

Improvements in reasoning ability also broaden the range of tasks that language models can
support. Many real-world problems involve multi-step inference, integration of knowledge
across domains, or iterative refinement of hypotheses. Training approaches that emphasize
reasoning diversity and multi-domain reasoning exposure may enable models to generalize
more effectively across problem types. This capability could support applications in areas
such as scientific discovery, policy analysis, and complex problem solving, where systems
must reason through multiple possibilities before arriving at a conclusion.

The training strategies explored in this thesis also carry implications for the efficiency of Al
development. Large-scale models require significant computational resources, and contin-
ued scaling raises concerns about environmental cost and accessibility. By demonstrating
that reasoning improvements can arise from changes in data structure and learning ob-
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jectives, this work suggests alternative pathways for advancing model capability without
relying exclusively on increased compute. Methods that leverage structured supervision
or reinforcement learning signals during pretraining may help improve reasoning ability
within existing computational budgets.

At the same time, the growing reasoning ability of language models introduces new societal
challenges. Systems capable of generating detailed reasoning chains and persuasive expla-
nations could potentially be used to produce misleading arguments or highly convincing
misinformation. Because reasoning traces can create an impression of logical validity, incor-
rect or manipulated reasoning may be difficult for non-expert users to detect. Addressing
these risks will require continued development of verification mechanisms, evaluation
frameworks, and training objectives that encourage truthful reasoning and discourage
unsupported conclusions.

Finally, this research highlights the importance of aligning Al reasoning processes with
human problem-solving practices. The structured reasoning paradigms explored in this the-
sis—such as hypothesis generation, verification, and iterative refinement—reflect cognitive
patterns commonly observed in human reasoning. Training models with data that captures
these structures may encourage systems that interact more naturally with human analytical
workflows. Such alignment may improve collaboration between humans and Al systems,
particularly in settings where models are used as assistants for complex reasoning tasks.
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Chapter 12

Appendix for Anatomy of Data

This appendix provides supplementary material for Part I, “Anatomy of High Quality Data
for Reasoning.” It is organized by the four data-synthesis threads covered in the main text.
VisReas (chapter 3): data balancing and clustering strategy; an overview and analysis of the
VisReas dataset (question types, relation hops, readability, pseudocode format); baseline
configuration; the effect of pseudocode fine-tuning; example questions from VisReas and
GQA; and Mechanical Turk annotation details. Self-Imagine (chapter 4): image-generation
and evaluation prompts; prompts used for reasoning and mathematics tasks (question-only
vs. question+image); and additional results on accuracy by question length and by chain-of-
thought length across GSM8K, SVAMP, ASDIV, and BIG-Bench Hard. MIND (chapter 5):
full prompts for each conversational style (Two Professors, Teacher-Student, Two Students,
Interview, Problem Solving, Layman Know-All, Debate); evaluation metric and benchmark
details; additional experiments and ablations (role-based conversations, pretraining from
scratch, context length vs. quality, dialogue examples). Nemotron-CrossThink (chapter 6):
data proportion across blending strategies; token-efficiency analysis for correct responses;
and sub-category accuracy analysis.

12.1 Data Balancing

A primary concern with current VQA datasets is the prevalence of question-conditional
biases, enabling models to make informed guesses without a genuine grasp of the under-
lying images. Nevertheless, precise rendering of question semantics could offer enhanced
control over these biases, holding the potential to significantly mitigate the issue Zhang
et al. (2016c); Kafle & Kanan (2017). Motivated by this observation, we perform a rigorous
balancing based on question categories, attribute/relation types, and answer distribution.

Adopting the balancing approach outlined in previous research Hudson & Manning (2019b),
we employ a clustering strategy based on a fusion of two labels: <attr/rel_type> and
<res_type>. The former denotes attributes or relation names (e.g., red or right), while the
latter signifies reasoning types (e.g., verify.rel). We refine the question set within each
cluster, filtering out questions that encompass overlapping sets of objects in their texts or
that contain subsets of objects already covered by other questions with complete sets. We
prioritize questions featuring larger sets of objects and multihop relations, provided their
length stays below 25. Finally, we introduce an additional label <answer> and equilibrate
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the question sampling through the answer distribution. After executing this balancing in an
iterative manner on 2.07M questions, we generate a balanced corpus of 72,244 questions
with images.

12.2 Overview and Analysis of the VISREAS

This section provides an in-depth examination of the VISREAS dataset, focusing on various
aspects of question types and their characteristics. It encompasses an overview of question
types, the distribution of semantic lengths, question readability scores, average question
lengths per reasoning type, the relationship between question frequency and the number of
attributes, and human accuracy on attributed questions.

Questions Types and Templates. The VISREAS dataset features a diverse array of ques-
tion types that challenge multimodal reasoning and compositional understanding. These
question types include query, count, compare, verify, and choose, each requiring a unique
approach to answer. Depending on how the clusters are made, each question type can
further be broken down into attr and rel subtypes. Therefore, in total, there can be nine
categories of questions. Figure 12.1 gathers all templates and examples from the dataset to
offer insights into the intricacies of these question categories.

Type Question Answer List No Answer Example

<query_attr> a. What <attr> do the <objs> have common? a. <attr | attrs> a.yes a.yes What material do the pole and the bike
next to the road have common?
b. What [is|are] the <attr> of the <objs>? (can be more b. <attr | attrs> b.yes b.yes
specific depending on the attribute type)

<count_attr> a. Among <objs>, how many of them have [a particular a. <num> a.no a.no Among the shirt, the pant and the hat,
<attr> | multiple <attrs> | a particular <attr> common how many are red?
and one of the object has another <attr>]?
Are there less than three objects that
share red color?
b. [Is | Are] there [less than | greater than] <num> b. <yes | no> b.no b.no
objects that share [a particular <attr> \ multiple <attrs>]?

c. [Is | Are] any <num> of the following things, <objs> c. <yes | no> c.no c.no
<attr | opp_attr>?

<compare_attr> a. [Does a particular attribute | Do multiple attributes] of a. <yes | no> a.no a.yes Does the shape of the plate on the table
<obj | objs> match with the <attr | attrs> of <obj | objs>? match with the shape of the steel pan
and the orange box?

b. Do <objs> share the same <attr> in the image? b. <yes \ no> b.no b.yes
c. Are <objs> similar in <attr>? c. <yes | no> c.no c.yes
<verify_attr> Do you see any [<obj | objs> of <attr>| <attr> <obj | <yes | no> no no Do you see any red bike and red
objs>] in the image? helmet?
<query_obj> [What [object | objects]| Who] in the image [has the <obj | objs> yes yes Who in the image is the same activity as
same | is doing the same] <attr> as <obj | objs>? the boy wearing blue jeans?
<choose_attr> [Is | Are | Do | Does] <obj | objs> [| look | apprear] <attr> <attr> no yes Do the driver and the passenger look
or <opp_attr>? younger or older?
<query_rel> On which side of the <attr> <obj | objs> in the image the <rel> no yes On which side of the red car in the
<attr> <obj | objs> are located? image the trees, the metal pole and the
silver wire located?
<verify_rel> [Is | Are] the <attr> <obj | objs> <rel> <attr | attrs> <obj | <yes | no> no yes Are the man on the road and the boy
objs>? with red hair wearing a blue jacket?
<choose_rel> lIs | Are] the <attr> <obj> [located | positioned] <rel> <rel> no yes Are the buses located to the left of the
<attr | attrs> <obj | objs> or <opp_rel>? road or to the right of the road?

Figure 12.1: Overview of types of questions along with some templates and examples from
the VISREAS corpus.
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Distribution of Relation Hops and Readability. A comprehensive analysis of the distri-
bution of relation hops in VISREAS questions reveals a predominant trend toward questions
that involve about two reasoning hops. These hops can entail tracking object relations,
identifying attributes, or executing logical operations. We conduct a readability test using
the workers from Amazon Mechanical Turk. Our analysis reveals that questions with larger
relation hops demonstrate a noticeable decline in readability, emphasizing the complexity
associated with extended reasoning (Figure 12.2). To enhance the quality of the dataset so
that it can reflect the real-world day-to-day life questions, we choose to keep the relation
hop within two.

Relation Hops vs Avg Readability
B % of Questions = Avg Readability

100
75 \
50
25 - .
0
Relation Hop

Figure 12.2: Distribution of VISREAS questions semantic length (number of computation
steps to arrive at the answer) as well as the readability scores for each semantic step type.
We can see that most questions require at most two reasoning steps, where each step may
involve tracking a relation between objects, an attribute identification, or a logical operation.
At the same time, questions with larger semantic steps are difficult to read.

Average Question Length per Reasoning Type. By dissecting question lengths across
different reasoning categories in Figure 12.3b, we observe a consistent trend: query questions
tend to be longer than other reasoning types. This phenomenon is particularly apparent
due to the inclusion of multiple objects sharing similar attributes and their corresponding
relations.

Question Frequency and Attribute Usage. The VISREAS corpus has been generated using
the clusters of objects that share similar relation or attribute. However, clusters based on
shared attributes/relations can share objects that possess all of those attributes/relations.
For example, a table and a chair have the color brown and material wood in an image.
Initially, we have two clusters with brown and wood. Now, if both clusters share some
objects, we again create a new cluster based on brown+wood adding the shared objects (i.e.,
table and chair). Using this approach, we create clusters that share multiple attributes
and relations and generate questions that involve filtering multiple attributes/relations
along with the identification of objects of interest. Figure 12.3a shows the distribution of
questions in VISREAS with respect to the number of attributes/relations. As the number of
attributes /relations goes higher, the number of clusters also decreases resulting in decreasing
number of questions.

Human Accuracy on Attributed Questions. The final facet of our exploration delves

into human accuracy when answering attributed questions from the VISREAS dataset. By
assessing the performance of human subjects across different question types and attributes,
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Figure 12.3: (a) Question distribution across the number of attributes in a query. The
question complexity increases with the number of attributes or relations. (b) Average
question length per reasoning type in VISREAS corpus. Query questions are lengthier than
other reasoning categories as these questions contain multiple objects of similar attributes
with their relations.

GQA semantic string format VisReas Psuedocode format

What are the children on? What are the children on?

select : children -> selected_children = select(children)

relate : on, object, children > related_object = relate(_, on, o, selected_children)
query : name result = query(name, related_object)

Where in this photo are the green chairs, top or bottom? | Where in this photo are the green chairs, top or bottom?

select : chairs > selected_chairs = select(chairs)
filter color : green > filtered_green = filter_color(green, selected_chairs)
choose vertical position : top | bottom result = choose_vposition(top|bottom, filtered_green)

Figure 12.4: Pseudocode format. Our method re-structures the format of GQA semantic
string to pseudocode to better leverage Code-LLMs without adding any auxiliary informa-
tion.

we gain a deeper understanding of the challenges inherent to this multimodal reasoning
task. Figure 12.6 breaks down the human accuracy across different attribute types. It is
noticeable that color and material questions have the lowest accuracy, as they contain a
higher amount of questions compared to other attributes.

In summary, this section offers a comprehensive overview and analysis of the VISREAS
dataset, encompassing question types, semantic lengths, question readability, average
lengths per reasoning type, attribute-based question distribution, and human accuracy.
These insights contribute to a holistic understanding of the dataset’s intricacies and its
potential to advance the field of visual reasoning and question answering.

12.3 Baseline Configuration

All baselines follow default settings provided by the original author evaluation script. All
configurations for model, optimizer, scheduler, and training follow default parameters from
Pytorch and Huggingface library. For generative models, all inference is done using default
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Star Relation Chain Relation
What is the color of the fork to the right What is the color of the knife to the right
of the ring, to the right of the cake, and of the fork to the right of the cake?
to the left of the knife?

Fork to the left of the knife, to the right of the cake and to the right of the ring Knife to the right of the fork to the right of the cake
Fork Knife to the right of the fork
to the left of the knife fork to the right of the cake
to the right of the cake and
to the right of the ring
Star relation in Pseudocode Chain Relation in Pseudocode
selected_fork = select(fork) selected_cake = select(cake)
related_knife = relate(knife, to the left of, o, selected_fork) related_fork = relate(fork, to the right of, s, selected_cake)
related_cake = relate(cake, to the right of, o, selected_fork) related_knife = relate(knife, to the right of, related_fork)

related_ring = relate(ring, to the right of, o, selected_fork)
related_fork = selected_fork && exists(related_knife, related_cake, related_ring)

Figure 12.5: Overview of pseudocodes for two different traversal types in the VISREAS
corpus.
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Figure 12.6: Human accuracy on different attributed questions

settings without temperature tuning, nucleus sampling, repetition penalty, etc. Specific
settings used for zeroshot and finetuning are presented below:

VisProg. The original VisProg script uses text-davinci-003 model which is around 10
times more expensive than gpt-3.5-turbo model. To cut evaluation costs, we use the
gpt-3.5-turbo model instead. All 20 examples are found in GQA evaluation script for code
generation.

ViperGPT. For similar reason as VisProg, we use gpt-3. 5-turbo model for code generation

to reduce costs. Since generated code doesn’t always return functional Python code, we
return either “None” or “ERROR” in these cases. In cases where the code throws an error, the
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answer defaults to “ERROR”. In cases where the code didn’t have a return statement, the
answer defaults to “None”.

LOGIC2VISION. The effective batch size

is kept at 4 across experiments. LoRA  Hyperparameters Values
modules are only attached to query and  Effective batch size 4
lue li 1 . . 1 Th Learning rate 5e-6 (GQA), 2e-5 (VISREAS)
value linear layers in attention layers. The .. - bfloat16
batch size and gradient accumulation steps ~ Optimiser AdamW
are adjusted accordingly Due to memory Schedule Linear warmup with cosine decay
. . Warmup steps 128
requirements, we set batch size to 1 on Epoch 1
each GPU and set gradient accumulation
steps to 4. We’ve have used 2-4 A6000 Table 12.1: Hyperparameters  for

GPUs with distributed data parallel (DDP) LOGIC2VISION model
strategy for multi-GPU training. Training
LOGIC2VISION on VISREAS takes around 13 hours using 2 A6000 with LLaVA-1.5 backbone.

InstructBLIP / BLIP-2 / LLaVA-1.5. On GQA, we use identical configuration as for LLaVA-
1.5. For InstructBLIP and BLIP-2, we observe that batch size of 4 causes the model to output
repetitive tokens during inference. For that reason, we increase the effective batch size to 8.
We use the same original prompt that the authors have reported in their original papers.

On VISREAS, we again use identical configuration as for LLaVA-1.5. For InstructBLIP and
BLIP-2, we lower the learning rate to 5e-6 and increase the effective batch size to 8 for the
same reason above.

LXMERT / ViLBERT / CRE. For all three models trained

with the classification task, we used the default hyperpa- Hyperparameters | Values
rameters that have been used to finetune on GQA corpus  Rank 8
for consistency. As GQA and VISREAS share the same Alpha 16
image and scenegraphs, using the same model with the Dropout 0.05

same configuration should produce different results if the
two tasks are different. And the result section reflects the Table 12.2: LoRA configurations
distinction between GQA and VISREAS.

Hyperparameters LXMERT ViLBERT CRF
Learning rate le-5 0.00004 le-4
Optimizer BertAdam AdamW BertAdam
Schedule Linear Warmup Linear Warmup Linear Warmup
Epoch 4 20 13

Table 12.3: Hyperparameters of all CLS baselines

12.4 Effect of pseudocode finetuning
We study the effect of finetuning a VLM to perform VQA through pseudocode-guided

reasoning. Table 12.4 demonstrates that finetuning LLaVA-1.5 to follow pseudocode consis-
tently improves performance on VISREAS for both 7B and 13B models.
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Model size | Without Pseudocode With Pseudocode
7B 57.36 62.74
13B 61.38 66.20

Table 12.4: Effect of pseucode finetuning on LLaVA-1.5

12.5 Examples from VISREAS and GQA

In Figure 12.7, we show example questions from VISREAS and GQA using the same image.
In general, VISREAS tends to have longer questions compared to GQA. Additionally, VIs-
REAS questions involve more than two objects, whereas GQA primarily centers on one or
two objects.

12.6 Mechanical Turk Details

To evaluate human performance, we used Amazon Mechanical Turk to collect human
responses for 5000 random questions, taking a majority vote among three workers for
each question. We limited our pool of crowdworkers to individuals located in the US or
Canada, requiring a minimum of 1,000 previously approved HITs with a 95% approval
rate. Additionally, participants had to achieve a minimum score of 70% or higher on our
qualification task before gaining access to our main task. In the subsequent sections, we
provide details of this response collection process.

Qualification Test for Worker Selection To secure accurate human assessments, we care-
fully designed a qualification test using Amazon Mechanical Turk interfaces (Figure 12.8).
This test aimed to select proficient workers capable of accurately completing the VISREAS
task: (1) The qualification test encompassed two distinct tasks. The initial task focused
on careful comprehension of instructions. Workers were required to attentively read the
instructions and subsequently answer a set of multiple-choice questions to assess their grasp
of the task’s nuances. (2) Upon successful completion of the first task, the qualified workers
proceeded to the task proficiency evaluation stage. Here, a series of ten questions, each
accompanied by an image, were presented. The workers’ task was to select the correct
answer from a dropdown list of 2013 entries. The selection process for the final evaluation
cohort prioritized workers who achieved correct answers for more than seven out of the ten
questions.

Human Accuracy Assessment Interfaces After gathering qualified workers who are aware
and proficient in our task, we move to the final stage of the evaluation process (Figure 12.9).
For each Human Intelligence Task (HIT), an image and the corresponding question were
provided. Workers were tasked with selecting the correct answer from the same dropdown
list used for the worker selection stage. Furthermore, we requested workers to rate the
complexity and structural integrity of the presented question, thereby acquiring insights
into the inherent challenges posed by various question types.

To facilitate a deeper understanding of the potential issues with the queries, we encouraged
workers to provide additional details about any perceived problems. If a worker identified
a problematic aspect within the question, they were encouraged to rephrase or rewrite
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VisReas

Question: Are the doll and the soda bottle found sitting on or
standing on the armchair in the image?

Answer: The question itself problematic

Explanation: There is no armchair present in the picture.
Category: verify.rel

VisReas

Question: What is the common attribute of the pole, the road
sign and the leaves which are to the right of the store in the
picture?

Answer: Green

Category: query.attr

VisReas

Question: Among the floor, the doorway to the left of the red
graffiti and the door, how many things are made of concrete?
Answer: Two

Category: count.attr

VisReas

Question: Do the drawer and the floor to the right of the
white shoes and to the left of the white dishwasher share the
same material?

Answer: The question itself is problematic

Explanation: The floor is to the left of the white shoes and to
the left of the white dishwasher

Category: compare.attr

VisReas

Question: Among knife, napkin, crust and wall, what object in
the image has the same color as the plate and the coffee
cup?

Answer: Napkin

Category: query.obj

VisReas

Question: Do you see any tiny stop sign on the large and
metal post and any large flower?

Answer: No

Category: verfy.attr

VisReas

Question: What are the soap bottle, the bench and the pole
in front of the brown trees made of in the image?

Answer: The question itself is problematic

Explanation: There are no soap bottle and bench present in
the photo

Category: query.attr

GQA

Question: What kind of furniture is the doll to the left of the figurine
sitting on?

Answer: Table

Category: query.obj

GQA

Question: Are the cars on the left or on the right side of the photo?
Answer: Right
Category: choose.rel

GQA

Question: What is the floor made of?
Answer: Concrete
Category: qurey.attr

GQA

Question: What is common to the drawer and the floor?
Answer: Material
Category: query.attr

GQA

Question: Is the coffee cup tall and white?
Answer: Yes
Category: verify.attr

GQA

Question: What's on the post?
Answer: Stop sign
Category: query.obj

GQA

Question: Are there any fences?
Answer: Yes
Category: verify.obj

Figure 12.7: Example questions from the VISREAS and the GQA corpuses.

the query to address the issue. This dynamic engagement aimed to uncover underlying
complexities and refine the evaluation process.

12.7 SELF-IMAGINE Prompts

The prompt used for image generation is shown in Listing 12.1. Please see the code reposi-
tory for the complete prompt.
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Q: Alfie, the albatross, flies 400 kilometers every day. If the
circumference of the earth is 40,000 kilometers, how many days will
it take Alfie to fly a distance equal to half of the way around the

earth?

# HTML code:

<!DOCTYPE html>
<html lang="en">
<head>
<meta charset="UTF-8">
<meta name="viewport"” content="width=device-width,
<title>Alfie's Journey</title>
<style>
.diagram-container {{
display: flex;
align-items: center;
justify-content: center;
flex-direction: column;
font-family: Arial, sans-serif;

3}

.earth {{
position: relative;
width: 200px;
height: 200px;
border: 3px solid blue;
border -radius: 50%;
overflow: hidden;

33

.text {{
margin: 10px;
text-align: center;

3}

.stat {{
display: flex;
justify-content: space-around;
margin-top: 20px;

13

.stat > div {{
text-align: center;
13
</style>
</head>
<body>

<div class="diagram-container">
<div class="earth">
<div class="albatross-flight"></div>
</div>

initial-scale=1.0">

<div class="text">Alfie's Journey Around the Earth</div>

<div class="stat">
<div>

<strong>Alfie's Daily Distance:</strong><br>

400 km
</div>
<div>
<strong>Earth's Circumference:</strong><br>
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63 40,000 km

64 </diV>

65 <div>

66 <strong>Target Distance:</strong><br>
67 20,000 km (halfway around the Earth)
68 </diV>

69 </div>

70 </div>

71

72 </body>

73 </html>

Listing 12.1: Prompt for generating HTML using VLM

12.8 Prompts and Datasets for MIND

12.8.1 Prompts for Conversation

TwoO PROFESSORS

Convert the context above as a multi-turn discussions between two professors. Make
sure that their discussions strictly adhere to the context above and remains faithful
to information in the context. Please DONOT add any new information/reference
other than the context.

TEACHER STUDENT

Convert the context above as a multi-turn discussions between a teacher and a
student. The student has questions about the context and the teacher solves each of
them step-by-step. Make sure that their discussions strictly adhere to the context
above and remains faithful to information in the context. Please DONOT add any
new information/reference other than the context.

TWO STUDENTS

Convert the context above as a multi-turn discussions between two students who
are working on their assignment related to the given context. Make sure that their
discussions strictly adhere to the context above and remains faithful to information
in the context. Please DONOT add any new information/reference other than the
context.

INTERVIEW

Conduct an interview-style conversation where one participant acts as the inter-
viewer, asking questions exclusively related to the content provided, while the other
participant serves as the subject matter expert, providing detailed responses based
on the content. Make sure that their discussions strictly adhere to the context above
and remains faithful to information in the context. Please DONOT add any new
information/reference other than the context.
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Task

Prompt

Question Only

Question + Image

GSMS8K, ASDIV, SVAMP,
MAWPS

Solve the math problem.
Think step-by-step. Always
end your answer with ‘The
answer is (answer)’.

Solve the math problem using
the image. Think step-by-step.
Always end your answer with
‘The answer is (answer)’.

PENGUINS IN A TABLE

Answer questions about a ta-
ble of penguins and their at-
tributes.

Answer questions about a table
of penguins and their attributes
using the image.

COLORED OBJECTS

Answer extremely simple
questions about the colors of

objects on a surface.

Answer extremely simple ques-
tions about the colors of objects
on a surface using the image.

OBJECT COUNTING

Questions that involve enu-
merating objects and asking
the model to count them.

Questions that involve enumer-
ating objects and asking the
model to count them using the
image.

NAVIGATE

Given a series of navigation in-
structions, determine whether
one would end up back at the
starting point.

Given a series of navigation in-
structions, determine whether
one would end up back at the
starting point using the image.

DATE UNDERSTAND-
ING

Infer the date from context.

Infer the date from context us-
ing the image.

GEOMETRIC SHAPES

Name geometric shapes from

Name geometric shapes from

their SVG paths. their SVG paths and using the
image.
TEACHER STUDENT Answer questions about Answer questions about which

which times certain events
could have occurred.

times certain events could have
occurred using the image.

TRACKING SHUFFLED
OBJECTS

A task requiring determining
the final positions of a set of
objects given their initial po-
sitions and a description of a
sequence of swaps.

A task requiring determining
the final positions of a set of ob-
jects given their initial positions
and a description of a sequence
of swaps using the image.

Table 12.5: Prompts used for both reasoning and mathematics tasks. For all reasoning tasks,

we also add Please think step-by-step, and finally answer by selecting an option using the

format “The answer is (option)” after adding the question to the above mentioned prompts.

PROBLEM SOLVING
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uestion ohn buys twice as many red ties as blue ties. The red ties cost o more
Questi John buys twi y red ties as blue ties. The red ti 50%
than blue ties. He spent $200 on blue ties that cost $40 each. How much
did he spend on ties?

John's Tie Purchase

Variables and Values

« Number of blue ties: b

« Number of red ties: 2b

« Cost of a blue tie: $40

< Cost of a red tie: $40 * 1.5 = $60

« Total cost of blue ties: b " $40

« Total cost of red ties: 2b * $60

- Total cost of ties: (b * $40) + (2b * $60)

Calculations

Image Given that John spent $200 on blue ties:

b* $40 = $200
Solving for b
b= $200/ $40
b=5

Therefore, John bought 5 blue ties and 2 * 5 = 10 red
ties.

The total cost of blue ties is 5 * $40 = $200.
The total cost of red ties is 10 * $60 = $600
Total cost of ties: $200 + $600 = $800

Label 800

Output With Image Let the number of blue ties be b. The number of red ties is twice the
number of blue ties, so there are 2b red ties. The cost of a blue tie is $40,
and the cost of a red tie is 50% more than the cost of a blue tie, so the
cost of a red tie is 40 * 1.5 = $60. The total cost of the blue ties is b x 40,
and the total cost of the red ties is 2b x 60. The total cost of the ties is
b %40 4 2b * 60. We know that John spent $200 on blue ties, so we can
write the equation b * 40 = 200. Solving for b, we get b = 5. Therefore,
John bought 5 blue ties and 2 * 5 = 10 red ties. The total cost of the blue
ties is 5 x 40 = $200. The total cost of the red ties is 10 * 60 = $600. The
total cost of the ties is 200 + 600 = $800. The answer is

Output Without Image John bought 5 blue ties and 10 red ties. The blue ties cost $200, so the red
ties cost $300. He spent a total of $500 on ties. The answer is 500.

Table 12.6: Example of Image improving reasoning in GSM8K task for GEMINI PRO.

Convert the context above as a multi-turn problem-solving conversation where par-
ticipants analyze challenges or scenarios presented in the content and brainstorm
solutions within the context of the provided material, avoiding speculation or unre-
lated discussions. Make sure that their conversation strictly adhere to the context
above and remains faithful to information in the context. Please DONOT add any
new information/reference other than the context.

LAYMAN KNOW-ALL

Imagine you are presenting the content above step-by-step to a layman. While you
are presenting, the layman has a lot of followup questions regarding your presen-
tation. You answer the questions step-by-step with chain-of-thoughts. Design this
interaction between you and the layman as a multi-turn conversational manner.
Make sure that the interaction strictly adhere to the context above and remains faith-
ful to information in the context. Please DONOT add any new information/reference
other than the context.

DEBATE
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Question Our class got fifty-four books from the library. Then we got twenty-three
more books from the library. How many books did our class get from the
library?

Initial Books

50

More Books
Image
23

Total Books

Label 77
Output With Image To solve this problem, we need to add the initial number of books (50)
and the number of books received from the library (23).

50+23=73

The answer is 73.

Output Without Image To solve this problem, we need to add the number of books the class got
from the library initially (54) to the number of books they got from the
library later (23).

Step 1: Add 54 and 23 to find the total number of books the class got from
the library.

54 +23 =77

The answer is

Table 12.7: Example of Image hurting reasoning in ASDIV task for LLAVA-1.5.

Convert the context above as a multi-turn debate-style conversation where the
participants present arguments and counterarguments based solely on the content
provided, without introducing external information or personal opinions. Each
participant defends others arguments step-by-step with chain-of-thoughts. Make
sure that the conversation strictly adhere to the context above and remains faithful
to information in the context. Please DONOT add any new information/reference
other than the context.

12.8.2 Evaluation Metric Details

We evaluate the LLM trained on raw and synthetic data using ten diverse general reasoning
tasks, three mathematical tasks and one specialized knowledge tasks.

General Purpose Reasoning Tasks. All the benchmarks under this category are evaluated
in zero-shot manner.

¢ ARC Easy (ARC-E) and ARC Challenge (ARC-C) (Clark et al., 2018): This dataset is
proposed by the AI2 Reasoning Challenge (ARC). There are two sets of this data: (1)
ARC-E and (2) ARC-C, containing science exam questions from grades 3 to 9. The ARC
Challenge set includes more difficult questions compared to ARC-E that necessitate
higher-order reasoning.
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Question Alice, Bob, and Claire are on the same team in a soccer match. At the
start of the match, they are each assigned to a position: Alice is playing
goalkeeper, Bob is playing left winger, and Claire is playing center mid-
fielder.

As the game progresses, pairs of players occasionally swap positions.
First, Claire and Bob trade positions. Then, Alice and Bob trade positions.
Finally, Claire and Alice trade positions. At the end of the match, Alice is
playing

Options:

(A) goalkeeper

(B) left winger

(C) center midfielder

Soccer Positions

At the start of the match, the positions are:

« Alice: goalkeeper
« Bob: left winger
« Claire: center midfielder

After the first trade, the positions are:

- Alice: goalkeeper

« Bob: center midfielder
« Claire: left winger

Image

After the second trade, the positions are:

« Alice: left winger
- Bob: goalkeeper
« Claire: center midfielder

After the third trade, the positions are:
« Alice: center midfielder
« Bob: goalkeeper
« Claire: left winger

At the end of the match, Alice is playing center
midfielder.

Label (B)
Output With Image After the first trade, Alice is still the goalkeeper, Bob is now the center
midfielder, and Claire is the left winger.

After the second trade, Alice is now the left winger, Bob is the goalkeeper,
and Claire is still the center midfielder. After the third trade, Alice is the
center midfielder, Bob is the left winger, and Claire is the goalkeeper. At
the end of the match, Alice is playing center midfielder. The answer is
(Q).

Output Without Image First, Claire and Bob trade positions. This means that Claire is now
playing left winger and Bob is playing center midfielder. Next, Alice
and Bob trade positions. This means that Alice is now playing center
midfielder and Bob is playing goalkeeper. Finally, Claire and Alice trade
positions. This means that Claire is now playing goalkeeper and Alice is
playing left winger. Therefore, at the end of the match, Alice is playing
left winger. The answer is

Table 12.8: Example of Image hurting reasoning in TRACKING SHUFFLED OBJECTS of three
objects task for GEMINI PRO.

* RACE (Lai et al., 2017): This dataset has been collected from English reading comprehen-
sion exams designed for middle and high school Chinese students.

* PIQA (Bisk et al., 2020): Physical Interaction Question Answering evaluates physical
commonsense reasoning ability of the language model.

* Winogrande [Wino.](Sakaguchi et al., 2019): This benchmark is structured as a fill-in-the-
blank task with binary options, requiring the LLM to select the correct option for a given
sentence, primarily focusing on commonsense reasoning and pronoun disambiguation
tasks.
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Question If you follow these instructions, do you return to the starting point? Take
8 steps. Turn around. Take 8 steps.

Options:

- Yes

-No

Return to Starting Point

Instructions: Take 8 steps. Turn around. Take 8

steps.

Im
age Answer: No

Explanation; After following the instructions, you will
be facing the opposite direction from where you
started. You would need to turn around again to face
the starting point.

Label (B)

Output With Image The answer is No.

You start by taking 8 steps forward. Then you turn around, which means
you are now facing the opposite direction. Then you take 8 steps forward
again. This means you are now 8 steps away from your starting point,
but facing the opposite direction. You would need to turn around again
to face the starting point.

Output Without Image The answer is

Table 12.9: Example of Image hurting reasoning in NAVIGATE task for GEMINI PRO.

e HellaSwag (Zellers et al., 2019): This dataset evaluates a model’s ability to resolve
scenarios in a way that is both contextually appropriate and logically consistent, testing
its grasp of language comprehension and commonsense reasoning.

* OpenBookQA [OBQA](Mihaylov et al., 2018): This dataset is designed to evaluate deeper
understanding of elementary science facts by requiring models to apply these facts to
novel situations using both open book knowledge and external commonsense reasoning.

¢ TruthfulQA [TFQA] (Lin et al., 2022): Evaluates models’ ability to generate factually
correct answers by presenting 817 questions across 38 categories, designed to challenge
common misconceptions.

¢ CommonSenseQA [CSQA] (Talmor et al., 2019): This dataset has been designed to
test commonsense reasoning through multiple-choice questions created from CONCEPT-
NET (Speer et al., 2017) relations, which requires prior knowledge beyond contextual
associations for accurate answering.

* Social-IQA [SIQA] (Sap et al., 2019): Evaluates LLM’s ability to reason about people’s
actions and their social implications.

Math and Specialized Knowledge Tasks. For these tasks, we evaluate the LLM in few-shot
manner.

* GSMS8K (Cobbe et al., 2021a): This benchmark comprises of high quality linguistically
diverse grade school math word problems that evaluates the multi-step and logical
reasoning ability of LLM. In this setup, we prompt the LLM with eight chain-of-thought
examples from Wei et al. (2022) and take the majority vote of the answers from greedy
decoding following the approach in Wang et al. (2022).
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Question This SVG path element (path d="M 30.17,45.97 L 58.79,40.36 L 18.10,15.70
M 18.10,15.70 L 30.17,45.97"/)draws a
Options:

(A) circle

(B) heptagon

(C) hexagon

(D) kite

(E) line

(F) octagon

(G) pentagon

(H) rectangle

(I) sector

(J) triangle
What does this SVG path draw?

Image h

Label ()]

Output With Image The path starts at point (30.17,45.97) and draws a line to point
(58.79,40.36). Then it draws another line to point (18.10,15.70). Finally, it
draws a line back to the starting point (30.17,45.97).

The resulting shape is a triangle.
The answer is
Output Without Image The path element consists of two subpaths. The first subpath starts at

(30.17, 45.97) and goes to (58.79, 40.36), then (18.10, 15.70). The second
subpath starts at (18.10, 15.70) and goes back to (30.17, 45.97).

The first subpath looks like a line from (30.17, 45.97) to (18.10, 15.70), and
the second subpath looks like a line from (18.10, 15.70) to (30.17, 45.97).
So it should be a line.

The answer is (E).

Table 12.10: Example of Image improving reasoning in GEOMETRIC SHAPES task for GEMINI

PRO.

® MATH (Hendrycks et al., 2021e): This dataset contains challenging competition mathemat-

ics problems that requires step-by-step processing of the problem to derive the solution.

We choose 4-shot prompt from Lewkowycz et al. (2022b) for our evaluation process.

* MMLU (Hendrycks et al., 2021b): This task is designed to evaluate a LLM’s multitask accu-
racy across 57 diverse subjects, including elementary mathematics, US history, and law

in multiple-choice question format, requiring extensive world knowledge and problem-

solving skills for high performance. We explicitly consider MMLU-STEM as it contains

comprehensive math and science problems that requires multi-hop and complex reason-

ing ability. Using the evaluation pipeline of LM Eval Harness, we evaluate the LLM with

5-shot prompts for this task.
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Question

A pound of almonds costs $10 while a pound of walnuts costs $15. How
much more does it cost for a mixture of 1/2 pound almonds and 1/3
pound walnuts than a mixture of 1/5 pound almonds and 1/3 pound
walnuts?

Image

Almonds Walnuts Mixture Almonds
Difference
1/21b + 1/3 Ib = ? - 1/5 b =
?
$10 $15 ? $10

Label

3

Output With Image

To solve this problem, we need to find the cost of each mixture and then
compare them.

Cost of 1/2 pound almonds and 1/3 pound walnuts: We know that a
pound of almonds costs $10, and a pound of walnuts costs $15. To find
the cost of 1/2 pound almonds and 1/3 pound walnuts, we need to
multiply the cost per pound by the amount of each nut in the mixture:
(10/1b) * (1/2 1b almonds) + (15/1b) * (1/3 1b walnuts) = $10 + $5 = $15
Cost of 1/5 pound almonds and 1/3 pound walnuts: We can find the
cost of this mixture in a similar way: (10/1b) * (1/5 1b almonds) + (15/1b)
*(1/3 1b walnuts) = $2 + $5 = $7

Comparison: Now we can compare the costs of the two mixtures: $15 -
$7 = $8

The answer is $8.

Output Without Image

To solve this problem, we need to find the cost of the mixture of 1/2
pound almonds and 1/3 pound walnuts and compare it to the cost of the
mixture of 1/5 pound almonds and 1/3 pound walnuts.

First, we need to find the cost of 1/2 pound of almonds and 1/3 pound
of walnuts. We can do this by multiplying the cost per pound of almonds
and walnuts by the respective weights:

1/2 pound of almonds * $10/pound = $1/2*10=5 1/3 pound of walnuts *
$15/pound = $1/3*15=5

The total cost of the mixture is the sum of the costs of the almonds and
walnuts:

$5 + $5 = $5+5=10

Next, we need to find the cost of 1/5 pound of almonds and 1/3 pound
of walnuts. We can do this in the same way:

1/5 pound of almonds * $10/pound = $1/5*10=2 1/3 pound of walnuts *
$15/pound = $1/3*15=5

The total cost of the mixture is the sum of the costs of the almonds and
walnuts:

$2 + $5 = $2+5=7

Now we can compare the costs of the two mixtures:

$10 - $7 = $10-7=3

The answer is

Table 12.11: Example of Image hurting reasoning in GSM8K task for LLAVA-1.5.

12.9 Additional Experiments and Results

12.9.1 Results of Pretraining LLM from Scratch

We pretrain a 8B LLM from scratch with 300B tokens using (i) 4 snapshots of CommonCrawl

(if) owM-4B and (iii) wikipedia, books and epubs corpus corresponding to 486B, 4B and 84B

original tokens respectively. To emphasize math over other datasets, we provide 8 epochs of
OWM-4B in the pretraining blend resulting in 35B OWM tokens that will be seen by the LLM
during pretraining. For all other datasets, we maintain 0.46 epochs. For our experimentation

with synthetic corpus, we analyze four variations in the OWM corpus while keeping the

other data constant:
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Question If you follow these instructions, do you return to the starting point?
Always face forward. Take 5 steps forward. Take 8 steps backward. Take
4 steps forward. Take 4 steps right.
Options:
- Yes
-No
No, you will not return to the starting point if you follow these instructions. The sequence of steps is as
follows: 1. 7 steps left: 7 steps to the left 2. 2 steps backward: 2 steps backward 3. 7 steps backward: 7
steps backward 4. 7 steps backward: 7 steps backward 5. 3 steps forward: 3 steps forward After
completing these steps, you will be 7 steps to the left of your starting position, and then you will take 2
Image steps backward, which will put you 2 steps behind your starting position. You will then take 7 steps
backward, which will put you 7 steps further behind your starting position. Finally, you will take 3 steps
forward, which will bring you 3 steps closer to your starting position. However, you will still be 4 steps
behind your starting position (7 steps left + 2 steps backward + 7 steps backward + 7 steps backward - 3
steps forward = 4 steps behind).
Label No
Output With Image The answer is
Output Without Image To determine whether one would end up back at the starting point, we
need to analyze the given navigation instructions step-by-step.
Take 5 steps forward. Take 8 steps backward. Take 4 steps forward. Take
4 steps right. Let’s analyze each step:
Take 5 steps forward: After taking 5 steps forward, the person would be
5 steps away from the starting point. Take 8 steps backward: After taking
8 steps backward, the person would be 8 steps away from the starting
point, in the opposite direction. Take 4 steps forward: After taking 4
steps forward, the person would be 4 steps away from the starting point,
but now they are moving in the correct direction. Take 4 steps right:
After taking 4 steps right, the person would be 4 steps away from the
starting point, but now they are at a right angle to the starting point.
Since the person is now at a right angle to the starting point and moving
in the correct direction, they will eventually return to the starting point
by continuing to move forward.
The answer is: Yes

Table 12.12: Example of Image improving reasoning in NAVIGATE task for LLAVA-1.5.

e MIND-OWM-4B [TWO STUDENTS ]. This data includes conversations between two
students.

* OWM-4B + MIND-OWM-4B [1:1]. We sample raw and synthetic conversations in a 1:1 ratio,
ensuring an equal number of tokens to be seen during pretraining from both sources. For
the synthetic data, we utilize the TWO STUDENTS conversations.

* OWM-4B + MIND-OWM-4B [Concat]. We concatenate each raw context with all seven
synthetic conversations sequentially.

* MIND-OWM-4B [Longest Conversation]. From the seven conversations generated for
each context, we select the longest conversation in token count.

As shown in Table 12.14, conversational synthetic data improves general purpose reasoning
ability of LLM. Specifically, the concatenation of raw text and conversations yields the
best average score for all combinations—highlighting the efficacy of both data towards
generalizability of LLM across wide range of reasoning tasks.

In addition, for mathematical benchmarks, only synthetic data produce the best imrpove-
ment over the raw data (Table 12.15). The nature of conversational data being composite and
structured helps the LLM to perform well in tasks that requires step-by-step processing of a
complex problem. Conversely, specialized knowledge tasks require both raw and synthetic
data to attain the maximum gain.
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Question TIn the US, Thanksgiving is on the fourth Thursday of November. Today
is the US Thanksgiving of 2001. What is the date yesterday in MM /D-
D/YYYY?

Options:

(A) 09/12/2002

(B) 11/30/2002

(C) 11/21/2002

(D) 11/21/2076

(E) 11/07/2002
(F) 11/15/2002
20011123
Image Thanksgiving Day
Thursday
Label ©

Output With Image The answer is (E) 11/07/2002.

Output Without Image To infer the date from context, we need to determine the date of US
Thanksgiving in 2001.

Step 1: Determine the date of US Thanksgiving in 2001.

The US Thanksgiving holiday is celebrated on the fourth Thursday of
November. In 2001, November has 30 days.

Step 2: Calculate the date of US Thanksgiving in 2001.

4th Thursday of November 2001: Thursday = 22 (since it’s a Thursday)
November = 30

22 + 30 = 52 (the date in numerical format)

Step 3: Convert the numerical date to MM/DD/YYYY format.

52 =11/22/2001

The answer is 11/21/2002.

Table 12.13: Example of Image hurting reasoning in DATE UNDERSTANDING task for LLAVA-
1.5.

Dataset ARC-E Race PIQA Wino. HellaSwag ARC-C OBQA TFQA CSQA SIQA Avg-All
OWM-4B 66.79 3598 77.69 62.19 68.23 38.91 37.20 3592 1957 4442 48.69
MIND-OWM-4B [TWO STUDENTS | 68.14 3675 77.86 63.06 69.11 40.19 39.40 37.80 19.66  45.55 49.75
OWM-4B+MIND-OWM-4B [1:1] 69.74 3732 77.64 63.69 69.51 40.87 38.20 3497 2039 4447 49.68
OWM-4B+MIND-OWM-4B [Concat] 69.28 3837 78.02 64.09 68.66 39.76 39.00 38.38 2252  44.63 50.27
MIND-OWM-4B [Longest Conversation] 6839  36.75 77.64 62.04 68.91 40.02 39.40 3823 2023 4452 49.61

Table 12.14: Evaluation of 8B LLM on General Reasoning tasks: Conversations provide
improvement over raw data in general purpose reasoning tasks including commonsense,
factual and social reasoning tasks.

MMLU- MMLU- MMLU- MMLU-

Dataset GSM8K MATH STEM  Humanities Social-Sciences Others MMLU Avg-All
OWM-4B 4.78 4.92 26.29 25.93 26.75 27.16 26.46 12.05
MIND-OWM-4B [TWO STUDENTS | 10.77 5.30 26.93 26.78 26.81 27.87 27.06 14.38
OWM-4B+MIND-OWM-4B [1:1] 8.49 5.02 28.01 28.44 28.40 28.39 28.32 13.94
OWM-4B+MIND-OWM-4B [Concat] 8.04 4.98 29.18 29.22 29.51 31.54 29.79 14.27
MIND-OWM-4B [Longest Conversation] 8.57 4.60 26.77 27.16 29.12 29.29 2797 13.71

Table 12.15: Evaluation of 8B LLM on Math and Specialized Knowledge tasks: Conversa-
tions are always beneficial for mathematical reasoning where specialized knowledge tasks
further benefit from having both raw and synthetic data in the corpus.
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12.9.2 Breakdown of Individual Tasks Results of Continued Pretrained LLM

In this section, we further breakdown the performance of models trained on individual and
combinations of conversation styles across general purpose reasoning tasks and specialized
knowledge tasks.

Performance across Individual Prompt Style. As shown in Table 12.16, synthetic data
overall achieves highest gain for general purpose reasoning task compared to using raw
or rephrased data. Table 12.17 further validates the efficacy of synthetic conversations on
mathematical reasoning tasks where model trained with all styles of conversational data
generated from OWM-4B gets the highest gain across all other models—highlighting the
potential of upsampling high-quality data by generating synthetic data of diverse styles
using a small seed data.

Dataset Style ARC-E Race PIQA Wino. HellaSwag ARC-C OBQA TFQA CSQA SIQA Avg-All
OWM-4B Raw 7189 3789 7824 6598 71.42 46.33 41.40 36.96 3235  46.57 52.90
Rephrase-OWM-4B Rephrase 72.05 3828 78.07 63.14 71.16 45.31 4220 4709 3333 4519 53.58
TWO PROFESSORS 7218 3885 7720 66.38 71.54 44.20 40.40 4251 3235 4647 53.21
TEACHER STUDENT 7517 3876 7835 66.46 72.08 47.70 40.20 44.88 38.74  46.06 54.84
TWO STUDENTS 7290 3856 7824 6582 7224 46.67 41.00 44.10 3825 4545 54.32
LAYMAN KNOWALL 7412  39.04 7845 6527 72.19 46.42 41.00 46.25 41.28  44.88 54.89
MIND-OWM-4B DEBATE 7492 3837 7845 6575 71.89 47.78 40.40 45.47 3841  46.16 54.76
INTERVIEW 7382 3799 7813 6511 72.18 48.72 4200 4781 3604 4545 54.73
PROBLEM SOLVING 7441 3837 78.07 6559 71.67 49.40 41.20 47.04 37.02  46.26 54.90
LONGEST CONVERSATION 7471 3799 7818 64.80 72.10 47.61 41.40 45.49 39.80  46.52 54.86
ALL CONVERSATIONS 7517  39.04 77.86 6543 72.31 49.40 41.00  46.68 4079  46.42 55.41
OWM-4B+MIND-OWM-4B [1:1] Combinati 7412 3799 7818  66.54 7228 48.12 41.40 39.27 4070  46.37 54.50

ombination

OWM-4B+MIND-OWM-4B [Concat] 7492 3828 7758 67.32 72.63 48.55 41.80 4226 4095 46.72 55.10

Table 12.16: Results of 7B LLM on General Reasoning Tasks: We evaluate both the baseline
and model trained with synthetic data across diverse tasks that focus on general reasoning,
language understanding and commonsense.

MMLU- MMLU- MMLU- MMLU-
Dataset Style GSM8K MATH STEM  Humanities Social-Sciences Others MMLU Avg-All
OWM-4B Raw 12.96 4.92 39.39 41.15 52.84 52.85 45.91 21.26
Rephrase-owM-4B Rephrase 11.68 5.46 39.71 40.77 54.76 52.40 46.17 21.10
TWO PROFESSORS 13.50 4.52 37.93 41.89 52.32 50.76 45.25 21.09
TEACHER STUDENT 22.74 5.96 40.72 4221 56.78 55.13 47.93 25.54
TWO STUDENTS 21.30 6.20 41.90 43.40 57.07 55.65 48.77 25.42
MIND-OWM-4B LAYMAN KNOWALL 17.74 5.46 41.96 44.27 56.19 55.62 48.87 24.02
DEBATE 23.96 6.12 40.18 42.40 55.38 55.33 47.61 25.90
INTERVIEW 20.92 5.86 40.53 41.21 55.48 5391 46.99 24.59
PROBLEM SOLVING 24.72 6.16 41.36 4221 55.18 55.23 47.74 26.21
LONGEST CONVERSATION 25.78 6.30 42.72 43.53 57.52 56.90 49.37 27.15
ALL CONVERSATIONS 26.38 7.22 42.53 44.38 58.63 58.51 50.21 27.94
OWM-4B+MIND-OWM-4B [1:1] Combination 21.68 6.14 42.56 43.85 57.59 57.42 49.57 25.80
1] o{
OWM-4B+MIND-OWM-4B [Concat] 24.49 6.22 43.67 44.87 59.21 57.16 50.46 27.06

Table 12.17: Results of 7B LLM on Specialized Knowledge Tasks: In this setup, we assess
the domain specific knowledge of LLM specifically on mathematics, science and general
knowledge. We emphasize on the GSM8K, MATH and MMLU-STEM task, as these tasks
predominantly checks the mathematical reasoning ability of the LLM.

Analysis with Complete OpenWebMath. Our experiment with complete OWM-14B shows
the similar trend as before. The comprehensive nature of this larger dataset continues to
reinforce the advantages of synthetic data, as models trained on it also exhibit enhanced per-
formance across both general purpose reasoning (Table 12.18) and mathematical reasoning
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tasks (Table 12.18). This consistency across different dataset sizes highlights the robustness
of the benefits gained from incorporating diverse conversational styles, further supporting
the notion that expanding training data through synthetic means can lead to significant
advancements in the capabilities of language models.

Dataset ARC-E Race PIQA Wino. HellaSwag ARC-C OBQA TFQA CSQA SIQA Avg-All
Pretraining Data  70.88 3876 78.78  67.80 73.90 43.86 42.60 4135  29.65  44.63 53.22
OWM-14B 7340 3732 7791 6590 72.15 47.10 41.40 3839  39.64  46.26 53.95
MIND-OWM-14B 75.84 3952 7856  65.67 72.38 48.55 42.80 45.06  39.89  47.08 55.54

Table 12.18: Evaluations on General Reasoning Tasks with complete OWM-14B: Conversa-
tional data is beneficial for general purpose reasoning tasks.

MMLU-  MMLU- MMLU- MMLU-
Dataset GSM8K MATH STEM  Humanities Social-Sciences Others MMLU Avg-All
Pretraining Data 9.33 4.74 37.93 41.23 51.80 53.07 45.43 34.79
OWM-14B 20.47 7.24 42.82 44.48 56.61 56.78 49.49 39.70
MIND-OWM-14B 27.29 8.24 43.55 43.95 57.95 57.45 4991 41.19

Table 12.19: Evaluations on Math and Specialized Knowledge Tasks with complete oOWM-
14B: Conversations improve mathematical reasoning over raw data.

12.10 Additional Ablations

12.10.1 Context Length vs Conversation Quality

To generate conversations, we utilize M, which supports input sequences of up to 8K tokens.
However, the OpenWebMath corpus, composed of mathematical web pages from Common
Crawl, often contains documents exceeding this 8K token limit, leading to errors when
processing them with the LLM. A straightforward approach is to split these inputs into
8K-token windows, but initial experiments with this method reveal significant drawbacks.
Conversations generated from the 8K-token inputs tend to summarize the lengthy context,
resulting in a loss of substantial information from the original text.

- Two Professors - Teacher Student
1500

1000

500

Token Length of Conversation

500 1000 1500 2000
Token Length of Original Context

Figure 12.14: With increasing context length the generated conversation length decreases!
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Therefore, we conduct an experiment on 140k samples from the OpenWebMath corpus of
varying input length to determine the optimal input token length that generates conver-
sations of following characteristics: (1) retains all relevant information from the original
context, (2) remains grounded to the source material and (3) enhances the conversation with
complementary explanations and reasoning. For each sample, we generate conversations
using two prompt (TWO PROFESSORS and TEACHER STUDENT) and observe the token length
of the generations. As depicted in Figure 12.14, with increasing input token length (X-axis),
the token length of the generated conversation (Y-axis) does not scale up linearly. For exam-
ple, an input context of 2K tokens results in a conversation that has 1K tokens resulting in a
lot of information loss during conversion. Analyzing the Figure 12.14, we see that the input
token length of 500 can generate conversation that goes beyond 500 tokens meaning that
the conversation not only retains information but also adds necessary reasoning resulting in
more tokens.

12.10.2 Conversation Length vs Model Performance

As shown in Table 5.1, LONGEST CONVERSATION achieves the best results among all styles.
Since LONGEST CONVERSATION is curated by selecting the longest dialogue (in terms of
token count) from seven conversations for a single context, it raises the question of how
dialogue length impacts downstream task accuracy.

To explore the relationship between dia- St Avg Token Length Accuracy (Avg-All)
1 1 th and d th TWO PROFESSORS 451.95 29.12
ogue length and accuracy, we measured the | .o 1517 65
average token length of dialogues across all ~ rrosLEMSOLVING 465.29 33.38
. . i TEACHER STUDENT 494.03 32.87
conversational styles, including LONGEST  \yrerview 49721 012
CONVERSATION. As seen in Table 12.20, DPEBATE 511.90 33.11
. . . LAYMAN KNOWALL 630.23 31.74
reasoning accuracy does not exhibit a linear  LongesT Conversation 65348 34.08

correlation with dialogue length. For exam-
ple, with PROBLEM SOLVING style we can Table 12.20: Conversation Length vs Down-

achieve comparable accuracy to LONGEST Stream Task Accuracy: Conversation length
CONVERSATION even when the average to- 1S not correlated with downstream task accu-
ken length for PROBLEM SOLVING is 188 Tacy:

lower than LONGEST CONVERSATION. This highlights that the conversation length is
not the only important factor to attain the maximum gain in reasoning ability. As mentioned
in Section 10.5, the structure and dynamics of the conversations also play a crucial role in
maximizing reasoning gains.

12.10.3 Conversation Quality Assessment

While the conversations generated by the LLM typically appear coherent, there are instances
where the conversation fails to preserve the context or lacks grounding to the source material.
In some cases, conversations may even be incomplete. Detecting poor-quality generation
becomes challenging at scale. To address this, we explore two quality-filtering approaches:

Heuristic Filtering. We employ a simple heuristic based on token length. Given that the
input context is limited to a maximum of 500 tokens and split into subcontexts of 500 tokens
each to maximize information retention, we discard any generated conversations that fall
below 50 tokens. This ensures that minimal information loss is detected early.
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LLM-based Scoring. For a more comprehensive assessment, we use an LLM to score the
quality of the generated conversations. We introduce four key metrics for evaluation:

¢ Correctness: Verifies that all information, such as numbers and parameters, is accurately
reflected in the conversation.

¢ Faithfulness: Ensures the conversation remains grounded in the context provided.

¢ Information Preservation: Checks whether all relevant facts and knowledge from the
original context are retained in the conversation.

* New Knowledge: Evaluates whether the conversation introduces additional explanations,
reasoning, or definitions not present in the raw input.

Given a raw context and its corresponding

conversation, we ask M to rate the conver- = FineWeb Metric = Our Metric
sation on a scale of 1 to 5 in each of four "%

metrics, with 1 representing poor quality 75

and 5 representing the best possible conver-

sation. To determine the overall quality, we 0.%0

compute the average score across the met- 0.25

0.00 .

scores more than or equal to 3. Additionally, 1 2 3 4 5

rics and choose conversations with average

we utilize the prompt from the FineWebEdu Figure 12.15: LLM tends to rate its generation

(Penedo et al., 2024) annotation framework higher most of the times.
to further check the correlation between two

scoring approaches. In Figure 12.15, we plot

the scores for 140K conversations using FineWebEdu metrics and our metrics. It is clearly
visible from the figure is that LLM tends to rate its own generation higher almost all the
time resulting in a skewed distribution of rating. Around 96% of conversations are labelled
as high quality. However, compared to FineWebEdu, our metric results in less skewed
distribution—making our approach more suitable for evaluating synthetic data derived

from a seed corpus.

To further investigate, we choose 20 contexts and their corresponding conversations and
manually label them on the above four metrics. We later pass these samples to LLM to obtain
the quality scores. The correctness and faithfulness metrics were consistently high, with LLM
showing a generation correct 96% of times and human annotators labeling a conversation
correct 98% of times (with spearman correlation between two being 0.82) which validates
the quality and reliability of the generated synthetic dialogues. When comparing the overall
human scores with those from the LLM across the four metrics, we observe a weak correlation
between two sets (Spearman’s p = 0.03) and the reasoning behind them. Human annotators
prioritized the information preservation metric, while the LLM often overlooked minor
information loss. Additionally, the interpretation of “New Knowledge" differed between
humans and the LLM. Humans valued extra reasoning and explanation as forms of new
knowledge, whereas the LLM assigned higher “New Knowledge" scores to conversations
containing out-of-context information that is difficult to verify. Given these differences in
the results from human and LLM-based quality filtering, we use simple heuristic filtering in
this study and plan to explore other approaches in the future.
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12.10.4 Compare with DEEPSEEKMATH

To asses the quality of our data, we run pre-training experiments to compare MIND-OWM
with the recently released DEEPSEEKMATH (Zhihong Shao, 2024). The DEEPSEEKMATH
approach is iterative. They construct a dataset for binary classification consisting of 500K
positive data points randomly sampled from OpenWebMath (the seed corpus) and 500K
negative data points randomly sampled from CommonCrawl. They train a fastText (Joulin,
2016) classifier on these data which they then use to extract samples from CommonCrawl
as math content. All CommonCrawl domains for which over 10% of the existing web
pages have been extracted are at this point understood to be math-related. URLs which
are associated with these domains but which have yet to be collected are manually labeled
as math content. The web pages hosted at these addresses are added to the seed corpus
and the classifier is retrained. DEEPSEEKMATH performs 4 rounds in total resulting in the
DEEPSEEKMATH Corpus, consisting of some 120B math tokens. They continuously train a
partially converged 7B DEEPSEEKCODER-V1.5 model on a 500B token blend to attain the
DEEPSEEKMATH model and achieve substantial improvement on several math tasks. In
contrast, MIND proposes a simple alternative for generating high-quality math data that
boosts the mathematical reasoning ability of LLM given access to a small seed corpus.

As the DEEPSEEKMATH dataset is not public, we repli-
cate our previous Dblend, D = {X¥ U Ry}, where X =
{MIND-OWM-4B (conversations of all styles except the TWO STUDENTS one) U

MIND-OWM-14B (TWO STUDENTS conversations)}. We maintain a 2:1 ratio of X and
Rpt in the training blend. Similar to the approach of DEEPSEEKMATH, we take a converged
DEEPSEEKCODER-V1.5 model as C — the unconverged model weights are unpublished
as far as we are aware — and convert the model weights to a format compatible with
Megatron-LM, which serves as our training framework, before continuously training for
500B tokens. We use a cosine learning rate schedule with a 19B token linear ramp-up, a
maximum learning rate of 3e-4, and a minimum learning rate of 3e-6, and we anneal the
learning rate over 500B tokens. We use Adam with parameters 51 = 0.9 and B, = 0.95, a
weight decay of 0.1, a gradient clipping threshold of 1.0, a sequence length of 4096, and a
global batch size of 2304 sequences.

MMLU- GENERAL REASONING
Dataset Tokens GSMS8K MATH STEM MMLU (Avg) Avg-Math  Avg-All
DEEPSEEKMATH (Zhihong Shao, 2024) 5029 437 5541 5498 55.94 39.69 43.64
MIND-OWM-4B/14B [Combinations*] ~ 2°°B 5732 236 5195  56.54 59.16 37.21 43.84

Table 12.21: DEEPSEEKMATH vs All Synthetic Conversations. A model trained on conver-
sations generated by MIND from a small seed corpus can achieve math accuracy comparable
to the DEEPSEEKMATH model trained on 120B unique tokens.

From Table 12.21, we can see that a model trained on conversations which MIND generated
given a small seed corpus can attain math accuracies comparable to the DEEPSEEKMATH
model with access to 120B unique math tokens in its continuous training blend. In fact, we
outperform DEEPSEEKMATH in MMLU and general reasoning tasks, reaching higher average
accuracy across all tasks. This underscores the quality of MIND generated conversations
and signifies the efficacy of MIND in improving mathematical reasoning ability of LLM
when the underlying raw data is limited.
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In contrast to our prior C, DEEPSEEKMATH-7B LLM is a strong math baseline that has
been specifically designed for addressing mathematical reasoning ability and surpasses
Azerbayev et al. (2023b), Team et al. (2024), Jiang et al. (2023), Lewkowycz et al. (2022a),
Javaheripi et al. (2023), Dubey et al. (2024) [8B] base models on diverse math tasks. To evalu-
ate the effectiveness of MIND with stronger pretrained model, we perform an additional
experiment, similar to our training setup in Section 5.3.1 using C = DEEPSEEKMATH-7B.
Specifically, we have continuously trained the C on 500B tokens maintaining a 2:1 ratio of
math (R) and 13 CC (R ;) dataset where the total blend is D = {R U Rp;}. We conduct
two experiments by alternating R with raw (OWM-14B) and X'

MMLU- GENERAL REASONING
Dataset Tokens GSM8K MATH STEM MMLU (Avg) Avg-Math  Avg-All
OWM-14B 39.42 1.59 49.92 52.87 55.47 30.31 37.34
MIND-OWM [ALL CONVERSATIONS]  200B 5730 236 5195 5654 59.16 3721 4384

Table 12.22: Training DEEPSEEKMATH-7B with Raw Data vs All Synthetic Dialogues. A
strong pretrained LLM continously trained on conversations generated by MIND provides
significant boost in math accuracy than the same model trained on raw data—showing the
effectiveness of MIND regardless of pretraining model quality.

As shown in Table 12.22, model trained on MIND-OWM data shows consistent improvement
over model trained on raw data—resulting in 17.90% gain on GSM8K, 6.90% average im-
provement across math tasks and 3.43% average improvement across ten general reasoning
tasks. These results further solidifies the effectiveness of MIND regardless of the quality of
the pretrained model.

12.10.5 Conversations on Code Tasks

Unlike raw data, conversations tend to break down the context into sub-context and par-
ticipants exchange their reasoning about the sub-context in a single turn. This feature is
particularly useful for mathematical or logical reasoning which require step-by-step reason-
ing. However, this structure might hurt performance of LLM in domains where sequence
of context needs to be preserved such as in codes. To further investigate the impact of
conversational data on the coding capabilities of LLM, we conduct an evaluation of models
trained on both raw and synthetic data across four established coding benchmarks: Hu-
mankEval (Chen et al., 2021b), MBPP (Austin et al., 2021), HumanEval+, and MBPP+ (Liu
et al., 2024a). These benchmarks are specifically designed to assess the model’s ability to
generate functional code in response to given prompts.

Our results, as presented in Table 12.23, demonstrate that conversational synthetic data
does not enhance coding performance. This is largely due to the way conversations tend
to fragment code, wrapping it in natural language and thereby obscuring the intended
sequence and logic inherent in programming tasks. Consequently, while conversations may
be effective in contexts that benefit from collaborative reasoning, they are not suited for
preserving the integrity of code, leading to diminished performance in coding benchmarks.

Interestingly, we also observe that rephrasing, which resembles raw data more closely in
structure, further degrades coding accuracy. Our qualitative analysis of the rephrased
documents reveals that the conversation generator (LLAMA3-70B-INSTRUCT) often re-
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Dataset Style HumanEval HumanEval+ MBPP (Sanitized) MBPP+ Avg-All

OWM-4B Raw 12.20 10.98 23.74 0.00 11.73

Rephrase-OWM-4B Rephrase 5.49 4.27 20.23 0.53 7.63

TWO PROFESSORS 8.54 4.88 20.62 0.00 8.51

TEACHER STUDENT 13.41 9.76 26.46 0.26 12.47

TWO STUDENTS 10.37 7.93 26.07 0.26 11.16

LAYMAN KNOWALL 10.37 8.54 26.46 0.79 11.54

MIND-OWM-4B DEBATE 11.59 9.15 24.90 0.26 11.48

INTERVIEW 7.32 4.88 23.35 0.26 8.95

PROBLEM SOLVING 9.76 9.15 2451 0.26 10.92

LONGEST CONVERSATION 9.15 7.32 28.40 0.53 11.35

ALL CONVERSATIONS 12.20 9.15 28.02 0.53 12.48

OWM-4B+MIND-OWM-4B [1:1] L 13.41 10.98 23.35 0.00 11.94
Combination

OWM-4B+MIND-OWM-4B [Concat] 10.37 7.93 31.52 0.00 12.46

Table 12.23: Results of 7B LLM on Code Tasks: Conversations and rephrases are ineffective
for code benchmarks.

moves critical elements such as important tags and code indentation, which are essential
for comprehending and executing code correctly. This finding underscores the necessity of
designing code-specific prompts that retain the structural components vital for coding tasks.
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Answer Questions from Image

Hil Thanks for your help!

Inthis HI,you ae going to answer questions about images!

1. For each question, start typing your answer in th textbox right o . If you think the quesi please type ‘th queston sef s
problematic*and provide an explanation or choosing tis option

2 Tounlockthetask,youneed to answer read examples, and FAQs creflly!
3, Theanswersare usuallyshort, about1-5 words

PS. You will receive bonus if you can answer more than 8 questions correctly! o tryto do your best!:) Good luck!

Answer these questions correctly using the information above to unlock the task!

be
(Select

(3 Question text has an objectthat i not present i th image.

What s this HIT about? - Do the o' and the question tselsp il @
OYes
Frequently Asked Questions (FAQ) + Mo
Examples ™
text? [See FAQ)
O objectt - relationt — object?, relation2 — objects, and relation3 — objecté
Note that the question, you need to make sure all objcts, relati intheimage. not, the O object! — reation{ —» object? - reation2 — object3

questonis unanswerable e, the question itelf s problematic".
What are examples o CHAIN rlation? [See FAQ & Examples]

Example 1 [Question text is consistent with the image]: +-

Example 2 [Question text is NOT consistent with the image]: +-

Example 3 [Question text contains STAR RELATION]:  +-

Example 4 [Question text contains CHAIN RELATION]:  +- Image Question

Plseciokonimege o expand

mta, backad open erce org i e nage?

Look at the examples above to get some hints about the task!!

HINT: Th i o i features, We REALLY e your elp distingishi
them from the rest. We have als ided Structured ion of Question g —
easiertoread. And fyou select i the is problematic” ption for dons, youwill FAIL1

REMEMBER:

+ ALL ANSWERS MUST BE INSIDE THE DROPDOWN LIST.
+ ALL OBJECTS, THEIR ATTRIBUTES, AND THE RELATIONS AMONG THEM MENTIONED IN THE QUESTION TEXT MUST BE PRESENT IN THE IMAGE.

Thank you for completing our task!
* Please let us know if you faced any issues/confusion while solving this task in the Optional Feedback section.
* Please suggest us how we can improve. Your feedback is very valuable to us!

Have a good day!

Which question did you find easiest to answer?

O1 O2 O3 O4 O5 O O7 Os O9 O10

Which question did you find most difficult to answer?

O1 O2 O3 O4 Os5 O O7 Os8 O9 O10

Optional Feedback:

Did you find the Structured Representation of Question useful?

=

Figure 12.8: Amazon Mechanical Turk interfaces used for Qualification Test to choose the
right workers for human accuracy assessment on VISREAS task. We study the workers by
deploying two tasks. In the first task, we ask the workers to read the instructions carefully
(Top left) and answer some multiple-choice questions (Top right). After passing this task,
ten questions with images will be presented and the final task would be to choose the right
answer from the answer dropdown list (Bottom right). We choose the workers for the final
evaluation who have correctly predicted more than seven answers out of ten questions.
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Image Question

Please click on image to expand

Thank you for completing our task!

* Please let us know if you faced any issues/confusion while solving this task in the Optional Feedback section.
* Please suggest us how we can improve. Your feedback is very valuable to us!

Have a good day!

Complexity:
On a scale of 1 to 5, how hard was it to find the required answer in the image (1 Very Easy - 5 Very Hard)?

O1 O2 O3 O4 Os

Did you find the ion pr ic while ing?

Optional Feedback:

E3
(a)

Did you find the question problematic while answering?

Ve v No v

No, itis perfect!

Gan Otherise, piease selec the “recundant” choice above,)

preserving tho argina meanig of the question as much a possible

(b)

Figure 12.9: Amazon Mechanical Turk interfaces for human accuracy assessment on Vis-
REAS task using the qualified workers. (a) For each HIT, we provide an image and a question
that needs to be answered from a dropdown list of 2013 entries. In addition, we ask for
rating the complexity and structural soundness of the query and further look for details
if any Turker finds the question problematic. (b) To investigate what type of problem the
question possesses, we ask for further details from the workers and even encourage them to
rewrite the query to remove the problem they faced while answering the query.
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Figure 12.10: Accuracy by question length across three mathematical reasoning tasks. In the
cases of ASDIV and SVAMP, accuracy is notably higher when utilizing images for longer and
more intricate questions compared to scenarios without images. However, in the context of
more complex questions, such as those found in GSM8K, the limitations of the VLM become
apparent. In this scenario, the inability to generate effective HTML results in erroneous
image generation, consequently leading to decreased accuracy, particularly with longer
questions.
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Figure 12.11: GSM8K accuracy by chain-of-thought length. Similar to the findings in Fig-
ure 12.10, image representations for complex questions are not efficient and structured.
Therefore, the inclusion of images does not enhance the representation of questions that
demand longer chains of thought.
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Figure 12.12: Accuracy by Question Length for a subset of BIG-Bench-Hard benchmark.
Incorporating images helps when the corresponding question is simpler and shorter and
when the questions are more complex.
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Figure 12.13: Number of Instances from each subtask impacted by Image. Here ‘Image Hurts’
represents instances that achieved correct answers without image and got incorrect with
image. Similarly ‘Image Improves” shows data points getting the correct answers with image
and getting incorrect without image.
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12.11 Dialogue Examples

RAw TEXT

# CAT Quantitative Aptitude Questions | CAT Ratios, Mixtures, Alligations and
Averages Questions

#HHHHAA CAT Questions | Mixtures and Alligations | Mixtures - Range

The question is from CAT Ratio, Mixtures and Averages. Given the details about
two alloys, we need to determine the possible values the weight of an ally can take.
CAT exam is known to test on basics rather than high funda ideas. A range of
CAT questions can be asked from Ratios and Proportions, Mixtures, Alligations and
Averages. Make sure you master the topics. 2IIMs CAT questions bank provides you
with CAT questions that can help you gear for CAT Exam CAT 2020.

Question 16: 100 kgs of an alloy of tin and lead in the ratio 1:3 is mixed with x kgs of
an alloy of tin and lead in the ratio 3:2. If the overall alloy should contain between
40% and 50% tin, what is the range of values x can take?

1. 100 kgs < x <200 kgs

2. 80 kgs < x <240 kgs

3. 110 kgs < x < 220 kgs

4. 75 kgs < x <250 kgs

## Best CAT Coaching in Chennai

##H## CAT Coaching in Chennai - CAT 20200nline Batches Available Now!

SYNTHETIC DIALOGUE [TWO PROFESSORS ]
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Professor 1: Good morning, colleague. I'd like to discuss a question from CAT
Ratio, Mixtures, and Averages. It’s about two alloys of tin and lead, and we need to
determine the possible values of the weight of an alloy.

Professor 2: Ah, yes. I'm familiar with this type of question. It’s a classic example of
Mixtures and Alligations. Please go ahead and share the details of the question.
Professor 1: We have 100 kgs of an alloy of tin and lead in the ratio 1:3, which means
it has 25 kgs of tin and 75 kgs of lead. This alloy is mixed with x kgs of another alloy
of tin and lead in the ratio 3:2. The overall alloy should contain between 40% and
50% tin. We need to find the range of values x can take.

Professor 2: That’s a great problem. We can start by analyzing the second alloy. If it
has a ratio of 3:2, that means it has 3x/5 kgs of tin and 2x/5 kgs of lead, with a total
weight of x kgs.

Professor 1: Exactly. Now, when we mix these two alloys, how does the mixture
change? We need to find the overall percentage of tin in the resulting alloy.
Professor 2: Right. Let’s think about it. If the overall alloy should contain between
40% and 50% tin, what does that imply about the range of values x can take?
Professor 1: That’s the key question. If we can determine the range of x, we can
answer the question. Do you think it’s possible to narrow down the options to one
of the given choices?

Professor 2: Yes, I think so. Let’s analyze the options. We have 1. 100 kgs < x < 200
kgs, 2. 80 kgs < x < 240 kgs, 3. 110 kgs < x < 220 kgs, and 4. 75 kgs < x < 250 kgs.
Which one do you think is the correct answer?

Professor 1: Well, after analyzing the problem, I think the correct answer is option 2:
80 kgs < x < 240 kgs. What do you think?

Professor 2: I agree with you. The correct answer is indeed option 2. Well done!
This question is a great example of how CAT exam tests our understanding of basics
rather than high-funda ideas.
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RAw TEXT

?
Free Version

Moderate

# Interpretation of Equilibrium from Graph of Concentration vs Time
CHEM-NWU9LE

Consider the graph below of a chemical reaction observing the concentration of two
chemical species with time.

Which species is the reactant? $$

Which species is the product?

$$

At what region does the solution appear to be in equilibrium? $$
What is the K, for the reaction?

SYNTHETIC DIALOGUE [TEACHER STUDENT ]
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Student: Hi, teacher. I'm having trouble understanding this graph of a chemical
reaction. Can you help me?

Teacher: Of course! What's your first question about the graph?

Student: Okay, so which species is the reactant?

Teacher: Let’s take a look at the graph. The species whose concentration is decreasing
with time is the reactant. Can you identify which one that is?

Student: Ah, I think it’s... (looks at the graph) ...the one whose concentration starts
high and decreases.

Teacher: That’s correct! The reactant is the species whose concentration starts high
and decreases with time. Now, what’s your next question?

Student: Which species is the product?

Teacher: Good question! The product is the species whose concentration starts low
and increases with time. Can you identify which one that is?

Student: Yeah, I think it’s... (looks at the graph) ...the one whose concentration starts
low and increases.

Teacher: That’s right! The product is the species whose concentration starts low and
increases with time. Now, what’s your next question?

Student: At what region does the solution appear to be in equilibrium?

Teacher: Look at the graph again. At what point does the concentration of both
species seem to be constant, not changing with time?

Student: Hmm... I think it’s... (looks at the graph) ...after a certain time, when the
lines are flat.

Teacher: Exactly! The solution appears to be in equilibrium when the concentration
of both species is constant, which is after a certain time when the lines are flat. Now,
what’s your next question?

Student: What is the Kc for the reaction?

Teacher: Unfortunately, the graph doesn’t provide enough information to calcu-
late the Kc value. We would need more data or information about the reaction to
determine the equilibrium constant, Kc.

Student: Okay, I think I understand now. Thank you for your help!
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RAw TEXT

What's the probability that: The person is not age 18 to 34 and does not own an
iPhone?

The presidential election is coming.

Five survey companies (A, B, C, D, and E) are doing survey to forecast whether or
not the Republican candidate will win the election.

Each company randomly selects a sample size between 1000 and 1500 people.

All of these five companies interview people over the phone during Tuesday and
Wednesday.

The interviewee will be asked if he or she is 18 years old or above and U.S. citizen
who are registered to vote. If yes, the interviewee will be further asked: will you
vote for the Republican candidate?

On Thursday morning, these five companies announce their survey sample and
results at the same time on the newspapers.

The results show that a% (from A), b% (from B), c% (from C), d% (from D), and €%
(from E) will support the Republican candidate.

The margin of error is plus/minus 3% for all results.

Suppose that c>a>d>e>b. When you see these results from the newspapers, can
you exactly identify which result(s) is (are) not reliable and not accurate?

That is, can you identify which estimation interval(s) does (do) not include the true
population proportion?

If you can, explain why you can, if no, explain why you cannot and what information
you need to identify.

Discuss and explain your reasons. You must provide your statistical analysis and
reasons.

SYNTHETIC DIALOGUE [TWO STUDENTS ]

**Turn 1**

Alex: Hey Ben, have you started working on our assignment about the presidential
election survey?

Ben: Yeah, I've been going over the context. It seems like we need to identify which
survey result is not reliable and accurate.

Alex: Exactly! Let’s break it down. We have five survey companies, A, B, C, D, and
E, each with a sample size between 1000 and 1500 people.

Ben: Right, and they all have a margin of error of plus/minus 3%.

**Turn 2**

Alex: Okay, so we're given that c > a > d > e > b. What does this tell us?

Ben: It tells us the order of the proportions of people who will support the Republican
candidate according to each survey company.

Alex: That's right. And since the margin of error is the same for all companies, we
can assume that the true population proportion should lie within a similar range for
all companies.

**Turn 3**
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Ben: But wait, if the true population proportion lies within a similar range, then
shouldn’t all the estimation intervals overlap?

Alex: Exactly! If the estimation intervals don’t overlap, it means that at least one of
them is not reliable and accurate.

Ben: So, we need to check if the intervals overlap. How do we do that?

**Turn 4**

Alex: Let’s calculate the estimation intervals for each company. For company A, it’s
a% =+ 3%, and similarly for the others.

Ben: Okay, got it. So, we have a% =% 3%, b% % 3%, c% = 3%, d% % 3%, and e% =+
3%.

Alex: Now, let’s check if these intervals overlap. Since ¢ > a > d > e > b, the interval
for company C should be the highest, and the interval for company B should be the
lowest.

**Turn 5**

Ben: I see what you're getting at. If the intervals overlap, then the highest value of
the lowest interval (company B) should be greater than or equal to the lowest value
of the highest interval (company C).

Alex: That's right! If that’s not the case, then we know that at least one of the intervals
is not reliable and accurate.

Ben: Let’s plug in some numbers and see if we can identify which one is not reliable.
*Turn 6**

Alex: Alright, let’s say the results are a = 45%, b = 38%, ¢ = 50%, d = 42%, and e =
40%. Can we identify which one is not reliable?

Ben: Let’s calculate the estimation intervals... (calculates)...and check if they overlap.
Alex: (checks the calculations) Ah, look at that! The interval for company B (38% =+
3%) doesn’t overlap with the interval for company C (50% =+ 3%).

Ben: That means company B’s result is not reliable and accurate!

**Turn 7**

Ben: But why can’t we identify the other unreliable results, if any?

Alex: That’s because we only have the relative order of the proportions, not the exact
values. We need more information to identify other unreliable results, if any.

Ben: I see. So, we can only identify company B’s result as not reliable and accurate,
but we can’t say for sure about the others.

Alex: That’s correct. We’ve done our best with the given information.
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RAw TEXT

# Decimal to Percent Calculator.

The calculator will convert decimal into percent, with steps shown.

If the calculator did not compute something or you have identified an error, or you
have a suggestion/feedback, please write it in the comments below.

Convert 1.4 into decimal. ## Solution From the converting decimal to percent note,
we know that to obtain a percent, we need to multiply a decimal by 100.

But multiplying by 100is equivalent to moving a decimal point 2 positions to the
right.

SYNTHETIC DIALOGUE [LAYMAN KNOWALL ]

**Turn 1**

Layman: Hi, I'm not sure what this calculator does. Can you explain it to me?

Me: This calculator converts decimals into percents. It shows the steps to do the
conversion.

**Turn 2%*

Layman: Okay, got it. So what’s the problem we’re trying to solve?

Me: We're trying to convert 1.4 into a percent.

**Turn 3**

Layman: How do we do that? Is there a formula or something?

Me: Yes, there is. According to the note on converting decimal to percent, we need
to multiply the decimal by 100 to obtain a percent.

**Turn 4**

Layman: Why do we need to multiply by 100? What's the logic behind it?

Me: Well, I'm not sure about the logic, but the note says that’s what we need to do.
But I can tell you that multiplying by 100 is equivalent to moving the decimal point
2 positions to the right.

**Turn 5**

Layman: What do you mean by moving the decimal point 2 positions to the right?
Can you explain that?

Me: Sure. When you multiply a number by 100, the decimal point shifts 2 places to
the right. For example, if you have 1.4 and you multiply it by 100, the decimal point
will move 2 places to the right, making it 140.

*Turn 6**

Layman: Ah, I think I understand now. So, if we multiply 1.4 by 100, what do we
get?

Me: That’s right! If we multiply 1.4 by 100, we get 140. And that’s the equivalent
percent value of the decimal 1.4.
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RAw TEXT

Try to finish the derivation and see how it applies to the sum you're trying to compute.
Sorry if this is hard to understand.

7. Jun 14, 2009

##H# jgens

Cyosis, why would he/she use the sum for the first n natural numbers when his sum
asks for odd natural numbers only?

8. Jun 14, 2009

### Cyosis

If you know the sum for the first n natural numbers you can quickly solve the sum
for the first odd numbers. Had he known it, it would have been the easiest way to
calculate the sum he’s interested in.

9. Jun 14, 2009

##H Manchot

The story is that a six-year-old Gauss was told by his teacher to add the numbers
1 to 100 as a form of busywork. In seconds, he came up with the answer, much
to his teacher’s surprise. What he did was notice that since 1+100=101, 2+99=101,
3+98=101, etc., the sum becomes a simple multiplication: there are 50 of the above
pairs,8o the sum is just 50*101 = 5050. Anyway, that’s the intuition behind the identity
that Cyosis posted. You can pretty much use the exact same intuition.

10. Jun 14, 2009

### gabrielh

Okay thanks, I get it now.

11. Jun 14, 2009

SYNTHETIC DIALOGUE [DEBATE ]
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jgens: I don’t understand why Cyosis suggested using the sum of the first n natural
numbers to solve the problem. The original problem asks for the sum of the first odd
natural numbers, not all natural numbers.

Cyosis: I see what jgens is saying, but I think my approach is still valid. If you know
the sum of the first n natural numbers, you can easily derive the sum of the first odd
natural numbers. It’s actually the easiest way to calculate the sum.

Manchot: I think I can help clarify things. The story about Gauss adding numbers
from 1 to 100 is relevant here. He noticed that 1+100=101, 2+99=101, and so on,
which makes the sum a simple multiplication problem. There are 50 such pairs, so
the sum is 50*101 = 5050. This is the intuition behind Cyosis” suggestion.

jgensL I see what Manchot is saying, but I'm still not convinced. How does this story
about Gauss relate to the sum of odd natural numbers?

Cyosis: Well, jgens, the same intuition applies here. We can use a similar pairing
method to calculate the sum of odd natural numbers. It’s not a direct application,
but the principle is the same.

gabrielh: I think I'm starting to get it now. So, we can use the sum of the first n
natural numbers as a stepping stone to calculate the sum of the first odd natural
numbers, and the Gauss story provides the intuition behind this approach.
Manchot: Exactly, gabrielh! That’s the idea. By understanding the sum of the first n
natural numbers, we can derive the sum of the first odd natural numbers using a
similar method.

Cyosis: I'm glad we could clarify things. The key is to recognize that the sum of the
first n natural numbers is a more general problem that can be used to solve the more
specific problem of the sum of the first odd natural numbers.
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RAw TEXT

The Cryptographic Lens

Shafi Goldwasser - Colloquium Lecture - POSTPONED)!
Tuesday, 21.10.2014, 14:30

Room 337-8 Taub Bld.

ceClub: A Centralized Zero-QueueNetwork Architecture

Jonathan Perry (MIT, CSAIL)

Monday, 06.10.2014, 11:00

EE Meyer Building 861

Current datacenter networks inherit the principles that went into the design of the
Internet, where packet transmission and path selection decisions are distributed
among the endpoints and routers. Instead, we propose that each sender should dele-
gate control—to a centralized arbiter—of when each packet should be transmitted
and what path it should follow. Fastpass is a datacenter network architecture built
using this principle. Fastpass incorporates two fast algorit...

Parameterized Automata Constructions and Their Applications

Ran Ben-Basat

Monday, 22.09.2014, 15:30

Taub 701

Parameterization is a useful tool for handling NP-hard problems in the real world. It
aims to reduce the running times of algorithms for such problems, by confining the
combinatorial explosion to some parameter k. As this parameter is often significantly
smaller than the input size, it allows to develop practical algorithms for non-trivial
classes of instances for these problems. In this talk we present a novel framework for
developing parameterized algorithms, using construction...

Observing the Observers: Social Context Analysis Using Computer Vision

Meir Cohen

Wednesday, 10.09.2014, 12:00

Taub 601

It is quite common that multiple human observers attend to a single point of interest.
Mutual awareness activity (MAWA) refers to the dynamic of this social phenomena.
A peak of a MAWA is known as a mutual awareness event (MAWE) and can be
interpreted as a buzzévent, which draws the attention of many observers.

A preferred way to monitor those social phenomenon is with a camera that captures
the human observers while they observe the activity in the scene.

Our work studies the ...

SYNTHETIC DIALOGUE [INTERVIEW ]
Subject Matter Expert: Unfortunately, the lecture was postponed, so we don’t have
any information about the specific topic she was going to cover. However, the title

of the lecture was The Cryptographic Lens,which suggests that it might have been
related to cryptography and its applications.
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Interviewer: That’s a shame it was postponed. Moving on, let’s talk about the
ceClub lecture by Jonathan Perry from MIT, CSAIL. Can you summarize the main
idea behind his proposed datacenter network architecture, Fastpass?

Subject Matter Expert: Yes, certainly. Jonathan Perry proposed a centralized Zero-
queuetietwork architecture called Fastpass, which is a departure from the traditional
distributed approach used in Internet design. In Fastpass, each sender delegates
control to a centralized arbiter, which decides when each packet should be transmit-
ted and what path it should follow. This approach aims to improve the efficiency of
datacenter networks.

Interviewer: That’s fascinating. What can you tell me about the talk by Ran Ben-Basat
on parameterized automata constructions and their applications?

Subject Matter Expert: Ran Ben-Basat discussed the concept of parameterization,
which is a useful tool for handling NP-hard problems in the real world. The idea
is to reduce the running times of algorithms for these problems by confining the
combinatorial explosion to some parameter k. He presented a novel framework for
developing parameterized algorithms using construction-based methods.
Interviewer: I see. Now, let’s switch gears and talk about the lecture by Meir Cohen
on social context analysis using computer vision. Can you explain what mutual
awareness activity (MAWA) and mutual awareness event (MAWE) refer to in this
context?

Subject Matter Expert: Yes. Mutual awareness activity (MAWA) refers to the dy-
namic of multiple human observers attending to a single point of interest. A peak
of this activity is known as a mutual awareness event (MAWE), which can be inter-
preted as a buzzévent that draws the attention of many observers. Meir Cohen’s
work focuses on monitoring and analyzing these social phenomena using computer
vision, specifically by capturing the human observers with a camera while they
observe the activity in the scene.
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RAw TEXT

Note: At section X = 12 m, the speed is close to 1.5 m / s Thus for a return trip of
2x20m = 40 m to return to the profile X = 14m, the wave takes 27 s. Thus, the graph of
Figure. 11 is located before the (eventual) reflected wave coming from the absorbing
upstream boundary, which can disturb the sensors.

## Comparative analysis of records

We have exploited some of the tests in a transversal manner, to identify particular
behaviors of the surface waves:

¢ impact of the variation of the amplitude for several tests characterized by the same
parameters but with roughnesses, or geometries either uniform, or linear

¢ impact of the change in the period

* impact of the variation of the initial amplitude

® comparison for the same test carried out in uniform or converging section

¢ impact of roughness variation

##H# Impact of the variation of the amplitude for several tests with the same parame-
ters

We have compared several tests characterized by D70, by Ab absorbing boundary
conditions and for the same period T5. These are tests D70A5T5, D70A2T2 and
D70A5T7 in RoAbUn, SmAbCo and SmAbUn conditions

Figure 16 Figure 17 Figure 18

® Figure 16: amplitudes variations for the 3 runs are increasing according to the
slope, which is in accordance with the theory.

¢ Figure 17: the initial amplitudes of the waves generated by the wave maker are
not always well respected: all the curves of the same diagram should start from the
same point to X =0

e Figure 18: there is a sharp change in amplitude at the arrival at the top of the slope.

SYNTHETIC DIALOGUE [PROBLEM SOLVING ]
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User: Hi, I'm analyzing some data on surface waves and I'd like to discuss some
observations with you. Can you help me understand the impact of varying amplitude
on surface waves?

Al Assistant: I'd be happy to help. From the context, I see that you have several
tests with the same parameters but different amplitudes. Specifically, you have tests
D70A5T5, D70A2T2, and D70A5T7 in RoAbUn, SmAbCo, and SmAbUn conditions.
What would you like to know about these tests?

User: Yes, that’s correct. I'm looking at Figures 16, 17, and 18. Can you explain
what’s happening in Figure 16?

AT Assistant: In Figure 16, the amplitudes of the waves are increasing according to
the slope, which is consistent with theoretical expectations. This suggests that the
amplitude of the wave is directly related to the slope of the surface.

User: That makes sense. But what about Figure 17? The initial amplitudes of the
waves generated by the wave maker don’t seem to be consistent.

AI Assistant: That’s a good observation. Yes, the initial amplitudes of the waves
don't start from the same point at X = 0, which is unexpected. This could be an issue
with the wave maker or the experimental setup.

User: Okay, got it. And what about Figure 18? There seems to be a sudden change in
amplitude at the top of the slope.

Al Assistant: Yes, that’s correct. Figure 18 shows a sharp change in amplitude at the
arrival at the top of the slope. This could be due to the interaction between the wave
and the slope, causing a sudden increase or decrease in amplitude.

User: That’s helpful. So, what can we conclude about the impact of varying ampli-
tude on surface waves?

AI Assistant: Based on these figures, it seems that the amplitude of the wave is
directly related to the slope of the surface, and changes in amplitude can affect the
behavior of the wave. However, we also need to consider the potential issues with
the wave maker or experimental setup that may be affecting the results.

User: Okay, that’s a good summary. Thanks for your help in analyzing these figures!

12.12 Data Proportion across Blends

To better understand the data composition used in our reinforcement learning experi-
ments, we report the proportion of each dataset in the six blending strategies introduced in
Section 10.2. These proportions reflect how data is distributed across different sources de-
pending on the specific blending paradigm: data source, question type, and data usefulness.

Data Name Type B4 erT Bmch BopenT ngyT Bscore Bonly_math Bunl}/_gpr
MMLU MCQ 0.1696 0.0864 0.2251 0.1159 0.1678 0.1296 0.2542
Syn-QA MCQ 0.3277 0.1670 0.4349 0.2241 0.3242 0.1731 0.4912
NATURAL REASONING OPEN-ENDED 0.1699 0.0866 0.1149 0.2231 0.1680 0.1683 0.2546
NuminaMath OPEN-ENDED  0.1484 0.2943 0.1004 0.1949 0.1516 0.2020 0.4460
Persona-MATH OPEN-ENDED  0.1699 0.3370 0.1149 0.2231 0.1736 0.1579 0.5105

MATH OPEN-ENDED  0.0145 0.0287 0.0098 0.0190 0.0148 0.1691 0.0435

Table 12.24: Proportion of each dataset in different blends.
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12.13 Token Efficiency Analysis

Token Efficiency in Correct Responses. Understanding not only whether a model answers
correctly but also how efficiently it reasons is critical in real-world deployments, especially
for reducing inference cost and latency. To this end, we analyze the token lengths of correct
responses generated by models trained under different data blending strategies.

Table 12.25 presents the minimum, maximum, and mean number of tokens used in correct
answers across two task types: General Purpose Reasoning (GPR) and Math. We compare
three models: (1) ngﬁ (multi-domain training), (2) Bonlyimﬂth (math-only training), and (3)
ORZ (a strong math-centric baseline model).

Across GPR tasks, Bg,,+ produces the most

concise correct responses, with a mean of sk Type Model ~ Min Max Mean
385 tokens—39.6% fewer than By, matn

B 8320 2697.80  385.41

and 65.4% fewer than ORZ. This suggests  Gpr Banli’j:ath 159.60 9594.00  638.57
that training with multi-domain corpora ORzZ ~ 223.00 8221.80 1114.60
equips the model to reason more efficiently Bgpt 17025 10130.00  622.00
in less structured tasks, avoiding unneces- Math Bonty_matn - 201.75  11330.25  730.68

sarily verbose responses. ORZ 292.00 12917.00 1257.00

On math benchmarks, where detailed step- Table 12.25: Token length statistics (Min, Max,
by-step derivations are essential, all models Mean) for correct responses across task types.
naturally generate longer outputs. How-

ever, By, still demonstrates adaptability, producing appropriately longer responses com-
pared to GPR, while keeping the output concise relative to B,1y,_nan and ORZ. This behavior
underscores the ability of multi-domain trained models to dynamically adjust their reason-
ing strategy and verbosity based on task requirements.

Interestingly, ORZ exhibits the longest response lengths across both GPR and math tasks.
While this aligns with its design as a reasoning-heavy model, it also reflects less effi-
ciency—potentially generating unnecessarily long chains of thought, particularly in domains

outside its training focus.

B Byt B Bouymatn 0 ORZ

In summary, the token efficiency analysis re- o

3000

veals that B+ achieves a favorable trade-

Avg Token of Answers

off between accuracy and brevity, tailoring 2000
its reasoning depth to the complexity of the

task. This reinforces the value of diverse, . | JI . mn JI

General Purpose General Purpose Math Reasoning Math Reasoning

multi-domain training in promoting adapt_ Reasoning Reasoning (Correct) (Incorrect)

(Correct) (Inorrect)

able and cost-efficient language models.
Figure 12.16: Average token lengths of cor-
Thinking Long vs Thinking Accurate.  rect and incorrect responses across general-

Recent studies such as DeepScaler (Luo  purpose and math reasoning tasks for models
et al.,, 2025a) have noted that incorrect an- {r3ined on Bqprts Bonty_mat, and ORZ.

swers often exhibit longer trajectories, lead-

ing to wasted computation and less efficient learning. Echoing this observation, we analyze
the average token lengths of correct and incorrect responses for models trained on different
blends: Bgpt, Bonty_matn, and ORZ.
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As shown in Figure 12.16, incorrect responses are consistently and substantially longer than
correct ones—by 3.6 x on average. This pattern holds across both general-purpose and math
reasoning tasks, suggesting that verbose reasoning does not guarantee correctness. In fact,
longer responses often reflect the model’s uncertainty, overthinking, or repetitive CoT traces,
rather than productive deduction.

12.14 Sub-category Accuracy Analysis

To further support our observation that multi-domain training improves general-purpose
reasoning while remaining competitive on math tasks, we analyze the number of correct
responses across sub-categories in MMLU-PRO and AGIEVAL. Figure 12.17 and Figure 12.18
show the count of correct answers produced by By 4+ and Byy1y_matn across their respective
sub-domains.
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Figure 12.17: Sub-category Accuracy Comparison across MMLU-PRO Domains. The B¢
blend consistently outperforms Bypjy,_par, in @ wide range of non-math reasoning categories
such as business, law, psychology, and economics. Surprisingly, it also slightly surpasses the
math-specialized blend in the MMLU-PRO math category, highlighting the generalizability
and versatility of multi-domain training.
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On MMLU-PRO, Bgp,t consistently outper-
forms B,y matn across non-math reasoning
categories such as business, law, psychol-

~
a
S

ogy, chemistry, and economics. Notably;, it

@
=}
S

achieves relative improvements of +20.58%

Correct Samples (AGIEval)

in law and +13.26% in business. Surpris-

ingly, Bgpry also performs better in the math Figure 12.18: Sub-category Accuracy Compar-

o . . .
catego.ry (+7.2%), desplte:\ not being t?amed ison across AGIEVAL. While By yat per-
exclusively on mathematical data. This may "
be attributed to the nature of MMLU-PRO’s

math problems, which are college-level and

forms marginally better in the math, B¢
achieves stronger results in non-math do-

: o ) mains.
benefit from a combination of symbolic and

heuristic reasoning—skills reinforced through exposure to diverse domains.
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In contrast, the AGIEVAL benchmark (shown in Figure 12.18) features Olympiad-level
math questions that are more abstract and complex. Here, Bonly_math has a slight edge
(+1.8%) in the math category, which aligns with its domain-specific training. However,
Bgpr T demonstrates stronger performance in symbolic and language-heavy domains,
showing +13.06% improvement in Law and +9.88% in English. Averaged across all non-
math reasoning categories, By, + achieves a +8.6% relative gain over By, _yqtn, reinforcing
its advantage in general-purpose and real-world reasoning tasks.
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Figure 12.19: Sub-category Accuracy Comparison across SUPERGPQA. The B+ blend
consistently outperforms Byjy,_pa, in @ wide range of non-math reasoning categories except
the science category which consists of fields like mathematics, physics, astronomy, chemistry
etc.—highlighting the generalizability and versatility of multi-domain training.

A similar trend is observed in the SUPERGPQA sub-category analysis shown in Figure 12.19.
Bgpyt significantly outperforms By yuan across nearly all categories—especially in engi-
neering, agronomy, economics, education, law, and philosophy. The only exception is the
“Science” category, which includes math-heavy disciplines like physics, chemistry, and as-
tronomy, where both blends perform comparably. This further highlights that multi-domain
training with B+ enhances reasoning across a broad spectrum of fields, achieving strong
generalization even in real-world, professional domains that fall outside traditional math
tasks.

12.15 Relative Importance of Structure and Context: Evidence from
Ablations

A natural question is whether structure (e.g., explicit reasoning flow, conversational dynam-
ics, reflection—refine cycles) is as important as context (e.g., domain, topic, or raw content) in
driving gains. The six attributes above are not orthogonal; their relative importance depends
on the target task and the goal (narrow peak performance vs. broad, scalable improvement).
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This section summarizes empirical evidence from our work and a controlled long-thought
ablation to clarify which factors lead to observed differences.

Structure versus context. Evidence from this thesis suggests that structure is at least as
important as context for complex reasoning. In MIND (chapter 5), raw web text from
OpenWebMath is transformed into structured conversations with knowledge gaps between
participants; the same underlying context (math documents) is retained, but the format shifts
from plain text to multi-turn dialogue. Models trained on MIND-generated data consistently
outperform those trained on raw or rephrased data, with gains of 4.78%-12.82% on GSM8K
and 0.54%-1.28% on MATH (see Table 5.1 in chapter 5). The disparity is attributed to the
fact that rephrasing preserves syntactic meaning but does not add semantic or pragmatic
variation, whereas “the structured and interactive nature of conversations facilitates a more
nuanced understanding of the problem space” (see chapter 5). Thus, for mathematical
reasoning, how the content is organized (conversational dynamics as inner monologue)
matters as much as what the content is. At the same time, MIND excels on GSM8K-style and
general math benchmarks but does not by itself provide the multiple reflection and refine
cycles that benefit the hardest math problems (e.g., MATH-500, competition-level). For those,
explicit structured reasoning flow—hypothesis generation, solution attempts, verification, and
refinement—appears necessary.

Q Q Q
Q 1 ./l\. ./1\‘
l — A —_— A A A — A e A
. I | I [ !
R/R R/R R/R R/R LY/ J— R/R
pass@1@turn@2 pass@3@turn@2 pass@n@turn@2

(a) Constructing reasoning trace with depth 2.

Q Q Q
Q l ./l\ ./l\.
| H H H H Ho e H
H o— | — | | . | |
| A A A A A e A
A | | | | | | |
R/R R/R R/R R/R R/R e R/R
pass@1@turn@3 pass@3@turn@3 pass@n@turn@3

(b) Constructing reasoning trace with depth 3.

Figure 12.20: Guided Multi-Step Reasoning Expansion.

Impact of reasoning components: long-thought ablation. To isolate the impact of reason-
ing components (e.g., hypothesis, answer, reflection, refine) within long-thought-style data,
we conducted an ablation following a long-thought pretraining plan: varying pipelines
from simple question-to-solution to multi-step pipelines that include hypothesis generation,
multiple solution attempts, and reflect-and-refine stages.! For this, we use NuminaMath

1Detailed setup and pipelines (e.g., Q—Sol; Q—Soll— Reflect/Refine—Sol2; multi-hypothesis
with reflection) are described in our long-thought plan; evaluation uses GSM8K and MATH-500
(math-hard) with continuous pretraining (700B base + 50B tokens).
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(Beeching et al., 2024) as our seed corpus and generate synthetic data for each step following
the format in Figure 12.20:

* Hypothesis ({): Based on the given question, generate a plan in natural language to
solve the problem step-by-step. We start with single hypothesis generation and scale up
to 3 hypothesis for each question.

You are an exceptional math teacher. Give a question, you teach the logic behind
the solution to the question and the students utilize them to solve the problem.
Given the Question above, write down three thought processes or hypotheses
step-by-step in details that can be used parallely to solve the question. DONOT
SOLVE THE QUESTION. You MUST USE the latex notations properly for the
equations. Your answer should follow the pattern below:

Hypothesis 1: <Detailed Step-by-Step Hypothesis>

Hypothesis 2: <Detailed Step-by-Step Hypothesis>

Hypothesis 3: <Detailed Step-by-Step Hypothesis>

e Answer (A): Using the question and each hypothesis, LLM finds the answer by executing
each step of the hypothesis sequentially. If there are multiple hypotheses, we generate
multiple answers.

You are an exceptional math solver. Given the Question and Hypothesis above,
provide solution using the Hypothesis by breaking down each equation and
theorem step-by-step. Make sure that your solution strictly follows the Hypothesis.
You MUST USE the latex notations properly for the equations.

* Reflection (R): Evaluating each answer and the ground truth solution to see if any
mistakes were made, any sub-goals were achieved, or if alternative approaches should be
considered instead. This step provides a verdict whether the answer is correct or incorrect
and if incorrect it points towards the step where the answer went wrong. We iterate this
process for multiple solutions for a single problem.

You are an expert error detector. Given the Question, verify the correctness
of the Test Solution using the Ground Truth Solution above. EXAMINE each
step of the Test Solution and FIND out systematically if there is any incorrect
logic/equation/calculation by comparing and evaluating with the Ground Truth
Solution. Write all of your findings in details and end your evaluation with a
comment "The Solution is verdict" where the verdict can be Correct or Incorrect.
Use proper LaTeX notation for all equations.

* Refine (R'): Using the knowledge gained from ‘Reflection’ stage, LLM refines the incorrect
answer using the ground truth solution as reference—responding with a final answer
and terminating the CoT.
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Given the Question, we have a Test Solution and Correct Solution. If the Test
Solution does not match with the Correct Solution, REFINE it step-by-step in
details following the Correct Solution. Use proper LaTeX notation for all equations.
ALWAYS end your answer with “Finat Answer: The answer is [ answer |".

We tracked performance on GSM8K and math-hard benchmarks across these configurations.
Results are summarized in Table 12.26-Table 12.28. The ablation shows that adding explicit
reflection and refine stages, and in multiple hypotheses, improves math-hard performance
over question-to-solution-only baselines, indicating that structured reasoning flow and
logical sequence—and the conversational dynamics of reflect-and-refine—are critical
ingredients for complex math. When the best model from this setup is evaluated with R1-
style few-shot prompts formatted as long thought (Table 12.28), the long-thought-pretrained
model shows substantial gains on math-hard tasks compared to the baseline under the same
prompt format. This supports that (i) the structure of the pretraining data (long thought
with reflection/refine) transfers to inference-time structure (long-thought-style prompts),
and (ii) for narrow, hard-math domains, structure is as important as context: the same
prompt format that aligns with the pretraining structure unlocks the model’s capability.

Are the six properties ranked? The six attributes in this section are not orthogonal; they
interact and their importance is task-dependent. For a narrow domain where the goal is
to maximize performance on a specific task family (e.g., complex math, MATH-500), the
following tend to be core ingredients: Structured Reasoning Flow and Logical Sequence
(explicit steps, derivations, or multi-step pipelines) and Conversational Dynamics as “Inner
Monologue” (reflection, refinement, role-based or iterative dialogue). These are the factors
that distinguish MIND from rephrasing and that the long-thought ablation shows to matter
for math-hard benchmarks. For broader and scalable gains—across domains, tasks, and with
continuous generation of high-quality data—the following become crucial: Cognitive Diver-
sity and Multiple Solution Paths (varied decomposition styles, multiple valid strategies),
Generalization Power and Domain Transfer (benefits extending beyond the construction
domain), and Self-Expanding Potential (synthetic frameworks that generate new struc-
tured examples from seeds). MIND already exhibits self-expanding potential (e.g., multiple
conversational styles from one document) and generalization (gains on GSM8K, MATH,
and general reasoning; chapter 5); CrossThink and related work demonstrate that cognitive
diversity and domain transfer are essential for scaling reasoning beyond math (chapter 6).
Efficiency and Scalable Learning (information density, Chinchilla-aware scaling) supports
both narrow and broad goals by making the best use of token budget.

In summary, structure (reasoning flow, conversational dynamics, reflection-refine) is as
important as context for complex reasoning; ablations over long-thought data show that
reasoning components directly impact GSM8K and math-hard performance, and R1-style
long-thought prompts amplify gains for models pretrained on long-thought data. There is
no single ranking of the six properties; for narrow peak performance, structured flow and
conversational dynamics are core, while for broad and scalable improvement, cognitive
diversity, generalization, and self-expanding potential are crucial.
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Configuration Tokens (B) GSM8k MATH-500

NuminaMath (raw) 0.43 66.03 8.30
QA—Refine 1.60 63.15 9.65
Q—1 Hyp—Sol—Refine 1.48 63.46 8.87
Q—3 Hyp—3 Sol 240 64.52 8.68
Q—3 Hyp—3 Sol—3 Refine 4.10 62.40 8.52
Q—3 Hyp—3 Sol—3 Refine—GT 5.15 61.71 8.18

Table 12.26: Long-thought ablation (without tags): Impact of reasoning components on
GSM8K and MATH-500 (math-hard). Configurations vary from question-to-solution only to
multi-hypothesis with reflect and refine.

Configuration Tokens (B) GSM8k MATH-500
NuminaMath (raw) 0.43 65.20 8.93
QA —Refine 1.60 63.99 10.89
Q—1 Hyp—Sol—Refine 1.48 64.82 7.88
Q—3 Hyp—3 Sol—GT 2.40 64.97 10.11
Q—3 Hyp—3 Sol—3 Refine 4.10 65.81 11.04
Q—3 Hyp—3 Sol—3 Refine—GT 5.15 65.50 10.13

Table 12.27: Long-thought ablation (with tags): Having multiple hypotheses, solutions and
refinement phases in each solution yields the best math performances.

Model GSM8k Math-hard Math-hard (R1) MATH-500 (R1)
Base 79.45 19.48 49.92 69.60
NuminaMath (raw) 78.70 20.10 49.78 65.80
Q—3 Hyp—3Sol—=3Ref 7877 20.48 54.44 70.80

Table 12.28: R1-style few-shot comparison: When few-shot prompts are formatted as long
thought (R1-style), the long-thought-pretrained model (NuminaMath-ours: Q—3 Hyp—3
Sol—3 Ref) shows gains on math-hard and MATH-500 (R1 Style) over the baseline and over
NuminaMath-only pretraining.
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Chapter 13

Appendix for Effect in Data
Integration

This appendix supports Part 11, “Effect of reasoning data across LLM development phases,”
and in particular chapter 7 on the synergy between pretraining and post-training data.
It includes a breakdown of pretraining results across individual benchmarks (ARC-C,
RACE, GSM8K, Math-500, MMLU, HumanEval, and related tasks) for base and reasoning-
augmented models (Mp,se, Msug, MrLpa, Mimq), showing that gains are broad and
largest on math and code. Further sections cover additional ablations and extended
experimental results that complement the main-chapter findings on front-loaded reasoning
data, data diversity, and the asymmetric use of pretraining vs. fine-tuning.

13.1 Experiments and Results

Breakdown of Pretraining Results. Table 13.1 provides a fine-grained view of the pre-
training effects across individual benchmarks, complementing the domain-level averages
reported in Table 7.1. The improvements are not confined to a small subset of tasks but
are broadly distributed, with the largest gains concentrated in mathematically intensive
and program synthesis benchmarks. For example, on GSM8K and MATH-500, models
trained with large-scale reasoning data exhibit dramatic jumps over My,e, with Mpg
and Mg more than doubling performance on MATH-500. Similar trends appear in code
generation tasks such as HUMANEVAL, HUMANEVALPLUS, and MBPP, where reasoning-
augmented models consistently outperform the baseline, indicating stronger procedural
and compositional capabilities.

In contrast, gains on general-purpose reasoning benchmarks such as ARC-C, RACE, WINO-
GRANDE, and HELLASWAG are more modest, suggesting that these tasks are less sensitive
to explicit reasoning supervision during pretraining. Nevertheless, even in these cases,
performance remains stable or slightly improved, indicating that incorporating reasoning
data does not harm broad language understanding. Overall, the benchmark-level results
reinforce the conclusion that early exposure to diverse reasoning corpora yields systematic
improvements, with the most pronounced benefits emerging on tasks that require multi-step
deduction, symbolic manipulation, or structured program synthesis.

225



Benchmark Mpase Msag Mipg Mimg Meres

ARC-C 80.89 8046 81.40 81.83 81.15
RACE 73.59 7541 78.28 79.43 76.68
WINOGRANDE 7064 7143 69.53 69.38 70.25
HELLASWAG 7738 77.06  76.69 76.67 76.95
GSMS8K 59.74 65.20 82.71 85.14 73.20
MATH-500 34.60 40.00 68.40 59.60 50.65
MMLU 61.67 6145 65.87 6542 63.60
MMLU-PRO 3259 3234 4289 43.56 37.85
HUMANEVAL 3744 41.04 48.63 51.68 44.70
HUMANEVALPLUS 3259 35.03 42.74 46.28 39.16
MBPP 41.64 4747  48.85 51.47 47.36
MBPP[SANITIZED] 51.87 53.74 59.53 60.97 56.53
MATHpT AVG 4717 52.60 75.56 72.37 61.92
SCIENCEpT AVG 4713 4690 54.38 54.49 50.72
CODEpT AVG 40.89 4432 49.94 52.60 46.94
GPRpT AVG 75.63 76.09 76.48 76.83 76.25
Overall 52.70 5498  64.09 64.07 61.05

Table 13.1: Breakdown of base model accuracies across benchmarks. With increasing
diversity and quality, the difference between My, and models pretrained with reasoning
data increases.

SFT Dataset: Dspig

Benchmark Mpage +SFT  Mgpg +SFT Mipg +SFT Mipmqg + SFT Myes + SFT
IFEVAL 30.59 34.06 46.79 49.82 43.56
AIME-24 8.12 18.33 35.21 41.88 31.81
AIME-25 11.88 18.12 29.38 33.12 26.87
GSMS8K 81.24 86.58 91.05 92.84 90.16
MATH-500 69.90 79.05 87.50 90.85 85.80
MMLU 52.14 62.90 71.15 73.49 69.18
MMLU-PRO 39.45 48.63 53.45 55.54 52.54
GPQA-DIAMOND 1591 8.46 27.40 32.20 22.69
LIvVECODEBENCH 10.48 24.76 28.57 35.55 29.63
MATHspr AVG 42.79 50.52 60.79 64.67 58.66
SCIENCEgrt AVG 35.83 40.00 50.67 53.74 48.14
CODEgpT AVG 10.48 24.76 28.57 35.55 29.63
INSspT AVG 30.59 34.06 46.79 49.82 43.56
Overall 35.52 42.32 52.28 56.14 50.25

Table 13.2: Breakdown of model accuracies across benchmarks after training SFT phase on
the DSHQ'

Detailed SFT Benchmark Performance. While the Table 7.2 presents aggregate perfor-
mance metrics across different reasoning domains, Table 13.2, 13.3, and 13.4 provide a
granular breakdown of how each reasoning model performs across individual benchmarks
when fine-tuned on Dspq, Prpg, and Dymq respectively.
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SFT Dataset: Dy pg

Benchmark Mpase +SFT  Mgpg +SFT Mipg +SFT Mimqg +SFT  Myes + SFT
IFEVAL 50.86 47.01 57.61 59.21 54.61
AIME-24 1.15 2.50 6.37 4.90 4.59
AIME-25 0.83 3.12 7.71 9.38 6.74
GSMSK 73.56 75.11 59.81 77.62 70.84
MATH-500 46.70 4498 39.63 56.28 46.96
MMLU 15.25 9.95 49.15 56.81 38.64
MMLU-PRrRO 16.26 14.24 30.50 33.51 26.08
GPQA-DIAMOND 8.97 7.39 26.01 28.35 20.58
LivECODEBENCH 6.04 10.48 10.16 11.91 10.85
MATHgrT AVG 30.56 31.43 28.38 37.04 32.28
SCIENCEgrT AVG 13.49 10.52 35.22 39.55 28.43
CODEgrT AVG 6.04 10.48 10.16 11.91 10.85
INSgrT AVG 50.86 47.01 57.61 59.21 54.61
Overall 25.24 24.86 32.84 36.93 31.54

Table 13.3: Breakdown of model accuracies across benchmarks after training SFT phase on
the DLDQ-

SFT Dataset: Dy

Benchmark Mpase +SFT Mgpg +SFT Mipg + SFT Mipmg + SFT Myes + SFT
IFEVAL 50.50 52.65 57.78 58.79 56.41
AIME-24 1.25 3.13 8.23 4.69 5.35
AIME-25 0.84 2.92 6.98 7.09 5.66
GSMS8K 72.93 74.03 57.70 76.27 69.33
MATH-500 45.33 42.18 36.93 50.75 43.28
MMLU 15.75 6.90 50.90 55.15 37.65
MMLU-PRO 15.57 13.18 32.09 33.37 26.21
GPQA-DIAMOND 8.97 4.87 23.17 29.99 19.34
LIvVECODEBENCH 4.76 9.37 10.95 9.05 9.79
MATHspr AVG 30.09 30.56 27.46 34.70 30.91
SCIENCEgrt AVG 13.43 8.31 35.39 39.50 27.73
CODEgrT AVG 4.76 9.37 10.95 9.05 9.79
INSspT AVG 50.50 52.65 57.78 58.79 56.41
Overall 24.69 25.22 32.89 35.51 31.21

Table 13.4: Breakdown of model accuracies across benchmarks after training SFT phase on
the DLMQ-

These detailed results confirm that the “reasoning advantage"—established during the
1T pretraining phase—is not limited to aggregate scores but persists across all distinct
evaluation categories, including AIME, GSM8K, MMLU, and LIVECODEBENCH. Models
pretrained with reasoning-specific corpora (Mypg and Minq) consistently outperform
Mpase and Mgpq across these benchmarks, regardless of the SFT dataset used. Specifically,
Mimq + SFT frequently achieves the highest peak performance in complex reasoning tasks
like AIME-24/25 and MATH-500, suggesting that high-quality, dense reasoning pretraining
provides a more robust initialization that SFT can more effectively refine.
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Model MATHgrr AVG SCIENCEgrr AVG CODEgrr AVG  INSspr AVG

Mbpase + SFTsp0 42.79 35.83 10.48 30.59
Mbpase + SFTLpO 30.56 13.49 6.04 50.86
Mbpase + SFTLMO 30.09 1343 476 50.50
Mpase + SFT 34.48 20.92 7.09 43.98
Mspo + SFTsho 50.52 40.00 24.76 34.06
Mipg + SFTsHo 60.79 50.67 28.57 46.79
Mimo + SFTspo 64.67 53.74 35.55 49.82
Mspg + SFTLpo 3143 10.52 10.48 47.01
Mipq + SFTipg 28.38 35.22 10.16 57.61
Mimo + SFTipg 37.04 39.55 11.91 59.21
Msng + SFTMmo 30.56 8.31 9.37 52.65
Mipg + SFTiMmo 27.46 35.39 10.95 57.78
Mimo + SFTimo 34.70 39.50 9.05 58.79
Mies + SFT 40.62 3477 16.75 51.52

Table 13.5: Results of all SFT models with varying pretraining and SFT data. Model
pretrained with reasoning data obtains the highest gain after SFT phase of training.

Model MATHpr AVG  SCIENCEpr AVG  CODEpr AVG  GPRpr AVG  Overall Avg

Mpase 6.92 18.91 12.82 40.92 19.89
Mimo 16.39 21.50 23.44 41.69 25.75

Table 13.6: Effect of early reasoning exposure on a 1.2B Transformer model. The reasoning-
augmented model improves substantially on math, science, and code benchmarks while
maintaining general-domain performance.

To facilitate a direct comparison of how different SFT strategies interact with varying
pretraining foundations, Table 13.5 aggregates the results across all model-SFT combinations.
The data underscores a clear synergy: the best overall performance is achieved when models
are pretrained on diverse, high-quality reasoning data and subsequently fine-tuned on
a compatible SFT dataset. This highlights that while SFT is crucial for aligning model
behavior, the “foundation” built during pretraining serves as the primary determinant for
the model’s upper bound on complex reasoning capabilities. Even when given the same
SFT budget, models lacking reasoning-specific pretraining struggle to close the performance
gap, particularly in challenging domains like code generation and advanced mathematics.

13.2 Additional Ablations

Generalization and Robustness Across Model Scales and Architectures. To ensure trans-
parency and reproducibility, all pretraining, SFT, and RL datasets—including Common
Crawl, Arxiv, Wikipedia, StackExchange, GitHub, OpenWebText, and OpenWebMath—are
derived from fully open corpora. To validate the external validity of our data strategy
and the effects of front-loading reasoning data across varying scales and architectures, we
extended our experiments to a Transformer-based model M with 1.2B parameters trained
on 125B tokens. We compared the baseline My,,s against Mpyig, which integrates early
reasoning exposure from Dy g while maintaining a constant token ratio between Dy,,g, and

DLMQ .
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As summarized in Table 13.6, the integration of reasoning data consistently enhances
task-specific performance across different architectures. We observed substantial gains,
specifically +9.47% in Math, +2.60% in Science, and +10.62% in Code benchmarks. Critically,
these enhancements do not degrade generalized capabilities; performance on general bench-
marks (GPRpr AVG) remains stable, indicating that early exposure to reasoning data does
not perturb the model’s fundamental language modeling objectives. These findings provide
strong empirical evidence that our data strategy is robust and scalable, demonstrating that
front-loading reasoning data is an effective mechanism for augmenting complex deduction
capabilities regardless of the underlying model scale or architecture.

Anatomy of high-quality reasoning data in SFT. Our previous results establish that SFT
benefits immensely from high-quality data, but what precisely constitutes “quality” remains
unclear. In this ablation, we investigate a defining characteristic of such data: the depth
and complexity of its reasoning traces. Specifically, we compare datasets that differ both
in reasoning length and construction method. The high-quality corpus Dspg consists of
answers generated by strong teacher models, characterized by long chain-of-thoughts with
an average length exceeding 10k tokens. In contrast, D pg provides reasoning data from
diverse domains but with much shorter and noisier reasoning traces (average ~550 tokens).
This distinction highlights a potential mechanism underlying quality: longer reasoning
chains may serve as richer supervisory signals, encouraging models to internalize structured
multi-step inference rather than surface-level heuristics.

To test this hypothesis, we extract from Dy g only the longest reasoning traces, creating
anew dataset D r. Although it represents only ~2% of the original D; ;g corpus, Darr
is highly skewed toward domains with inherently deeper reasoning (75% math, with the
remainder in science, code, and general reasoning). We then conduct SFT on top of the M g
model using both D; ;o (quantity and diversity) and Drr (length-filtered complexity).

Model Average MATHgrT AVG SCIENCEspT AVG  CODEspT AVG  INSgpT AVG
Mipg + SFTipg 32.84 28.38 35.22 10.16 57.61
Mipg + SFTaLr 42.71 60.95 47.50 22.54 39.87

Table 13.7: Impact of depth in reasoning traces in data on SFT phase. Model trained on
longer CoT reasoning data outperforms the one trained on diverse reasoning traces.

As shown in Table 13.7, emphasizing depth in reasoning traces has a significant impact on
downstream reasoning tasks. While finetuning with Dy yields only modest improve-
ments, switching to the 50 times smaller, filtered by reasoning depth via answer length D 41 ¢
boosts the overall score to 9.87%, with particularly strong gains in math, science and code.
Interestingly, this comes at the cost of slightly reduced accuracy on instruction-following
tasks, reflecting a trade-off between breadth and reasoning-specific depth. These results
provide strong evidence that longer chain-of-thought supervision is a critical marker of quality in
SFT data. Even when drawn from a noisy, large-scale corpus, selecting for reasoning depth
alone can yield outsized improvements, making length-filtering a simple yet cost-effective
heuristic for constructing impactful reasoning datasets for SFT phase.
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Data Redundancy Reinforces Foundational Skills, Not Overfitting. A critical considera-
tion in our two-phase approach is whether using the same reasoning data in both pretraining
and SFT leads to catastrophic forgetting or brittle overfitting, a known concern in sequential
fine-tuning (Luo et al., 2025b; Chen et al., 2025a).

Our results, shown in Figure 13.1, suggest this concern is unfounded and that the opposite
is true: for reasoning, strategic redundancy is highly beneficial. The baseline model, My,
exposed to the high-quality Dspq data only during SFT, is the lowest performer across all
categories. In contrast, Mgpq, which sees this same data in both phases, demonstrates
a significant performance uplift, indicating that the second exposure reinforces rather
than overwrites learning. We hypothesize this occurs because the two training phases
serve different learning functions. During pretraining, the reasoning data is integrated
slowly into the model’s core representations alongside vast, diverse knowledge, forcing an
internalization of abstract logical patterns.

The SFT phase then acts not as a

new learning task, but as a powerful g, Maase* SFT(Ds1rc] Moo+ SFTIDsrrg)
reinforcement signal on an already- Msuo+ SFTIDsmql M Murug+ SFTDssrcl
prepared foundation. This benefitis 6o

amplified by a diverse pretraining

context: the top-performing Mpyg 40

model leverages its broad exposure 20 I

to various reasoning styles to most

effectively capitalize on the repeated, ¢

high—quali ty signal from DSHQ- This MATHAVG  SCIENCE AVG  CODE AVG INST AVG

suggests that data redundancy be- Figure 13.1: The model that saw the same high-quality
tween pretraining and SFT should be  data in both pretraining and SFT (Mgspg) handily beats

viewed as a powerful mechanism for = the baseline (M) that only saw the data once.
skill consolidation, where a diverse

pretraining builds the capacity for reasoning and redundant SFT sharpens it.

Pretrained Foundations vs. Scaling SFT Data. In Table 7.4, the notation SFT x 2 refers to
extending the SFT phase for twice the number of epochs over the existing dataset, rather than
expanding the training set with unique samples. To further investigate whether reasoning
performance is an artifact of data quantity—and to address potential concerns regarding
overfitting with repeated data—we conducted a controlled experiment comparing a no-
reason base model against our reason-aware baseline.We examined whether the no-reason
base model, My, could recover the performance of the reason-aware model, My pq, by
utilizing a significantly larger volume of unique SFT tokens. We fine-tuned My, on a
combined dataset of D;pg and Dapr (totaling 268M unique samples) and compared it
against M pg, which was fine-tuned solely on Dy r (7.1M unique samples). Both models
were evaluated under the identical SFT evaluation setup.

As demonstrated in Table 13.8, the reason-aware base model achieves a 39% relative im-
provement in the Overall score and consistently outperforms the no-reason baseline across
all domains, despite the latter receiving substantially more unique training data. This
result highlights that strong reasoning foundations established during pretraining cannot
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Model MATHsrT AVG  SCIENCEsrr AVG  CODEsrr AVG  INSsrr AVG  Overall

Mypase + SFTLDQ+ALF 33.66 29.15 3.49 56.86 30.79
Mipq + SFTarr 60.95 47.29 22.54 39.87 42.66

Table 13.8: Comparison between SFT with large amounts of unique data and reasoning-
augmented pretraining. The reasoning-based model substantially outperforms the no-
reason baseline despite using significantly fewer unique SFT samples.

Instruction Type MLDQ + SFTaALF MLDQ + SFTLDQ Diff
punctuation:no_comma 13 27 14
length_constraints:number_words 19 30 11
change_case:english_lowercase 19 28 9
keywords:letter_frequency 13 21 8
change_case:english_capital 9 16 7
language:response_language 19 26 7
detectable_format:number_bullet_lists 14 21 7
combination:two_responses 11 16 5
keywords:forbidden_words 12 17 5
detectable_format:title 32 36 4
startend:quotation 19 23 4
change_case:capital_word_frequency 12 15 3
length_constraints:number_paragraphs 9 12 3
length_constraints:nth_paragraph_first_word 3 5 2
length_constraints:number_sentences 29 31 2
detectable_format:json_format 13 15 2
startend:end_checker 11 13 2
detectable_format:number_highlighted_sections 40 41 1
detectable_format:constrained_response 9 10 1
detectable_content:number_placeholders 23 23 0
combination:repeat_prompt 17 17 0
detectable_format:multiple_sections 12 12 0
detectable_content:postscript 23 22 -1
keywords:existence 31 30 -1
keywords:frequency 29 26 -3

Table 13.9: Instruction-wise accuracy comparison on IFEval between models trained with
less diverse (Darr) and more diverse (Dypq) corpora.

be trivially recovered through additional SFT, even when the model is provided with a
significantly larger scale of unique data.

Breadth vs. Alignment: The Role of Data Diversity in Instruction Following. Table 7.5
reveals a consistent trade-off: length-filtered long-CoT SFT on Dy improves reasoning
performance while weakening instruction-following ability. This pattern suggests that
reduced data diversity affects alignment-sensitive behaviors. We hypothesize that this
degradation stems from distributional skew and stylistic rigidity, as DarF is heavily concen-
trated in math and code domains, similar in structure to Dgpg. While such data reinforces
precise token-level reasoning, it exposes the model to a narrower range of linguistic forms
and formatting variations. To investigate this phenomenon, we compare instruction-level
accuracy on the IFEval benchmark between two models: M pqg + SFT orr (less diverse SFT)
and Mpg + SFTrpq (diverse SFT).
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Model Overall Avg MATHpr AVG  SCIENCEpr AVG  CODEpr AVG  GPRpr AVG

Mipg 64.09 75.56 54.38 49.94 76.48
ML 52.59 46.73 46.03 41.66 75.96

Table 13.10: Effect of reducing scale and diversity of reasoning data during pretraining,.
M arF is trained on a length-filtered subset of Dy pq that is smaller and less diverse.

As shown in Table 13.9, the diverse Dy pg dataset yields substantial improvements in lin-
guistic manipulation tasks, including punctuation control, case transformation, word-count
constraints, and formatting instructions. These categories require flexibility in natural
language generation, sensitivity to stylistic variation, and the ability to adapt output struc-
ture. Exposure to diverse reasoning data introduces broader linguistic cues, Markdown
structures, and formatting styles, enabling stronger control over output form.

In contrast, the math- and code-heavy Dayr dataset reinforces strict token precision and
pattern adherence. This benefits tasks involving keyword presence, token counting, or
rigid structural constraints but provides limited stylistic variability. As a result, models
trained on less diverse data excel at “hard” lexical constraints while underperforming on
“soft” linguistic transformations that require adaptability. These findings clarify that data
diversity plays a critical role in preserving instruction-following capabilities. Reasoning
gains from length-filtered long-CoT data come with a narrowing of stylistic exposure, and
broader linguistic coverage helps maintain alignment-related flexibility without sacrificing
reasoning performance.

Controlling for Scale and Diversity in Reasoning Pretraining. To isolate the role of scale
and diversity from other potential confounders such as dataset source or content differences,
we conduct a controlled pretraining experiment using a downsampled subset of Dj pg.
Specifically, we construct Dy by retaining only examples whose answer length exceeds
4096 tokens. This filtering procedure selects long-chain-of-thought samples that are typically
math- and code-centric, resulting in data that is arguably high quality in reasoning depth
but substantially smaller in scale and less diverse in topical coverage than the full D;pg
corpus. During pretraining of M a1 p, we maintain the same token ratio between Dy, and
Darr as in the original setup to ensure a controlled comparison.

As detailed in Table 13.10, the model trained on the downsampled subset exhibits an
absolute 11.5 % drop in overall pretraining accuracy compared to My pg. The degradation is
particularly pronounced in math and code benchmarks, while general-domain performance
remains relatively stable. These results indicate that although long-chain-of-thought samples
capture high-quality reasoning traces, reducing dataset scale and diversity substantially
weakens the overall pretraining signal.

This controlled comparison supports the claim that reasoning quality alone is insufficient
to explain performance gains. Instead, diversity and scale play a dominant role during
pretraining, enabling broader generalization across reasoning-intensive domains.
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Chapter 14

Appendix for Redesigning Pipeline

This appendix accompanies Part III, “Redesign the Learning Pipeline to Enable Reasoning
Emergence,” and supplies details for both chapter 9 (Difference-Masking) and chapter 10 (Re-
inforcement as Pretraining Objective). Difference-Masking: detailed experimental settings
(hyperparameters for continuous pretraining and fine-tuning, language and multimodal);
masking of video tokens (bounding-box strategies, TVQA and Social-IQ results); and mask-
ing of language tokens. RLP: formal proofs for the tokenwise cross-entropy reduction
identity, the lower bound via marginalization over thoughts, and the tokenwise-to-sequence
connection under teacher forcing; analysis of why relative advantages do not reward bad
thoughts (with monotonic-improvement proof and numerical illustration); experimental
setup; extended ablation details; additional ablations; and data-blend extended results.

14.1 Detailed Experimental Settings

In this section, we provide an overview of the experimental conditions utilized in our
study. To ensure fair comparisons with our baselines, we maintain a consistent set of
hyperparameters for both continuous pretraining and fine-tuning. For language tasks, we
largely adhere to the hyperparameters employed in Gururangan et al. (2020). Throughout
our experiments, we maintain a masking ratio of 25% in both language and multimodal
settings. We adopt a static masking strategy, replacing masked tokens with random values.

Hyperparameters cPT . FT .
Language | Multimodal | Language | Multimodal
learning_rate 0.0001 0.000005 1.00E-06 5.00E-06
num_train_epochs 150 20 10 20
eval_every_n_epochs 30 1 1 1
patience 20 5 3 5

Table 14.1: List of hyperparameters used in both continuous pretraining (CPT) and finetun-
ing (FT).

We reproduce MERLOT-Reserve’s original training on TVQA: we decompose samples in
Social-IQ and TVQA from the form (Question, All Answers, Video Information) into a
list of 3-tuples: (Question, Candidate Answer, Video Information). MERLOT scores each
candidate answer independently, given the question and video, and is trained with loss that
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encourages the model to minimize estimated likelihood of incorrect answers and maximize
likelihood of correct answers.

From video frames, we mask image patches into 16x16 patches as determined by MERLOT-
Reserve’s backbone image transformer ViT (Dosovitskiy et al., 2021). The language experi-
ments took nine hours of runtime each on a single 12GB GPU, and the multimodal vision
experiments required six hours on a single TPU v2-8.

14.2 Masking Video Tokens

Following the intuition from language, we hypothesize that masking and predicting small
patches of an image may be testing local capabilities (e.g. determining what an eye looks like
from the rest of the face) rather than global capabilities (e.g. determining what a person’s
face looks like from the rest of the scene, including other people’s faces).

Accordingly, instead of masking low-level image patches, we mask groups of patches
corresponding to a higher level semantic entity: bounding boxes over objects in the image.
We see this approach as a visual analogue for masking at the word-level instead of the
token-level in our language experiments. We found that K = 1 performed much better
than other values, where the selected anchor word was “person”. We considered two
possible bounding boxes associated with people: bounding boxes over faces and bodies. We
evaluated both options and found that considering entire bounding boxes over people’s
bodies (including their faces) performed the best. These results are shown in Table 14.2.

Masking Strategy TVQA Social-IQ

Random Masking 73.75 69.05
DIFFERENCE-MASKING (Face)  81.51 69.13
DIFFERENCE-MASKING (Body)  81.73 71.37

Table 14.2: Results of DIFFERENCE-MASKING on multimodal video understanding bench-
marks TVQA and Social IQ. DIFFERENCE-MASKING leads to an improvement of 8% and
2% accuracy over random accuracy.

We extracted body detection coordinates using UniTrack (Wang et al., 2021) and face detec-
tion coordinates using MTCNN (Zhang et al., 2016a).

Apart from the bounding box strategy, we also experimented with masking patches chosen
by differences between CLIP embeddings Radford et al. (2021b) of the anchor and the vision
patch directly (without bounding box labels). Our experiments validate that the CLIP-based
masking strategy performs poorly compared to our bounding box strategy. One possible
reason can be that CLIP is not robust enough for video datasets which led to masking
patches that are not relevant to the anchor word “person”.

14.3 Masking Language Tokens

In Section 9.3.3 we describe the motivation for using a word-level strategy in our imple-
mentation of DIFFERENCE-MASKING. An alternative implementation could be to assign
each token in a word the same masking likelihood, and mask tokens only by this probability.
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TVQA Social-IQ

CLIP Radford et al. (2021b) ~ 73.58 68.75
DIFFERENCE-MASKING 81.73 71.37

Table 14.3: We validate our hypothesis that masking patches using DIFFERENCE-MASKING
is more effective than masking using CLIP similarity.

This could result in some tokens from the same word being masked where others are not.
Our intuition is that for specialized domains such as chemistry, subword tokens may be
trivial to predict from their neighbors, but whole words may not be trivial to predict given
the context. For example, a word such as “phosphates” would be tokenized into “phos”
and “-phates”. We expect that it may be trivial to predict “phos” given “-phates” or vice
versa, but it may be hard (and may promote a better understanding of the task) to predict
the word “phosphates” given the context.

Empirically, we find that this decision improved performance substantially, as shown in the
results in Table 14.4 below.

ACL-ARC ChemProt

Token 0.6501 0.8224
Word 0.7404 0.8394

Table 14.4: We validate our hypothesis that masking tokens using DIFFERENCE-MASKING at
the word-level is more effective than masking at the token-level.

14.3.1 Proofs

In this section, we provide the proofs supporting the methodology in §10.2. We first prove
the tokenwise cross-entropy (CE) reduction identity (Prop. 1), then the lower bound via
marginalization over thoughts (Prop. 2). Finally, we state and prove Prop. 3, which formal-
izes the positionwise-credit claim described in §10.2.5: under teacher forcing, averaging
the expected tokenwise information-gain rewards across positions recovers the expected
per-token sequence-level CE improvement.

For convenience, we recall the key definitions from the main text: the reasoned and baseline
log-evidence Spred(Ct) = log pg(xt | x<t,¢t) and Spma = log Py (xt | x<¢) (equation 10.3); the
information-gain reward r(ct) = Spreq(ct) — Sema (equation 10.5); and the cross-entropy

CE(p,q) et Ex~p[ —logq(x)] (equation 10.2).
14.3.2 Proof of Proposition 1 (Expected improvement identity)

Proof of Proposition 1. Fix the context x-; and a realized thought ¢y, and let pf (x) := p*(x |
x<¢) denote the data distribution over x; at this position. By the reward definition equa-
tion 10.5 together with equation 10.3,

r(ct) = log pe(x; | x<t,ct) —log pg(xr | x<t).
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Taking expectation with respect to x; ~ p; and using linearity of expectation,

E [r(c)]= E *[logpg(xt \ x<t,ct)} — E [logﬁ¢(xt | x<t)}.

xX~py x~py x~py
By the definition of cross-entropy equation 10.2, CE(p,q) = Ex~p[—logq(x)], so each
expectation of a log-likelihood equals the negative cross-entropy:

E [log po(xt | x<t,Ct)} = —CE(p*, po(- | x<t,c1)),

*

Xt~py

E [logﬁ¢(xt | x<t)} = —CE(p", pg( | x<t)).

xe~pf

Substituting into the previous display yields
E [r(ct)] = CE(p", pg(- | x<t)) — CE(p", po(- | x<t,ct)),

xe~pf

which is the desired identity. O

14.3.3 Proof of Proposition 2 (Lower bound via marginalization over thoughts)

Proof of Proposition 2. Fix (x<t,x) and recall Syreq(ct) = logpg(xt | x<t,ct) and po(x |

x<t) = lEztwn@(.|X<,)[P6(x | x<t,Zt)]
(i) Jensen bound. Conditioning on (x¢, x;) and taking expectation over c; ~ 7g(- | x<¢),

lEC,gNﬂ.’g[Spred(Ct)] = ]Ect[log po(x: | x<t,Ct)} < loglEct[pg(xt | x<t,Ct)} =log po(xt | x<t),
where the inequality is Jensen’s inequality applied to the concave function log(-). This

proves (i) pointwise for the realized x;.

(ii) Bound on J(#). By definition of the reward in equation 10.5 and teacher forcing (see
equation 10.3),

J(8) = E[Ecymry [Sprea(cr)] = Sewa
< 15{108 Po(xt | x<t) —log pg(x | x<t)}
= lE{log Po(xt | x<t) —log (x| x<t)},
where the inequality uses part (i) and the outer expectation is over (x<¢, x¢) ~ D. This

proves (ii).

Tightness. Equality in (i) (and hence in (ii)) holds precisely when py(x¢ | x<¢, c¢) is almost
surely constant in ¢; under 7ty (- | x<¢) (e.g., when the predictor ignores the thought or when
the thought policy is degenerate).

O

14.3.4 Tokenwise—to—-sequence connection under teacher forcing (positionwise credit)

This subsection formalizes the claim in §10.2.5 that summing positionwise CE improvements
recovers the sequence-level (per-token) improvement. The following proposition is new to
the appendix and not required elsewhere; it clarifies how tokenwise rewards aggregate at the
sequence level under teacher forcing.
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Proposition 3 (Tokenwise-to—sequence connection under teacher forcing). Let x =
(x1,...,x7) be drawn from the data distribution p*(x) and fix a policy 1y(ct | x<¢), the reasoned
scorer pg(- | x<¢,ct), and the no-think baseline py(- | x<¢). Define the sequence-level (per-token)
cross-entropy for the baseline and the (stochastic) reasoned scorer by

CEseq(p*/ ﬁq)) = Exwp

14,
_T Zlogp(P(Xt | X<t)‘| ,

t=1

CEseq<P*r Pe [779}) :=Ey.p

1 T
_T 2 ]ch~7r9(-\x<t) [log pg(xt | x<t,ct)}] .
t=1

Then the average over positions of the expected tokenwise information-gain rewards equals the
per-token sequence-level CE improvement of the reasoned scorer against the baseline:

= CEseq(P", Pp) — CEseq(p*, polrmo]) -

1 T
Ex | T L Banrmotlvan Barmpr (e r(et)]

Proof. (i) Conditional independence under teacher forcing. At position ¢, teacher forcing
samples the target token from the data channel while the thought is sampled from the policy
given the same prefix:

xp~pi(c | xat), o~ (| xeh).
Hence
plet, xr | x<t) = molcr | x<) p*(x¢ | x<t), de. cor L xp| x<t.
ThlS 1mp11es ]EXtNP*('|x<rrCt) H = ]Extwp*('|x<t) H

(ii) Positionwise CE reduction. By Proposition 1, for any fixed (x<¢, ct),

lEXtNP*("xQ)[T(Ct)] = CE(p*, pg(- | x<t)) — CE(p*, po(- | x<1,¢t)).

Taking expectation over ¢; ~ 7y(- | x<¢) and using linearity of expectation gives

]ECt]EXtI:r(Ct)] - CE(p*/ r_](P( | x<t)) - ]ECt CE(F*/ pG( | x<t/ Ct))‘
(iii) Sum over positions. Average the identity in (ii) over t = 1,...,T and over x ~ D:

E Ly E,LE
X f; Ct Xt[r(ct)]‘|

:]Ex _]Ex

1 & .
T Z]ECt CE(p po( | x<t/Ct))
t

1L .
ft;CE(p P | x<t)) 3

By the definition of cross-entropy in equation 10.2 and the chain rule for likelihoods,

lExtNP*(.‘xQ)[—lOgﬁ(p(xt | x<t)] = CE(p*,p(P(. | x<t)),

and similarly for the reasoned scorer inside the ci-expectation. Therefore the two sums
on the right are exactly CEseq(p*, ) and CEseq(p*, po[7e]) as defined above, yielding the
claimed equality.

O
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14.4 Why Relative Advantages Do Not Reward Bad Thoughts

14.4.1 Proof of Monotonic Improvement

It may seem paradoxical that, when all thoughts perform poorly (r(c;) < 0), the group-
relative formulation still labels one as “better” and reinforces it. Does this mean the model is
being trained to favor bad reasoning? We demonstrate that, mathematically, this mechanism
is sound: the update remains an unbiased gradient step on J(6), ensuring monotonic
improvement even in such cases.

1.0bjective. For context x«; and target token x;:

J(0) = Ecury [r(c)], r(c) =log po(xt | x<t,¢) —log pg(x; | x<t). (14.1)

Maximizing | reduces cross-entropy versus the no-think baseline. Ignoring stop-gradients,

the policy gradient is
Vo] (0) = Ecum, [r(c) Volog my(c)]. (14.2)
2. Group-relative advantages are unbiased. We draw G > 2 thoughts @, .., c6)~ Ty
and form
G .
F=1 Zr(c(])), (14.3)
j=1
A = & (r(co’)) _ 7) , (14.4)
Let 4 = E[r(c)]. Then
and
1& . .
E EZ ADVylog ﬂg(C(l))] = V] (6). (14.6)
i=1

Hence, the estimator is unbiased. Even if all rewards are negative, the update follows the
correct gradient direction.

3. Why positive advantage for the “least-bad” rollout is correct. As the model learns, it
gradually increases the probability of generating thoughts that help prediction and decreases
the probability of those that do not. This process, known as the replicator dynamic, captures
how relative advantages drive steady improvement over time:

7t(c) = () [r(e) = ul, (14.7)
whose improvement rate is
2 J(0(0)) = Varelr(e)] >0, (145)

Even if all 7(c) < 0, shifting probability mass from more-negative to less-negative thoughts
increases |. Thus, a positive advantage for the least-bad thought reflects correct relative
improvement, not misaligned reward.

4. Monotonic expected improvement. With unbiased gradient estimator § ~ V] and
small step size a:

E[J(6+ag)] ~ J(0) +a[|[V](0)[15 > ](6), (14.9)

ensuring monotonic improvement in expectation.
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5. The gradient does not blindly increase harmful thoughts. A remaining concern is that
a thought with negative reward r(c) < 0 might still receive a positive advantage A(c) > 0 if
it is simply less harmful than its peers, apparently encouraging bad reasoning. However,
the gradient update does not blindly amplify such thoughts; it reallocates probability mass
among them in a way that improves the expected objective.

First, because the advantages are defined as

G

Ale) = E(r(c) —7),  with 7=LY r(c),
=

the total Y; A(c)) = 0. Hence, even if every reward is negative, the update is zero-sum:
probability increases only for thoughts that are less negative than average, while it decreases
for those that are worse. This shift raises the expected reward J(6) because the expected
improvement rate is

;—T](G(T)) = Var,[r(c)] > 0.

Thus, the method performs a relative reallocation and guarantees monotonic ascent in
expectation.

Second, a positive advantage A(c) > 0 does not deterministically increase the corresponding
r(c) on the next update; it increases it in expectation. The policy gradient on thought tokens,

VoLic x —A(c) Vglog my(c),

acts on the relative usefulness of each thought, not its absolute reward value. Over repeated
steps, the model raises the log-evidence log pg(x; | x<¢,¢) for those thoughts that contribute
more to prediction, thereby increasing their expected r(c) relative to the slowly moving
EMA baseline pp.

Third, the EMA baseline prevents artificial reward inflation. Because p lags behind 0
through a slow exponential moving average, any transient or spurious improvement in r(c)
dissipates as the baseline catches up. Sustained positive advantages arise only when the
model genuinely improves predictive likelihood relative to the no-think counterfactual.

Finally, while a positive advantage can momentarily reinforce a thought whose raw reward
remains negative, this update is not pathological. It simply redirects probability toward the
least harmful reasoning pattern available, reducing overall loss. Over time, these relatively
better thoughts typically evolve into genuinely helpful ones as their predictive evidence
increases, ensuring that the training process remains stable and aligned with maximizing

J(6).
14.4.2 Numerical Illustration of Relative Advantage Updates

To make the abstract dynamics more concrete, we present a simple numerical example
showing how the group-relative advantage mechanism improves the expected objective
J(7t;r) even when all rewards are initially negative. Note that in this illustrative example
we denote the expected reward as J(77;r) to emphasize its dependence on the discrete
policy over thoughts 7t and fixed rewards r;. Conceptually, this corresponds to the same
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information-gain objective J(6) introduced in the main text, expressed here in a simplified
form.

We consider four sampled thoughts ¢y, ¢, ¢3, ¢4 with policy 7t = [711, 712, 713, 714], initialized
uniformly. For each thought, the information-gain reward is

ri =log pg(xt | x<t,¢;) —log pg(x:t | x<t),
and the group size is G = 4 with mean reward 7 = 411 Y_; ri. The group-relative advantage is
A= (ri—7) = 3(ri — ),

and we assume each thought has length |c;| = 4 so that per-token weight is A;/4. The
policy is updated by an exponentiated-gradient (replicator) step

nnew(i) & nold(i) eXP(WAi>/ with 7 = 0.5,
and the expected objective is (7r; 1) = Y_; it}

Although a positive advantage can momentarily reinforce a thought whose raw reward 7; is
still negative, this update is not pathological. Because advantages are computed relative
to the group mean, a positive A; simply indicates that c; is less harmful than its peers.
Increasing its probability reallocates mass away from worse alternatives, thereby improving
the expected objective J. Over subsequent updates, the model typically adapts to make
these less-harmful thoughts genuinely helpful, raising r; in expectation.

Iteration 1: all thoughts are harmful (r; < 0), but one is least bad.
7 =1[025,025,025,025, Y =[-0.80,—0.60, —0.50, —0.30].

Mean and advantages:

D =—055 A1 =[-0.3333,-0.0667, +-0.0667, +0.3333].
Per-token weights: A(l)/|c| = [—0.0833, —0.0167, +0.0167, +0.0833]. Note that c; has
r4 = —0.30 < 0 yet receives a positive advantage A4 = +0.3333, so every token in c4 gets a

positive gradient. Policy update with = 0.5 gives
7 o 70 ©exp(0.5AM) = [0.2101,0.2401, 0.2566, 0.2932],

yielding J(71(9);#(1)) = —0.5500 and J(7(); (1)) = —0.5284. This is a small but consistent
improvement.
Iteration 2: dense updates improve r on c3, c4.

r®) = [-0.80, —0.60, —0.35, —0.10],

72 = —0.4625,

A®) = [-0.4500, —0.1833, 40.1500, +0.4833].

Update:
71? o 1) ©exp(0.5A?)) = [0.1618,0.2113,0.2668,0.3601].

Expected objective: J(1);r(?)) = —0.4313, J(7(?); ) = —0.3856.
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Iteration 3: the least-bad thought becomes genuinely helpful.
r(® = [—0.80, —0.60, —0.20, +0.05],
73 = —0.3875,
A®) = [~0.5500, —0.2833, 40.2500, +0.5833].
Policy update:
1) o 772 exp(0.5AP)) = [0.1127,0.1681,0.2772,0.4420],
and the expected objective improves again: J(r(2); 7)) = —0.2916, J(73); 7)) = —0.2244.

As seen in the above, in Iteration 1, all rewards are negative, yet c4 (the least bad)has a
positive advantage, showing how the dense loss pushes probability toward less harmful
thoughts and increases J. Since rewards are tied to log-evidence, these positive gradients
directly improve the corresponding r(c) values, leading to less-negative and eventually
positive rewards in later iterations.

14.5 Experimental Setup

RLP: We employ RLP on both base and intermediate checkpoints using diverse datasets.
To facilitate this, we use Face (2025) as the RL training backbone and deploy training using
32 H100 80GB SXM5 GPUs for 170M to 10B tokens. We train the base models with key
settings including a constant learning rate of 1e~, a batch size of 512 and a maximum
context length of 2048 tokens. Each generation step contains 512 unique prompts sampled
from the dataset, and performing 16 rollouts with temperature 0.7. We set KL coefficient to
0 across all runs.

Continuous Pre-training: We continuously pretrain the M,,s. model using both general
pretraining and specialized post-training corpus to draw comparison between pretraining
and RLP training objective. For this experimentation, we use Megatron-LM (Shoeybi et al.,
2019a) as the pretraining backbone and continuously train on 32 H100 80GB SXM5 GPUs
for 170M to 10B tokens depending on the data size and comparison requirement. During
training, we use the AdamW optimizer (Loshchilov & Hutter, 2019) with 1 = 0.9, B2 = 0.95
and weight decay of 0.1. We use a 2-way tensor and pipeline parallelism to train the model.
We set the maximum value of learning rate to 1e~®, minimum to le~7, and use a batch size
of 6M tokens with a 8192 context length.

Post-Training: For supervised fine-tuning (SFT), we use the OpenThoughts3 dataset (Guha
et al., 2025). We filtered examples that did not include a final answer. With this filtering
scheme, the total number of samples for SFT post-training is 45, 6024. For RLVR, we used
the The Mathematics Aptitude Test of Heuristics (MATH) dataset (Hendrycks et al., 2021d)
with 7,500 examples. This dataset includes problems from various subjects such as algebra,
geometry, number theory and precalculus. We trained models in all RLVR experiments for 1
epoch with a global batch size of 1024 and used cosine annealing and an initial learning rate
of le°.

Prompt Given a context x;, we ask the model to reason about the target token x; using the
following prompt, p. tealSystem Prompt, p "You are a continuation-and-reasoning assistant.
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You receive the prefix of a context, problem, solution, or derivation. First, briefly think
between < /think> and < /think> about what should come next. Then, after < /think>,
continue the text in the SAME style as the prefix (notation, LaTeX, tone), focusing on the
next few steps rather than jumping to a final boxed answer. Do not restate the question or
add meta commentary; simply continue the content."

14.6 Extended ablation details

Table S.1 reports per-task accuracies for each setting, and Fig. 10.2 provides the correspond-
ing curves for (a) rollout count, (b) completion length, and (c) KL coefficient. Unless stated,
each sweep holds the other two dimensions at the best configuration (16 rollouts, completion
length 2048, g = 0).

Rollout count. Increasing G improves accuracy up to G = 16, where Overall reaches 42.17%
(from 34.03%, +8.14 points). The largest taskwise lifts at G = 16 relative to the base are
GSMS8K (+22.96), MATH-500 (+13.85), MIVA (+7.20), MMLU (+6.35), and MMLU-PRO
(46.20), while GPQA is unchanged (27.51 vs 27.52). Moving from G = 16 to G = 32 slightly
lowers Overall to 41.75 (—0.42), driven mainly by GPQA (—2.13), with other tasks nearly
flat (e.g.,, MMLU-PRO +0.79, MMLU —0.24). This suggests diminishing returns once the
group-relative estimator is already well-sampled.

Completion length. Capacity on the thought channel dominates performance. Very short
completions underperform sharply: at length 64, Overall is 11.50 and Math averages 1.12.
Increasing to 512 raises Overall to 24.65 and Math to 22.63. The main jump occurs between
512 and 1024 (Overall +14.24 to 38.89; GSM8K +28.55; MATH-500 +36.85). Extending to 2048
adds a smaller but consistent gain (Overall 42.17, +3.28 over 1024; Math / Science 48.06/36.29).
Pushing to 4096 gives only a marginal change (Overall 42.21, +0.04; small taskwise shifts
such as MMLU-PRO +0.64 and GSM8K —0.62), so 2048 is the preferred trade-off.

Tasks (%) Macro avg (%)
MATH500 GSM8K AMC23 Minerva MMLU MMLU-Pro GPQA Math Science Overall

Model / Variant

Baseline

Qwen3-1.7B-Base 48.45 54.16 25.94 15.30 44.85 23.95 27.52 3596 3211 34.03
Ablation: # rollouts

num_rollouts=4 59.45 74.79 33.44 21.78 50.83 28.81 2652 4737 35.39 41.38
num_rollouts=8 61.70 76.93 30.62 22.06 50.88 30.55 26.77 4783 36.07 4195
num_rollouts=16" 62.30 77.12 30.31 22.50 51.20 30.15 2751 4806 3629 4217
num_rollouts=32 60.45 77.26 30.94 22.29 50.96 30.94 2538 47.74 35.76 41.75
Ablation: completion length

completion_length=64 1.00 2.84 0.62 0.00 33.26 15.46 1692 112 21.88 1150
completion_length=128 1.73 3.17 0.94 0.05 29.04 13.94 1237 147 1845 9.96
completion_length=256 2.95 13.86 2.81 0.46 37.19 17.09 1515 5.02 2314 14.08
completion_length=512 21.35 46.58 16.25 6.34 42.27 19.82 1793 22.63 26.67 24.65
completion_length=1024 58.20 75.13 28.80 20.47 48.36 27.74 20.31 45.65 32.14 38.89
completion_length=2048" 62.30 7712 30.31 22.50 51.20 30.15 2751 48.06 36.29 42.17
completion_length=4096 62.00 76.50 30.60 22.80 51.30 30.79 2727 4798 3645 4221
Ablation: KL weight B

g=10"* 61.35 75.86 28.00 21.50 51.00 31.58 2550 46.68 36.03  41.35
B=10"3 60.90 74.30 32.19 20.73 50.73 30.80 26.00 47.03 3584 41.44
B=0" 62.30 7712 30.31 22.50 51.20 30.15 2751 48.06 3629 4217

Table S.1: Ablations on rollout count, completion length, and KL weight g with QWEN3-
1.7B-BASE. All numbers denote accuracy (%).
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KL coefficient. Adding a token-level KL toward a fixed reference does not help overall. At
B =10"* and 1073, Overall is 41.35 and 41.44 (—0.82 and —0.73 vs B = 0). There are isolated
improvements (MMLU-PRO +1.43 at 10~4; AMC23 +1.88 at 10~3), but these are offset by
broader declines (e.g., GSM8K —1.26 and —2.82; GPQA —2.01 and —1.51). The KL term also
increases memory use and step time. We therefore keep B = 0 in the main recipe.

In summary, the appendix table provides the taskwise breakdown behind these trends,
and the figure shows the smooth saturation with rollouts, the strong length-driven regime
change between 512 and 1024 tokens, and the lack of net benefit from KL.

14.7 Additional Ablations

Model Dataset Math Avg@1[8] Science Avg Science Avg@1[4] ‘ Average

Mpase - 35.96 34.50 32.11 | 3419
Only Math 4823 41.64 36.77 4221
M Only Science 49.17 39.65 38.26 4236
Combined 49.76 42,54 37.78 43.36

Table S.2: Ablation on math, science, and combined domains. RLP shows particularly
strong generalization in presence of multi-domain data.

Does the improvement sustain if we make Pretraining compute equivalent to RLP?
For both comparisons, the configuration for RLP remains fixed, based on a budget of
Tinp = 170M input tokens. First, we establish a baseline by continuing the pretraining of
the base model on an identical 170M tokens (Base + CPT, Input Token). Second, to create a
FLOP-equivalent baseline, we first approximate the total computational cost of RLP. The
effective token budget, Ty, can be estimated by summing the tokens used for gradient
updates (Tj,,,) and the tokens processed during the rollout phase:

Triop = (1 X lseq X bs x iters) + Ty
where 7 is the number of rollouts per instance, /s, is the sequence length, bs is the batch
size and iters is the number of steps RLP has gone through. This calculation results in an
effective budget of approximately 6B tokens for our model. We therefore train a second,
more powerful CPT baseline on 6B tokens (Base + CPT, Flop Usage), holding all other
hyperparameters constant.

RLP resonates well in presence of multidomain data. Recent works have shown tremen-
dous improvement in reasoning tasks, particularly in mathematics, through RLVR (Liu
etal., 2025a; Luo et al., 2025a; Hu et al., 2025b). However, these methods are often tied to
the complexity of queries, limiting their scalability. To draw a parallel, we evaluate RLP
on NEMOTRON-CROSSTHINK using different blends of math and science data. As shown
in Table S.2, training only on math yields substantial math improvements, but comes at
the cost of weaker generalization to science. Conversely, training only on science improves
science accuracy, but underperforms in math compared to math-only training. Strikingly,
combining both domains provides the best overall average, indicating that RLP is able to
leverage complementary signals from multiple domains without diluting the benefits within
each. This suggests that RLP not only scales beyond single-domain specialization but also
thrives in multidomain settings where diverse reasoning styles reinforce one another.
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Effectiveness of RLP with Scaling LLM. Validating Benchmarks Misee Mgip

RLP on larger, state-of-the-art model sizes is indeed es- 1A 111500 7881 8115
sential to confirm that our gains hold as parameter counts GgMm8sK 9036  94.04
increase. To address this, we conducted a new set of ex- AMC23 55.94  57.81
periments applying RLP to the M = QWEN3-14B-BASE Minerva 37.96  40.26
model and training on our general pretraining corpus MMLU 7656 80.59
(Dpr) for 1B tokens. As shown in Table S.3, RLP deliv- MMLU®@1[4] 7403 7531
ers substantial improvements even on this stronger, sig- xﬁtggz @1[4] 2238 Zi’;ﬁ
nificantly larger baseline. Applying RLP improves the GPQA 4444 4815
overall average from 60.66% to 65.00%, with particularly GpQAa@1[4] 4040 4470
notable gains in scientific reasoning where the average Math Avg 577 6832
score improves from 60.07% to 64.76%. These results con-  guiance Avg 60.07 6476

firm that the dense, verifier-free signal provided by RLP  Science Avg@1[4] 56.14  61.92

remains effective at scale, successfully extracting reason- 5 60.66  65.00

ing capabilities that are not fully utilized by standard

pretraining alone. Table S.3: RLP training with

QWEN3-14B-BASE model.
How early RLP can be applied? Previously, we have

confirmed that RLP can be integrated to intermediate checkpoints from last stage of pre-
training. However, it is unclear whether the gains sustain if we pick a very early checkpoint
for RLP training. Inspired by the finding of Han et al. and to study how early RLP can
be introduced, we additionally evaluate a much earlier checkpoint. Concretely, we take a
NEMOTRON-NANO-12B-v2 model trained on only 4T tokens (about 20% of the full 20T
pretraining budget) and apply RLP for 1B tokens on the same pretraining corpus Dpt. As
shown in Table S.4, even at this early stage, RLP is highly effective: with only 1B tokens,
Math Avg more than doubles (from 21.93 to 50.14), Science Avg@1[4] improves by 6 points
(from 5.69 to 11.96), and Overall Average increases by 12 points (from 12.05 to 24.08). While
our strongest final results come from applying RLP later in pretraining, these findings indi-
cate that RLP can already yield large gains when the model has seen only a small fraction of
the standard pretraining budget.

FLOP matched comparison between RLP and RPT. We would like to clarify that even
though RLP can be theoretically applied to tokens at every position in the document, in
practice we only apply it for one token per document. This token is selected randomly and
not through any criteria as in the case of RPT. For the experiments in Table 10.3, we have
matched the number of input tokens for both RLP and RPT settings (we train both methods
for one epoch of the same documents). But we want to highlight that the number of target
tokens for which reward is calculated is much larger for RPT compared to RLP (since we
don’t apply the RLP reward to every token in the document). Hence, the setting in Table 10.3
is in favor of RPT. Additionally, we don’t include the compute needed to pre-select tokens
using an external LLM for RPT.

To directly address the head to head flop matched comparison, we run a controlled experi-
ment using Nemotron-CrossThink data. We deploy both RLP and RPT for only one epoch
on the same data, i.e., the number of target tokens for which reward is calculated is similar
in both cases. RLP achieves a 16.23% relative improvement in Overall Avg and consistently
outperforms RPT on both math and science aggregates. These results confirm that the gains
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in Table 3 are not an artifact of mismatched settings. Even under stricter, target-matched

conditions, RLP provides stronger and more general improvements.

As shown in Table 10.3, RLP achieves a 16.23% relative im-
provement in Overall Avg and consistently outperforms
RPT on both math and science aggregates. These results
confirm that the gains in Table 3 are not an artifact of
mismatched settings. Even under stricter, target-matched
conditions, RLP provides stronger and more general im-
provements.

Continuous pretraining with longer context length.
Qwen3-1.7B-Base is indeed eventually extended to a 32K
context window, but as described in the Qwen3 technical
report, this happens only in a third long-context stage af-
ter the model has already been pretrained for 30T+ tokens
at a much shorter context (4,096 tokens) and then further
trained on knowledge-intensive data. Our CPT experi-
ments are conceptually closer to these first two stages; we
continue pretraining on our pretraining mixture (Dpr),
which consists almost entirely of relatively short docu-
ments without long-range dependencies. In this regime,
substantially increasing the context length does not obvi-

Benchmarks Mypase  MgLp
MATHS500 30.15  62.38
GSMS8K 29.56 8142
AMC23 2281 3781
Minerva 5.19 18.93
MMLU 1159  13.10
MMLU@1[4] 8.73 20.68
MMLU-Pro 4.93 6.11
MMLU-Pro@1[4]  2.66 7.50
GPQA 9.10 11.20
GPQA®@1[4] 5.68 7.70
Math Avg 2193  50.14
Science Avg 8.54 10.14
Science Avg@1[4]  5.69 11.96
Overall 12.05  24.08
Table S.4: Comparison of

NEMOTRON-NANO-12B-v2
4T Base and Base+RLP across
benchmarks.

ously provide additional learning signal, but does change the optimization landscape and

the effective batch and gradient statistics.

To evaluate the effect of longer context length, we

ipe . Benchmark: M 8K) M 32K

conduct an additional controlled experiment where cnemare cr(®  Mepr(326)
we keep all CPT hyperparameters fixed and only AIME2 396 333
. MATHS500 57.52 51.80
increased the context length from 8K to 32K. The re- g\sx 72.85 60.44
sulting model, denoted (M cpr(32K)), is compared AMC23 31.25 25.00
to our original (Mcpr(8K)) in Table S.5. The result Minerva 19.03 1746
.. . MMLU 41.95 42.19
suggests that for our pretraining corpus (Dpr), which .70 104] 10.00 10,55
rarely contains long documents that would actually yvLU-Pro 2781 2708
utilize a 32K window;, the 8K context configuration MMLU-Pro@1[4] 24.61 22.87
is at least as strong as, and in practice strictly better SPQA 26.26 25.76
. . GPQA@1[4] 24.75 2421

than, a 32K context configuration under matched

compute and hyperparameters. Therefore, while oAV 3692 3Lel
p yperp T s Science Avg 32.01 31.68
we agree that context length is an important design = science Avg@1[4] 29.79 29.21
choice, in our specific setup, using 8K rather than 32K . 32.90 30.83

does not weaken the CPT baseline; if anything, the
longer context hurts optimization without yielding
downstream benefits. Importantly, all comparisons
between RLP and CPT are made against the stronger
8K CPT configuration.

Table S.5: Comparison of CPT mod-
els with 8K vs 32K context length.

Effect of EMA over RLP training. In RLP, the EMA baseline (py) acts as a dynamic no-
think counterfactual, providing a reference log-likelihood for each next token. The decay
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rate T controls comparison difficulty: if T is too low, the baseline updates too quickly and
the reward collapses toward zero; if too high, it becomes stale and yields artificially easy
gains.

To justify our choice of T, we ran a sensitivity study on Qwen3-1.7B-Base with 7 ¢
0.99,0.995,0.999,0.9995. As shown in Table S.6, performance forms a bell-shaped curve with
a clear peak at T = 0.999.

Model T Math Avg Science Avg Overall Avg

Mpase N/A 35.96 32.11 34.03
0.99 45.20 36.31 38.82

M 0.995 45.18 37.36 39.21
RLP 0,999 45.98 37.38 39.54
09995  45.64 36.84 39.20

Table S.6: Effect of temperature T on performance. Best result highlighted.

Across this range, training remained stable and we did not observe divergent or unstable
behavior in any of our runs. Concerns that the model could “game” the objective by
degrading the baseline do not manifest because the baseline is updated only via the EMA of
the student parameters: for the baseline to degrade, the student must degrade first, which is
immediately penalized through the primary reward term log py. Thus the EMA baseline
provides a stable, meaningful measure of information gain.

Wall-clock time of RLP training versus SFT. We conduct a direct comparison using 32
H100 GPUs with a global batch size of 512 and a 32K context length. As shown in the table
below, RLP incurs an expected overhead due to the generation phase (G = 16 rollouts).
While SFT, which has a similar computational profile to standard Continuous Pretraining
(CPT), achieves a throughput of 92.34 samples/s (approx. 5.5s per step), RLP operates at
41.07 samples/s (approx. 12.5s per step). This results in a per-step slowdown factor of
roughly 2.25x.

Method Batch Size Rollouts (G) Time/Step (s) Throughput (samples/s) Relative Speed

SFT 512 N/A 5.54 92.34 1.00x
RLP 512 16 12.47 41.07 0.44 x

Table S.7: Comparison of SFT and RLP training efficiency.

However, this per-step cost must be viewed in the context of convergence efficiency and
total compute. While RLP is 2.25x slower per iteration than SFT/CPT, it is drastically
more data-efficient. As detailed in Table 10.4, RLP achieves an overall average accuracy
of 43.36% on the Nemotron-Crossthink dataset using only 170M tokens. In contrast, the
FLOP-matched CPT baseline required processing 6B tokens (roughly 35x more data) to
account for the compute difference, yet only reached an accuracy of 35.60%. Thus, while
RLP processes tokens slower due to rollouts, the dense reward signal extracts significantly
more reasoning capability per FLOP, yielding a performance margin (+7.76%) that standard
training cannot replicate even with substantially higher data volume.
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Final perplexity after post-training. We confirm that the model’s perplexity on ordinary
tokens does not degrade; in fact, it significantly improves. Unlike standard RLHF, where
optimizing for an external reward often causes the model distribution to drift away from
natural language, our reward signal is the log-likelihood of the next token itself. Therefore,
by definition, RLP is optimizing for prediction accuracy.

Model Nemotron-CrossThink PPL | Nemotron-CrossThink NLL | Wikitext-103 PPL | Wikitext-103 NLL |
Mpase (Qwen-1.7B) 291 1.06 5.83 1.77
Mgrp (Ours) 2.36 0.86 4.48 1.50

Table S.8: Perplexity and NLL comparison on Nemotron CrossThink and Wikitext-103.

Mathematically, maximizing the RLP reward is equivalent to minimizing the cross-entropy
of the reasoned predictor against the data distribution (Proposition 1). As shown in the table
below, our empirical results confirm this theoretical guarantee: Mgy p achieves consistently
lower Perplexity (PPL) and Negative Log-Likelihood (NLL) compared to the base model.
Crucially, this improvement holds for both the reasoning-intensive Nemotron CrossThink
dataset and the general-domain Wikitext-103 benchmark, demonstrating that the “thoughts”
generated by the model successfully compress information to better predict ordinary text.

Computational Cost and FLOP Analysis of RLP. A potential concern in comparing RLP
against CPT is the perceived computational burden of autoregressively generating long
reasoning traces. This would indeed be prohibitive if the rollout policy were applied at
every token position in a sequence. In practice, however, RLP is applied to only one randomly
sampled token per sequence, which dramatically reduces the computational burden. Instead
of scaling with Ly,. X Lc,r, the rollout cost scales with 1 x L, per sequence. This design
choice makes RLP computationally feasible and allows us to interleave it with standard
training efficiently. In addition, autoregressive generation involves a bottleneck compared
to parallel processing. We agree that this affects wall-clock time due to memory bandwidth
constraints, but it does not incorrectly skew the FLOP calculation used for the baselines.

In Appendix 14.7, we calculated the FLOP-equivalent budget by summing the tokens used
for gradient updates and the tokens generated during rollouts. We compared RLP (170M
input tokens) against a CPT baseline trained on 6B tokens. This 35x increase in data for the
baseline is a rigorous upper bound for two reasons:

¢ Operation Count: The FLOPs of a forward pass for generating one token is approximately
2N (where N is parameter count). The cost of training on one token (forward + backward)
is approximately 6N. By equating one generated token to one trained token in our FLOP
calculation, we are effectively penalizing RLP (counting generation as 3x more expensive
than it theoretically is in terms of FLOPs).

¢ Total Compute: Even with the overhead of 16 rollouts of length 2048 per document, the
total floating-point operations performed by RLP on 170M documents are comparable to
(or less than) performing standard forward /backward passes on the 6B tokens used in
the Mcpr[6B] baseline.

While autoregressive generation is indeed slower in terms of wall-clock time, the purpose of
the baseline is to compare compute efficiency. RLP applied to a single token per document
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is highly efficient, and our Mcpr[6B] baseline represents a compute-matched, which RLP
still outperforms significantly (Overall Avg 42.13% vs 38.04%).

On Self-Referentiality and the Semantics of the RLP Reward. A natural concern for
any method that leverages model-internal signals is whether the learning dynamics risk
becoming self-referential—rewarding increases in internal confidence rather than genuine
improvements in correctness or reasoning ability. In RLP, however, the reward structure is
explicitly grounded in the data rather than in unconstrained model self-agreement.

* Reward is anchored to ground-truth tokens. For each sampled position, the reward
r(ct) = logpe(xt | x<t,cr) — logpy(xt | x<t)

is defined with respect to the ground-truth next token x; from the corpus. Proposition 1
shows that, in expectation over x; ~ p*(- | x<¢), this reward equals the reduction in
cross-entropy achieved by conditioning on the thought c;. A thought therefore receives
positive reward only if it moves probability mass toward the correct continuation in the
true data distribution. Increased confidence on an incorrect continuation strictly decreases
the reward. This prevents the model from benefiting by simply inflating logit magnitudes
or reinforcing patterns unrelated to accuracy.

e EMA baseline prevents degenerate self-consistency loops. RLP compares each thought-
conditioned prediction to an exponential moving average (EMA) baseline fy evaluated
on the same context and same ground-truth token. If the current parameters shift toward
patterns that improve internal consistency but harm prediction of the observed token,
the relative likelihood under py falls and the corresponding thought receives a negative
advantage. Group-relative normalization and advantage clipping further ensure that
thoughts cannot win reward by global logit scaling alone; only thoughts that contribute
meaningful information about the next token outperform the EMA teacher in expectation.

¢ External evaluations validate correctness rather than internal consistency. The most
important empirical question is whether internal information gain translates into bet-
ter reasoning on verifiable tasks. Across GSM8K, MATH500, MMLU-Pro, GPQA, and
other benchmarks with objectively checkable answers, RLP-trained models consistently
outperform both the base model and compute-matched continuous-pretraining base-
lines—even when the latter consume substantially more training tokens at equal FLOPs.
Notably, these gains persist after a strong post-training pipeline involving SFT and RLVR
with external verifiers. If RLP were primarily amplifying internal confidence without
improving correctness, these advantages would be expected to collapse or become fragile
under verifier supervision. Instead, RLP-initialized models remain ahead, particularly on
reasoning-heavy domains, indicating that the learned thoughts encode genuinely useful
information and not merely self-reinforcing patterns.

Overall, the formulation of the RLP reward ensures that the model is optimized for mean-
ingful reductions in predictive error on the underlying data distribution, while empirical
evidence confirms that these internal information gains translate into improved external
reasoning performance.

Generalizability across Architectures and Data Distributions To rigorously assess the
universality of our approach, we evaluated RLP on two models chosen specifically for their
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significant divergence in both architectural design and data provenance: Qwen3-1.7B-Base
and Nemotron-Nano-12B-V2. These distinct settings demonstrate that RLP is not limited to
a single model family or training recipe.

¢ Architectural Heterogeneity: The models represent fundamentally different backbone
architectures. Qwen3-1.7B-Base utilizes a standard, pure Transformer architecture. In
contrast, Nemotron-Nano-12B-V2 is a Hybrid Mamba2-Transformer, which integrates State
Space Models (SSM) with attention layers and employs a distinct tokenizer and training
recipe. The fact that RLP translates effectively to this hybrid architecture—driving an
increase in overall average accuracy from 42.81% to 61.32%—provides strong evidence
that the method is architecture-agnostic.

* Data Lineage Independence: The models also rely on distinct pretraining distributions.
Nemotron-Nano-12B-V2 was trained from scratch on a massive mixture of raw public
data (including Web Crawl, arXiv, and OpenWebMath) and synthetic data generated by a
diverse ensemble of teacher models. As detailed in recent technical reports, this ensemble
extends well beyond the Qwen family to include DeepSeek-R1 (DeepSeek-Al, 2025a),
Mixtral-8x22B-v0.1 (Jiang et al., 2024), DeepSeek-V3 (DeepSeek-Al, 2025b), Phi-4 (Abdin
et al., 2024a), and Nemotron-4-340B (Nvidia et al., 2024).

By validating RLP on a Hybrid Mamba model trained on a multi-source ensemble distribu-
tion, distinct from the pure Transformer Qwen baseline, we confirm the method’s scalability
and robustness across disparate experimental environments.

Analysis of thought traces. We examine the model’s internal thought traces to understand
how RLP shapes reasoning. A manual analysis of 50 randomly sampled traces reveals
consistently high-quality reasoning, characterized by grammatical correctness and strong
contextual relevance, confirming that the information-gain objective effectively suppresses
unproductive generation. We observe three qualitative properties: (1) focused, context-aware
reasoning, where thoughts orient the model to the specific logical step required by the context;
(2) continuation-style formatting, acting as internal scratch work that mirrors the prefix’s tone
and notation without meta-commentary; and (3) utility-driven anticipation, where thoughts
predict structural moves (e.g., upcoming rules or algebraic steps) to maximize the likelihood
of the ground-truth continuation. An illustrative example follows.

tealPrefix “West Virginia students invited to enter Ornament Competition CHARLESTON,
W.Va. (AP) — West Virginia students in kindergarten through 12th grade may enter the First
Lady Student Ornament Competition this fall. First lady Cathy Justice is asking all students
to participate in the 18th annual event. It is open to students in public and private schools as
well as those who are home-schooled. Students are asked to create a “Nutcracker”-themed
ornament for a tree to be displayed at the Culture Center in Charleston during the holidays,
according to a news release from Gov. Jim Justice’s office. There will be four divisions
according to grade, and a winning class will be chosen from each division. The winning
ornaments will be donated in January to the West Virginia State Museum. The four winning
classes will"

tealThought Trace "The article is outlining contest logistics. The next sentence will likely
add a specific detail such as what the winning classes receive, how the ornaments will be
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Benchmark OmniMath OpenThoughts Nemotron-CrossThink ACAD Math-Text Web-Crawl

MATHS500 57.95 59.55 62.65 59.75 60.03 61.58
GSMS8K 74.82 74.80 79.97 76.10 75.95 76.48
AMC23 32.50 32.81 30.94 31.88 34.38 35.00
Minerva 20.63 20.96 25.46 22.98 21.92 2243
MMLU 55.72 55.84 56.72 56.35 56.02 55.93
MMLU®@1[4] 50.85 50.84 52.11 51.51 50.72 50.11
MMLU-Pro 35.81 34.55 38.58 35.11 36.06 37.02
MMLU-Pro@1[4] 31.47 30.57 35.10 31.06 31.86 32.43
GPQA 29.29 25.76 32.32 30.30 29.29 29.29
GPQA@1[4] 30.30 27.27 26.14 28.03 26.39 27.78
Math Avg 46.48 47.03 49.76 47.68 48.07 48.87
Science Avg 40.27 38.72 42.54 40.59 40.46 40.75
Science Avg@1[4] 37.54 36.23 37.78 36.87 36.32 36.77
Overall 41.43 40.66 43.36 41.71 41.62 42.13

Table S.9: Quantitative benchmarks for QWEN3-1.7B-BASE, showing the impact of RLP on
different data blends. Shaded columns indicate general pretraining corpus.

displayed, or other submission guidelines. Maintain the neutral news tone and extend the
informational structure already established."

14.8 Data Blend Extended Results

To further examine whether RLP learns transferable reasoning beyond narrowly curated
datasets, we evaluate it across a broad spectrum of corpora spanning both structured
reasoning data and open-ended pretraining distributions. All experiments start from
QWEN3-1.7B-BASE and apply RLP for 200 steps, consuming 170M input tokens, while
keeping all other training settings fixed.

We consider two primary corpus families. The first consists of SFT-style reasoning datasets,
including OmniMath (Gao et al., 2024a), OpenThoughts (Guha et al., 2025), and Nemotron-
CrossThink (Akter et al., 2025). These datasets contain structured question-answer pairs
with explicit reasoning content and represent the typical setting where reinforcement-based
methods are expected to perform well. The second family consists of general-purpose
pretraining corpora, including academic papers (ACAD), math textbooks (Math-Text), and
open-ended web crawl data. These datasets are not curated specifically for reasoning and
more closely resemble large-scale pretraining mixtures.

Table 10.4 shows that RLP consistently improves over the base model across all corpus
types. Importantly, the gains are not confined to math-centric SFT data. While the strongest
improvements occur on Nemotron-CrossThink within the SFT family, substantial gains are
also observed when training on purely general corpora such as academic papers and web
crawl data. This demonstrates that RLP does not depend on carefully constructed reasoning
traces. Instead, it extracts a transferable reasoning signal even from heterogeneous, weakly
structured text.

A notable contrast emerges when compared with prior RL-based approaches that report
improvements concentrated in high-quality math data and limited transfer to broader
domains. In our experiments, models trained with mixed-domain or open-ended corpora
simultaneously improve math, science, and professional benchmarks. There is no evidence
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of domain-specific overfitting or degradation on math when incorporating diverse data.
Rather, diversity appears to strengthen general reasoning performance.

Table S.9 provides a task-level breakdown. Across MATH500, GSM8K, MMLU, MMLU-
Pro, GPQA, and related metrics, improvements are observed regardless of whether the
underlying training corpus is structured SFT data or general pretraining text. Even web-scale
crawl data yields competitive math and science averages, suggesting that RLP leverages
latent reasoning patterns embedded in broad distributions.

Overall, these results support three conclusions. First, RLP scales across corpus families
without requiring specialized reasoning datasets. Second, it exhibits genuine cross-domain
transfer rather than narrow task adaptation. Third, data diversity amplifies the learned
reasoning signal instead of diluting it. Together, this positions RLP as a domain-agnostic
pretraining augmentation that enhances both reasoning robustness and general benchmark
accuracy.
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